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Reminders : . Final exam is due today !

twill try to gradeit quickly . so you get your final grade .

Today we'll discuss one more bonus topic , this

time in enumerative combinatorics rather than graph theory .

The topic is permutation pattern avoidance . Compared

to all the math we've seen , this is thenewest- :

with a lot being done in the last
~ 30 years .
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one- line notation
'

Deth Let r = r, r. . . . of C- Sie be a permutation which
we'll call a pattern .

We say a bigger permutation
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if there

is a sub sequence it , IT, z
.
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- Tik fi , c ize - - i Lik )

whose letters have the same relative order as T.

Eg . G I 4 3 25 contains the pattern 123so so is
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in the underlined positions .
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5 ? I l Z contains the pattern 132 in
a , b , C w/

the underlined positions . ( a L c c b )
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this to see patterns

Feftn If it Esu does not contain a pattern
JESK

,
we say it avoids T .

We use

Aung ) :
= { MfSh : IT avoids r} .

Big interest in understanding Avner)
for various r, and counting # Avn Cr) .

Iet's consider E- 132 . What does
a 132- avoiding permutation ITE Aun ( 132)

look like? Notice that the position of

the letter n
.

matters a lot :
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if we have any i. Lj w/ i before the n

and j after , this would give a
132 pattern .

so
all letters before then must be less

than all letters after the n :

in
some order

h in sane order

e -
IT"

IT'

Moreover IT " E Sik and IT ' E Sn . , - K
'

also

have to be 132 - avoiding ; e. g :

IT = 756 § 3412
WE -

IT
' l

And as long as Th
'

,
IT" are 132- avoiding , it

will be as well . So if we define :

f Chi : = # Avn (1321 ,



what we just explained implies the recurrence :

foul = Ej f Cil - f Ch - I - it
.

Do we recall this recurrence any where
?

tint
'

. Can compute f ( it , H2) , f- (31 , . . . -- et , I , 5 ,
- -

-

alls l allSu Y
,
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It's the Catalan number recurrence !

thus tf Avn ( 1321
= Cn = ¥ (Y ) .

What about Avner) for other r f SK ?

DThe reverse of a perm .

IT= IT
.
. . - ith E Sn

is IT "N : = In line, -
-

- IT
, .

Eg . I 32
"V

231

The complement of TT = IT, i - - Tn E S n is

IT
co
= (htt -it. ) (ntl - it,Y - -

- ( ht l - Tn ) .

EI 132
"

= 312



Easy prep . IT avoids T ⇒ it reran ds ru
⇒ TT

" avoids ro

Cor .

. FAIN 11321 =#Avn 1231) = #Aunt 3121 =# Av (2131
A

• # Avn 4231 I #Aun (321 )
- I

We know all these countedabf.tt#ftafajn
?

# 's
.

But what

THI #Avn ( 12 3)= #Avn ( 1321 Fn

( =
, ( ZT ) )

PI We will create a bijection

Avn ( 132 ) → Avn ( 1237 .



Thebijection is based on the notion of
left - to - right minima , which we saw a

while

ago : recall a LRM of a perm . IT --IT , -
-
- Tut su

is a letter IT; less than everything to its left .

'

IT .-
E 789 Z 4- to 1*23 E Av

, o 1132)

claim : HITE Avn (134
,
there is a unique

ITE Avn 423) withthe same LRM in same positions .

' H's E 987 EI lo I 32 E Avio ( 123 )
um u w

-
How did we makeIT

'

? In spaces between LRM
ummm

we reversed the letters : 789 H 987 .

Little bit more argument shows

IT HIT
'
is a bijection Avn ( 1321 → Avn (123)

( hint ! 123 patterns become 132 or 321 patterns)

so indeed we have #Arn (132) = # An 1123)
.mg



So we've seen that #Avn I = Cn --Eu kit
for all patterns TE Sz .

What about for longer patterns ?

Already for JESU , situation very different.
Up to reverseKompuncut, three patterns in Sy :

1 2 34
,
134 2

,
I 324

But : Gessel

TA Vn (12341 =
BEha

Arn ( 1342)=

Avn ( 13241 = ? ? ?

Tn Ch , 14 of book , can see much more

about pattern avoidance , e.g . why

Avn (1342) k Avn ( 12341 E Arn (1324) th.

Plus there are lots of open problems in this
area !



One more fun instance of perm . patterns :

stack - sorting
a permutation :

Lf
← ③ ① ⑦ ⑤ ①

stack (bigger
# 's on bottom)

"

I
①
I
←② ③ ④

⇐
w

pop

①
←③ ④

gyps
P

① ⑦ ③

① ② ③ ④ ⑤

sorted !

Thy IT gets
sorted by astack⇐ ITEArnGsl)

②①③ c- Lf
←② ③ 0

not sorted!



Rather than do a worksheet
today , I thought it'd be nice to

go over a summary of the course!
• Basic tools :

I
Induction I Pigeonhole principle
principle of Inclusion - Exclusion
- Generating functions

• Enumeration : binomial coeff 's
g

- sets
,
subsets ( t Pascal 's triangle

- permutations ( 1st kind Stirling
# ' s )

- ( set) partitions (2nd kind Stirling #
'

s )
- Catalan numbers !

Bonus - pattern avoidance
. Graph theory :

- Paths t cycles ( Eulerian ,hamiltonian.
.. .)

- Thees
- colorings (gbi partite graphs )
- Matching
- Planar graphs

Bonus - Ramsey theory (probabilistic method)



You've all been
wonderful students .

Thank you for the

semester y

have a nice Ct safe)

winter break !


