TRIANGULAR ICE: COMBINATORICS & LIMIT SHAPES

- 0D
| - e { < Lo — I D | | (- v
{ | I 4+ C_ Qi er L N O

s 2 L B )
QA C\GCun ]
| ’

TN

1.ASM ’ 311491‘( lce 6V model cind Fn"eara&e‘(g

2. 'Triav\ak(qr ce Dw BC) and APM

Je DominoT'l’u‘nas { e H°|CJ Azl’ec 37,,@01-,

4 ?roo{ aﬁ‘:@c APM - HAS DT comespendarce
g . Combinal'oﬁaf Cand'adhres

6. Limif sfarc /Arctic Pheno Mehon

7. COnc&SCa‘

1,%,23,301 8383328733575 ...

ATl 3 Sf’-‘lﬂb”ccs {4' 3 23 133 137052151893,

OPAC 2?.| 1 ,4‘/ 13 3323)6%8342/508035012,/.-_



H H

ASM and Sq«»ta/a.e. Ice
i
H OH OH 9 H? H

. o RZLF@L@ lafz )93 di]x&r-

HO HS HOKH OH OHN W'OMCM(&{—> e—ll 'f]
H H H r) Yy

IOI

# H
H OH O HO HOH OH
H
i H H 2 ICQ Ru.fe/ at QQC%. veelex
H gﬂ .?H OH OH OHN

H B . #lnco-méng amass
HOH OH OH O HOH

3 . H s H — #01*1’805\3 4rr4,.;$=>éV




ASM CLY\A 6\/ YV\OdLQ

A AN AA (Rﬁ?@ue, Oeq('a_ /93’ dﬁ‘[rlpavr'
> > > < <1<
T S
>A >V‘ v‘ A\ \/\/
1 ’\\’ Y " v A T Rufe, ateadh veilex
\|
< > >—T—< ' .
%_\v_) Yy M VvV # LHWMg amew:
AR :#oul’gaMgarrw%GV
Y Y ¥V v
g O el N -
< q// =
+ Deomain "\/CL& Jf)auclmngAiZ»ms :/// :
- /,/ <
(V\ XN S&fua,re,) T



T e

T = oty
— (Vw—sE)

TFOMSM(.E&( \/q,h(CeS &f%v&h@;

A A A A

O o O O +I -l O Aekes

A(funahcc condibums —_— < oo\al#oérc{&vl\ms(

e&\\\%



/Y
< < Vi < N, Ny
N < < < Ll >
4 \)
< < < N AN N
A < ~ d -~ 7
A \
Z >. AN N —
< r g 7 < —d
\ \
< v 5 4 N ~
< < 7 AN 7
Y N
< & < > =
~ ~ ~ [l L I
N A




N TN

— DO
Kosepin VIR - "”D’.ﬂ
A
Kopererg Zolbeger RO )
PGWV,WN .’...0” \ ﬁT
Gt &\Parwo S n o k)
Zinn Juimn, PO Behad

Kn,.k_m‘;(ramw);:;sz,u



INTEGRABILITY
O%OQ'ynuu 'wu‘am’s d;m\/;,_z
. Vi= L2, > X
Vz.: < T, ¢ > 9#
makiy enliies in X @ p->p@x

6 now— 301> enlbiies auh{‘é

v (iefe).
R R




YANG- RAXTER RELATION

(Onc can Picé ‘\“"-]G\& W&](‘T a Juc]\ ol

(4, cub e ialcnl\'% 60‘, R ofkmfar:(

fra. VOV, @V, b VioV,0V,

e ut] = B-oF 5 W) = 4% s (Bu] ' VB

dimV=2 5 TRIGONONETRIC R—mabix o{él/ Ylope L



2/ >
ZL

TZERGIN - KOREPIN Dekrminaa

r ’lAf\O :; ‘n); ‘1

N

’)/ a(z: M)b(zmﬂ

54!

