
Math 4707 : Intro to combinatorics 1120121
- -

and graph theory ch . I
[VP

plan for today :
me hmmm

- Go over course logistics
- Do - introductions
- Ove- view of course

- Chapter I
'

. Basic counting
- Maybe -

.

. try some groupwork

Logistics
w un

- Instructor : Sam Hopkins (me !)
.

Call me Sam
.

email : shopkins@umn.edu

' Class time : Mon . Wed . 2:30 - 4:25pm
On Zoom

- Office hrs: online
, by appointment f.annoying

it

- textbook :
"

Discrete Mathematics
"

by Lora's z etat .

- Assessments ( all ' take - home' ) :

5 HW 's
,
2 Midterms

,

1 Final
Colla oration encouraged no collaboration

- Course website :

math . umn.edu/~shopKinsldasses/47o7.html



Introductions
-mm

:

- Say who you are ( how you'd like to be called,
pronouns if you want, etc . ,

- Say where you are ( we're all over ! )

- Say one thing you've been doing to

stay grounded during quarantine

Iverview of course
m- ummm

This is a course n discrete math

Discrete centimos
-

① • ⑥ ④ & MN

in: / re: innit:*
algebra (ish) calculus

computer science wags; call Physics



there will be 3 major topics we cover :
-8 - - -

• enumerative combinatorics
= counting discrete structures

• graph theory
= study of 'networks

'

like £ff→y
a.

• optimization Ct algorithms )
= finding the

'

best
'

discrete structure

wewill cover these topics in roughly
this order

,
but there will be alot of overlap

and call backs
,
etc .

Some other similar courses UM N offers .

hmmmm .

- math 5705 : Enumerative ComYiahsatt Chester)
- Math 5707: Graph theory

(this semester )

( 5 min . beak before math ? I



Basic counting
-
mm -

For the first several weeks we'll talk abt . counting .
In Ch .1 of the book they introduce several

basic counting problems via
'

real world
'

scenarios . . .

Here's an example :

Seven people meet at a party .

Each person shakes hands wit each

other person . How many total handshakes occur?

ANSWER : 21

Two possible solutions are:

#1 Each person shakes hands w/ each other person,

so 7×17 - l ) =7×6=42 hands shake . But a

handshake involves two hands shaking ,
so we

haveto divide by 2 to get 42/2=21 handshakes
. he



#2 Imagine the 1st person shakes hands w/ each
other person

,
then the 2nd person shakes hands w/

each other person excepted
St

,
then the 3rd shakes

everyone except ¥'s 1,2 , -13 , etcetera . This

way we will count each handshake once .

The 1st person does (7-1)=6 handshakes, then
the 2nd person does 17-21=5 ,

3rd person does 4 , etc .

total #of handshake' ' let 5-14+3-12 c- It 0=42 .

Aside , n Cn - l ) (* I
pel: I -12 t 3 t . . - t Ch - l ) = 2- .

Can prove this using (mathematical) induction .

Setting four inductions : Have a statement Pcn)
depending on a parameter f- number) n .

If you can :

. (base case) show the case
PCI) holds .

. (induction stepI show that Pcw
) implies pcntl )

then you've proved Pcn) for all n= 1,2, . - -
!

Eg . (htt h -- I -7 o =
'

I = o ✓

(induction It 2 't - - - t Cn
-ht h =

h 1)
+ n
= M¥42! ncnztl)

-

step
'

v



The book discusses several other Counting word

problems, but
let's move on right away to

a

more formal mathematical framework for counting.

Sets A set is any collection of objects.

The objects are called the elements of the set .

In math
,
we often deal w/ sets of numbers ,

like { 1,2 , 3,4 } or {. - - , -2 , -1,0 ,
'
14

' -
- I = -If

egers.

But sets can be made of any kind of objects.

{ Earth
,
Mars

,
Venus ) is a set of planets .

{Alice ,
Bob

,
Carol

,David , Eve ,Frank , George} is a set
of party - goers .

You can see we use { t f 's (braces) to show sets
.

We also use
"

set - builder notation
"
:

" in
"

←

{× EX x Zo } = { o , 1,2
,
. .
. 3 = IN nonnegative integers

" natural numbers
"

" such that ' ' Indition

important operations
on sets include

n = intersection (
'

and't

• U = union ( ' or ' )



e. g . { - 4
,

I
, 63 n IN

= EH , 63 .

You may be
used to representing intersections

and unions of sets using Venn diagrams :

mm :e÷±:÷::

For right now, the most important set concept for us
will be subset . A subset of a set A is any
sub- collection of the elements of A .

e. y . {Mars ,
Venus } I {Earth,Mars, Venus }

is Tub set of

Note: The empty set of = { } , whichhas no elements,
is a subset of every set .

