Generating functions,
Math 4707, Spring 2021

Let Fo =0,Fy =1,F=1,F3=2F,=3,...with F},, = F,,_1 + F,,_»
be the Fibonacci number sequence. We saw that the generating function
F(x) := > 22 Foa™ for the Fibonacci numbers is F(r) = ;—-— and, via

partial fraction decomposition, F(x) = 1736(11/&5)/2 — 173:(11/:(5/5)/2. Using
the geometric series T2 = Y"°° (7", we got F, = %(%)” - %(1_7\@)"

and thus F), ~ %gb" where ¢ = (HT\/E) ~ 1.618... is the golden ratio.

1. Consider the sequence Jy = 0,J1 = 1,Jo = 1,J3 = 3,J4 = 5, ... with
Jn = Jp—1+2J,—2. Form the generating function J(z) := Y o> Joa™.
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2. Use partial fractions to show that J(z) = =5 iz

3. Conclude that J,, = w, so that J, ~ %2”.

For n € N, the generating function for the binomial coefficients (Z) is
Sio (M)z* = (1 +2)" (by the binomial theorem). Generalizing this, for
any real number n € R, define (}) := "(”71)(”72]2,'"(7%(1%1)). The generalized

binomial theorem says that for any n € R we have S (Mak =1+ 2)m.

4
4. Show that (14 2)™* = E,?;O(—l)k(“?l)mk and thus that (ﬁ) =
A4k—1
St (M) aR.

5. Explain how the previous result relates to the “giving pennies to
kids” / “choosing bagels” problem (hint: this case = 4 flavors of bagels).
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6. Show that (14+2)~1/2 = 3220 (~1)FEE5-CE) 1k 4 thus that =

Yo (Qkk) z¥ is the central binomial coefficient generating function.

7. Use the previous result to show that for all k € N, 4% = Z?:o (2]] ) (2(:__]7 )).