—

Zn

T g @ewy

ILL<J<IJ

c(z,4y)
< deb ( (z¢ w)b(znﬂ)

(<, }(M




2. TRIANGULAR (CE (20V modef)

\\/\/ VAR : \ ‘\\
S8 R
SR RRR

N

N

Lcc ru?& \4.1/ ? a,l" cazz vedre x

[K@/ lend] | E)ax{’erj (f) = 20



TRIANGULAR (CE (20V modef)

Tw@.m@, ve N

N NN N

O

Rk

\\\\K\\
NN S NN

h

\*%

R

OS C,Lp(?ou&_hﬂ S&"\r(‘jlége/t/ _'quﬁg lﬁ) J Ol SI-Q
U ' \g | :d I ?S
R\




DOMAIN WALL BoUNDARY CONDITIoONS

DOASASAN
ANEANANANAN

N 7
72

LU
BREE






NUL/MLM,S‘ O.g Ca“‘lt:axux.n{"‘oaj on qn hXxh an‘ak:
DWBC 12

A= 13 23 $33 19705 2151843, ...

DWBC 3
B.= 1,3,23 301 83893 28793575 ...

[cm',«.d’ul Lat kansker ma&lxj



SRS et
2ov [ %%@%
g SRR
. DR

NTERRR




AZTEC
3. DOMIND TILNGS OF THE HOLEY SQ UARE

WiTH QUARTER- TURN SYMHMETRY

Domino ’l'tl”u\,o,s : use

VvV
Q> and <§> 2 xl d ominos

Ro'i,HM( ia!"“"\'—@ L& g
& . kﬁ(_ﬁ& MA,KLS Ié
tleable_ |










DOMIND TILINGS OF THE HOLEY SQ UARE

WiTH QUARTER- TURN SYMHMETRY

s OSIERER
SRR

s
§\
&
5

,. RIS,
CEA TSR K -
DLBILR

Samsz H(’:'g



® Non—lr\ﬁngcchtava SC‘\T"O'AC‘-
?qej vJ- ,Gb(col ends

Opl'rSk S“—L'; wv\o("l>€/ I

oS'ar‘t’a.nA Q’\AS Z&nﬁ&cal
(cm) .




Coun )n'\al Con \Créiu\ah‘m&

T)"W‘ [PD F-GQu e \3]

Tl’,(f,): dek({_"_, - 2Z } )
aci,3<nei \— 2w A-2) (|-2-w -Tw) b

7 Corc 'rl l Mt,..c‘

lﬂg‘(&\‘é) deb (Tt + M)=2 M,

L.(--(CL P

( Gesgel-\ieano l')

T, (L) = 1, 3 (23) 433 13705, 21518453, .

EX: h=23 dLE (;’;Z

0 0 1

A

O © O
2 2 2
L4 Q12

)

D

Domfv\o T(: ‘K‘V\
8 -

Con \'a wiakion






3@1% RNE
LM
N %@ﬁ

SIS )




4. PROOF OF THE (ORRESPONDENCE WITH
20V - Dwide12

(dea

@& USe (A ﬁ,araée. el 5A"S gom Kn., 20V

e duforrn e e arrangemontinto a 6V
e uge 6V results (Iza?a.\«KarcF?h oQ(?

° Qp‘ Nernen b



ICE HODEL ON THE KAGOME LATTICE

L W &, 1»’1 & W3
3 E

Tranqulon faltice K‘b&"’““— Latttee
d ~ Lce
Lce

: cv ’wq‘gfl’;% 3
20V ‘w% B < SubBltsos 123



ROLTZMANN WEIGHRTS
@ z’%"i}‘%"%"%“%’ wmrey (l’:t o.<('£.¢ 6V
@ z%::\x%%% Mmé(; on e
EETRE T S

- .ZO\/ ’Luu(jﬁl’s me,awen J;a SWmS over Lhnea (Mema(e, Con LJS

oY =  aibyes +
® Hbmgw\eous Case ; 3 T&».amd’ﬂ-f @W&Q :



wo Wi w2 w3 Wy W5 w6

N
AN

S S HSOKHCH

ajasas biasbs biascs a1bobs c1a9a3 bicoas bi1boas
+
C1C2C3
Aa - Homor ea.u W%&e
. : TOonN+H Ton—p
wo—sm(/1+17)sm( - )sm( 5 ) 15 e 7
wlzsin(/l—n)sin(;l_n+u)31n A+3ﬂ—ﬂ) ((7-0)
2 2 Z= e
A+3n-—
w5 = sin(27) sin(A — ) sin | 22 2'7 “) Sifge )
w=€
. : . [A-n+pu) . /l—n—/,t) .
= 3 ¢
w3 = sin(2n) +sm(/1+n)sm( 5 )sm( 5 E _e M
, . (A+3n+ A+3n-
w4=sm(2n)81n( 217 K )sm( : K ) L, AN~
w5 = sin(2n) sin(A —n) sin (A il ,u) -