How can we reformulate the handshake

problem in terms of sets e subsets ?



counting all subsets
-

-

Let A = {1,2 , - -
- in} be an n - element set.

How many
subsets of A- are there?

Answers : 2h

PI : consider making a subset B of A by
considering each of 1,2 ,

3
,
. -

-

, n in turn

and deciding whether
or not to include

that number in your subset , E. g. ,

linB?① "decision

wog v Yes tree
"

3? 2inB① t
N f y Y N f v

'T

① ①

N f f Y
K ti q et I try

to {33 223 { 43) gig { 433
4,23 Eli,33

Have n independent choices , each of 2

possibilities = 2x 2x .
- x2=2

"

total options pg.



Sequence A sequence (or word ) is a
list a

,
a e

. - - die of numbers in ogler .
The 9 i are called the letters ,

and if all

ai belong to set A ,
then A is the alphabet.

19 ' l l 435 is a sequence of length 5

note
: 2 → From alphabet { Ii43 , 4,53
doesn't

a.

have
to appear

!

How many sequences of length K
from alphabet El , 2 , -

- -

, ng ane there?

ANshr : n
k

PI : Similar to subsets .

For seq .

a
,
a z

- - -

a K ,

have k independent choices of the ai 's
,

and each ai can be one of n things

⇒ n × n x -

-

X n = nk total options
.



Aside,

Bjeotions A bijection f : X -7 Y is

a one - to -one correspondence that
matches each ×EX to a uh aye y EY
and Vice - versa .

e.a ④F÷ or

f y

'Er ¥€⑤
Bijection are useful for counting because
if there is abijection f :X-7 Y they
number of

elements
ofX→ tf X = #Y

Eg . Can you describe a bijection
f :{ subsets of Uzi in}→ {

'

saeeqipqnthgesfgyfy}?
HiNT : think about our above proofs

. .
.



permutations A permutation of g. z .

.
. .

. n}

is a sequence a. 92 .
-

- an where each number

in Eliz ,
-
- in} appears exactly once.

- -

Eg' 53142 and 15234 are permit of length 5 .

How many per mis of length n are there?

ANSW.tk : ha ! =
n x Cn - l ) x (n - 2) x -

-

- X 3 x 2x I

' factorial
'

PI. Consider choosing the letters of our Perm .
one

at a time . For the 1st letter we can choose

any of n numbers ; for 2nd letter we have

Cn - l l choices b/c can't repeat, etc .

→

sii
'

123 132 213 23 I 312 321

Total options = n x Ch- it x (n -2) x -

- - x 3×2×1 = n !



Ordered subsets An ordered subset of 4,2, . - - in}
is a sequence a , az . . - da where each number

in 21
,
- .

-

i ht appears atmost once .

- -
-

Eg . I 34 is an ordered subset of 242,3 ,4,53
,

and 4 I 3 is a different one .

How many ordered subsets of {42, .. -

,
h}

of size K are there ?

ANswr : n x (n - l) x (n-21 x -
- - X Ch - CK- l) )

.

If ! Same as in permutations case, consider

selecting letters one-by -one. Have n

choices for 1st letter,
In- l) for 2nd , all

theway down to (n- CK
- i)) for Kth .

This brings us to probably themost

important basic counting problem - - -



Subsets of given size
- - - -

How many subsets of El ,
c - -

,
n} of

size K are there?
n !

ANSWER -
-

!
K! Ch-H '

.

Proof. We saw that
theft of orderedsubsets

= n th-H -
-
- (n - CK-it ) =

Ch--K) !
'

But for each unordered) K- subset, there
are K ! ways to order it is

4 I 3
e - S 's { I , 3,4 } → ! I 34 ;

3141 ,

341
,
43 I

so wehaveto divideby k! ⇒
k! Ch-K) ! DK

These numbers areso important , they
have a special notation t name :

→

( K) : = w :
'binomial

"

n choose K
' ' coefficients

'



Returning to handshake problem:

{ an:?jI%me3⇒4¥¥¥,I ⇒ Eh = "

handshakes
.

How many 5 card poker hands from
a standard 52 card deck are there?

( 5,2 ) = 52-51.50--49-48 ~ 2 .

5 million

5 ' 4 . 3 -

2 . I

Tf there's any time left . . . we

can go into breakout groups
and

start a work sheet where we find
the

probabilities of the different poker hands .

We'll finish this worksheet next class .

.
# of that kind ofhand

NITE : prob . III# =-

total# of hands .