We :sin(/l—n)sin(/l+32n+“)sm(/l_g_'u)




Remcué: MMLPO(M weﬁgﬁeg W =1 Ve

are OL"QQVM"L 6‘”’ : ”'31-5 )\;g%r p=0

mg Corres,fh«d_s G non—LMi,(O(M w&%& an Ke, 3
sublallie €V models (up to ar el facter).

@ ﬁr CL.:/’ ,>,=\[-£ C_,_—"

& \ a,=Vz2 b=1 «¢,=1

@\ Q3:€ JDB:” C3=1




TRANSFORMATION INTO o 6VHOEL

20N DWRC-2 (ih(lgméﬂw;¥(3) '






o GV,
e 6V,
¢ 5V,




A R AR R A

6V DwWBC (sukﬁfa‘q{m%),



Th m [PDF‘E,G@HU 19] TRe ?mh’h‘m gwncﬁ‘m o{ Be
20V model ik a@wujh:\ is eTuLf ) Kd’n{
o 6V modil Wil wehts @be)=(1 V1 )od DVBC

LT +




ZH.
St
gty — A
o H2H100% ;;;z; ° ¥ 7
N . - ) :
0N W = g W a, nzs-ﬂ" il
: P EIR W 0T

A (a.&&.e Oé KAGOME (Daiﬁogwaq) Kffas)»(ra&qwa;)




20V-DWRCA V& EVatka ASM

EXamfé oé Qze n=3

o)
Y
O
[ %]
@0
\/\Illj
o
O ~vQ
A I
0
=°
\'/ )
OO0+ ¥vQo
- 00 O+ O
O+0 Oorx
SN—— N—
) ~~
ocov YOO
o0 90F
( /I\
VS /
o) 0
e 8



Th m [PDF,E.GMHW 19] TRe ?a—.ﬁh‘m gwnc&‘an og Be
20V Moolc( w;@ a.@we.aoﬂbs\ s QTMLC o l‘ﬂa&’a{
o 6V modil Wi wesghts @bc)= (| VT )ard DWBC

Tg\(’-ﬂ unie C(’aSﬁCk( fCSu.(" ‘)3 ‘{"r‘??h'lwat'\ 1[0{" ée\(/
EV-DWBC and sfwi::ac prrame ters Z-2n W, - V)

n
T (2:,w) T al25) bieigs) A
YpuBC iBen DD AR

—_ L‘w«‘\"'{r\a P‘O&AMC/ - Samcalc,ifas K};e.ld Sﬁtxafe— bT l
—> R@[}nam@qts (Qg LY )&)L - )



S. e DWBC Y Conjecheres
, 4

o - e
\ \\ N \\ Y \
N
N \\ \
\ L L AN
\\ \\
% 4 \ \\\
\\ N\ \\\
\ \ N \, \\
N\ N
\ \ AN \\
]\I\I\l\l\ 3

DwBC 3 b,= 1,323 90I ..




e DWRBC Y Conjechores

d
[%'S pOI' Bn] D & Dommc -Kk\JS 0{4 2n X2n S’?«aj‘c
= 2" b b,=13 29 301

n
ETZ “\fer {L\y)—-’:ﬂt\u C |]

['Pﬂ%p?{zr] ?\‘oof 0_6 \\n"c.?faeig,ndg Ln‘«:é""""d a Do mivo T((\M D\i'irrfct’k(

E&‘ee Q(:("o CC\&C&]

g P

| 1L

- —— Y B .
"n ~ 2n-1 , = | (4cmf,‘ mfg)
e RAL IV 2n+1 2n+|




C on J(dﬁrd. TRe Co\'pt‘aml\‘mf
% Ce 20\/—' DwiEC? mo{J o an h X (jrra( ane
Ca,u\(’g_pl l? éﬁb DOMLV\O T(dh(jj { Paka’d"s (dev\?é,

Bulwe can ﬂ(o belder.. ..



ocOuP «‘cc\
=
|
—

empn (’2

2+



" (aise e r‘oog " above Pakc&r}s hCav?Q

T T@ T4a



Cbhaﬂakafez.[PDF-\'E.GcG&C( ‘3] 7?1 humbdf‘o(
M'P(TA&HMS o{ Wtanz).x(w\ {Ce Th a'rem{aam w/DWBC 3

LS Fecr\mf H Kal’fé ”{MI\«O 'l'\fMJJ { "Pafsulr/s raiged
ﬁkan?e,t

\ J

\

)

n- /4
I j4

, OLOYV\L‘V\ 0S
nereedA ng g?»f"l[aag : {@e, €@LW:C(/LS 7

N

‘... okl
EN &
N







u)
v (it
(s
| |
tﬂ |
011;+ 2
T {:
o
A )
Z j ()
n
3 =
C
Dw: 3-—
»
l
Z .e V
@

\
)

(
2,3'+
(n~

o

J::

12
g

75

6

/

28

3
>

O/

&

L’/

‘l

ts
(g

%

S

W

\

B

—+




aﬁﬁm{q(sz/A@%}Kksnweébfs

NONNNNEN
T
i
N\
&V uith
NN\
\s\\\ U - l.’u. n
\ Bou nG‘QFJ
(@) DQP&A
20V-DwiCz )
on Qr\ ﬁuc{\aﬁ]




THE ARCTIC PHENOMEN oN

10%31 Stye N Eqi»caf&mﬁ%u.rabaﬁ exhibite
:groéa,.\ daw\ams /ﬁ?«mal domaing

X

113‘«&/‘% wdoned Axordered

palﬁs txH\s



s
2Ll

s - 4
LA
.

Z 2 2lL

L VIIOITS
\\\\\ \.\N\

s s
LIPS W\ FITTII I

v s
x\_ / Y L\ Al A7 2 7,
ﬂ Ve P T 7 \__& \&l n\.n“_\_ﬂ\ 7
[ \ \R. A4 z 0 o v
iy A
\%; s 7
| M xﬂ_\ " 7 \mmu_ v q_\w_\\.ﬂ 4 Z -
A a 7 7 f
1 %|_. % & AV RMM“\ W\p 748 »mm\ 7 77 7
A H A A 2 Ay
Wi e i
1] sy 7 %) m“% 1 z 1 ?
Wl i :
o mn 7 Wm 7 g
\xu“wm vz ? :
Ve “&W“A“&c 22
oeeninn iy natiisy
§ \“\\ \ % 1077 7 4
V m% [l \.\ Ay A
A/ “ \\\ \“\\\\\ &“n \V ot \_Q_\ 7 AA Fix AAA &

175
150
125
100
]
30
25
o

175

125

100

”



ARCTIC PHENDNENON (20v DWRC1)

Q)lca, 5(4.12{0# @Ugt %qu(‘aha"

— USe Eana@v\t’ me W\o

e Vﬂodlca ezf(' ’FQM Q%Lé'

pnt
3 o wse Mg hew ?afﬁas
§ Prbgc ‘6”’ BRe Gomil SKarc




ARCTIC PHENDNENON (20v DWRC1)

° —ngﬁca.e 5(4.12{ Oﬁa @l/ﬁc Covxcc'guf‘affaa

— use‘ Eomau&’ melfod ”

>

/ mosé ‘&ﬁ&(a

neuo
end_

{

vvilzr\/ 11z V1/! [/,/

-~

exi b Pa‘nt’ I
Z

arcke eurve

I)Cr

o B

B(z)

g o Bk

L(®)

ML)




6\ DysC

20VDwAC |

n-1




¥

20V DWRC 3
(?Ladfan 2 pe)

n-1




o ('Pan,‘l‘d'l% "_h-h c{'l.cm : pram IR defprnainan€ éuu«@-r

(-Z.:——>t4. ) mﬁ—awf)
ZN-H Z"" . L?ZN =0
= N N2 25 2 u
ZN B 2 = -
_N" 2 __2 N \
‘ZN:VG, > /Df, = C T
PwWov

( 2D Liovn le /Toda 27)




® (Pm‘lil‘l‘% -l-“-h c,{‘l.\w\ : 10r an IR d@ nal nanl é’utu-\@.f

(-Z —> W, —2 )
Z i Z"" ; L?ZN o |Z —
Z’— v 2— Bu'a»u’ * e
N
2= e |2t _e -
e ’b‘:’ér c Z(}) :
(25 Uiowille /Toda- &9 o

Hu?(““')!%_"G)P Z?N’H ZN-I HNﬂ L _/(_guloa)__/ —0O
2 Hu N




20 \/‘ DV\IBC’( u.n?é'brm wu‘aﬁh

N=200 N
=100



20V-DWBCA - Non-uniform lh\’azmm we;aﬁkg

(cao)w, 577 ) 605)

1.0

1.0

10.8

N=100 | N=100



+6220(73(x* + y)? -

-2815(% + yA) -2 =0.



APM - holeg Aztec Domino Ti ling.

c;mmm bk

—

1.0

— av\agl\-c.
©wt nuch s, eé
{(Q COvim©ONn loﬂm: Z



U
5
-“

/5




1.0

ASH-DPP 1 o

05
10 0.5 = 05 0
ASM '
» S}(MT
05

N e@(,{;:e

| I 2. 4" _ 3 _
I‘/DPP Kerd—%y Z’O




20V-Dwbec 3 :

0 N—=>c0




N amfah'c

Conbnuation




DT DéAll'ec Compmeon

DwBC2




# CONCLUSION

o _rﬁ'anawear tce loes ﬁav@ D\l'ereSh\aa cembt\ml‘brt cs ‘
OSCLLFOtBV\& &H’C& Q’%

e Arche ?KLV\OMAQ/\ DWBC,’I/&/S beve one l.

- use tanaent n,Rod
) 9 ) AhA@,H ¢ prdicfia
¥ —

- use rc(uu.mu\('s and cennech’ o ['oué(\:\/ rke ) r\'aarmg |
0 non—o\wagﬁ‘cfl‘dﬁ /Slteaf ?fenambfm é@‘“th/’eracﬁwg 6&#1/-‘0»3 ‘.

o nelated e“’"’? mockels 2 (wel)s?) (KS'&ée. cpr"ed'ureZ)
o C(&Iri& e u5°°0{” xmda“(‘l cardFiong ?



SOLVABLE CASES So FAR

AN .
DWBCH, 2 o
AANAMAN

——
—

DWBC3

(Cfuad’\ﬂwa&—) ZéV-U
Dwhc 3

((Kja.u\a(c,) Z"(v\tu/z— Z fl/




Anle. 208 DWBC 3 model

\ A A
2n 2n-1
= 20% ~ 204
2n \ Zzn__‘: \ |
¥ "
N
(a) (b)
™~ 20\/3 n (V\-H)/ 20V- DNBQ I

THM Z 2—') — 2 * Z'\

Zzo‘la _ 2"(" )/, Z 20V-DWAC,

n







OPEN QUESTION : FIND A DoMINg
TILNG (N BITECTioN WITH 20V, 2

HU‘": anclic curve ;fd) Be wiitoom QM%{nj /A(L) {—&,\J:{IA&()

2.0 g — _— e
. i Gc curve
/ \\\ o€
15]

Awndno
l.‘l.{(\r\a 2




Thank ‘Y|

I?e_{,_’g; o D F}ahcho)éwgﬂ’a( Elec. Journ Gomb. 2FNo2 {2020) P2.13
* Debin, Difancesco , Quitter Jour ffébﬁﬁ”g. 13 (2020) pp 23~39

* Dl Franceseo | ArKiv 2102.02920 (at.Co] (2~2D
o Di Fancesw , AcXiv 21 06. 02038 [mebh-ph] (2021)

o ' Ditancesco , obf‘efamﬁo-. (2o22)



