$oaes - Ramonaipn i dent ieg

% @[C/\Am\c PQLMDM

Sy/\/{@ (orteel
CVRS |, Boace

UC g(’/k&/ec/ / USA  (on leave)

OPAC - Mr‘nncaf)o/(‘s
/Va(j 20279



walsw
T .

A ()
hy s
(%

.=



T . Wadsw

Ann  (omb (2019)

Proc of We AHS (2017)



2L A . Wncw

Yroc c% e AMS (202))



Acxw (o) )

0. Warnaax






S Tauchioka
Arxiv CZOZZ)



0. Wearnaax S. KdnaC\e_

A . Wncw

T . Walsw S Tan‘ol(a M. Russell



H
>
d
E
> 74
3,
9,
S
Ve,




|

n {'QﬂQj‘ "PQL\;\ \'\‘OOS

A= HEN LN
g&d’\ \’\'\OA- >\ /\a>/ r\gé ~ e
taihoy,  of N if N=AF Ltdet .= N

BY
g e
/\lACGS FED / q




|

fn‘l‘QﬂQr fPO.L\f\ \'\‘OOS
P SENEE (P Yarp Yaub yuREmEY
Sud'\ \*\-\ax‘ >\\ >, /\a>/ P

3> -

Tnter locng  pakhons N> A

5 A W~ f\2>,Hz>/ )‘3>/H3 P AR

ex [Lfrgﬂ) P( Loyl )
b2 Lh=Zz321 212 |



|

fn‘l‘Q{ﬁQr fPO.L\f\ \'\‘OOS
P SENEE (P Yarp Yaub yuREmEY
e

suh Yhet A3 D N> -
Tntec loacng  pakhons N> A

(A) A W~ f\2>,llz>/ )‘3>/H3 P AR

AN VY B MY
() Z 7TX° - SA’"‘ [X‘IWX“)
/\ ? -_.?>‘(\)?¢ Lo



Hogers — Kamanaian ideakbies (/9/05)

ne+n /
q T = 2 <
'% 4,9 CTit)(5.5°),
n< /
/% 67/'7)14, T Cé’)?s)&o é? /‘QSJGO

&/7)“) T 7)]; [/~0¢E) [0.}?)”: z' (/’d.fl)

\
’



Hogers — R@mamcg(an (deahhes

qh?"4VL [
n>Zo @,9)., 67775)00(?3:;; ).

Sum — Produ



Hogers — Ramamcx,{an (deahhes

h [
9 | BES)
,12;—0 (9,9), C 97 7%
k/\/_\—/
Sum — Product

Fer mgon Boson



’?@mamc)t,{an (deal hes
U

qh?ﬁtVL [
n%:o @,9)., 67773‘)00(?3:;; ).

! W\
" DifCeconce. < > (on gatence
. 7 '

condthon closys




Ramamman (denhhes
U

q W& /
'%) &}/ 7>1« i KC 7?—/ 73-)00 (7%‘ ;;)do

\ », \
Diftecence. o = Conguence !
CD/ldil/t\O/\ O[OSQ(,Q
A padibon f N wo pubilon of v

/\-L_AL\+\>/2" ,U(‘E’X()rg Mo S



Ramanu\an l c[emL hel

N2

9
&) (9,9),
LN T

T DfFCere,nCe, &

[

A

o dihon g
A pad« oo 'sag N
)( C (,4'\ /(L / No sné

N=12 (o) (3.2)
(3,3) (6,4)

\/\/

uav B guence
closgs
//(/ PCUJ"L\OV! % /\/

L = X oc D mdS

(82) (A3)
(3%,2,2) (2%)



K amamdan L denh hres ( ToDA 7'>

he [
( 9 (

€%y ,% (g, 7) ffh?) C955), (4% ?)




K amanudan L denh hres ( ToODA 7>

W& I
I 9 ( /

€979, ,127——0 (g, 7) ffl/?) €91, (4* ?)
\/\/

quAéﬁc
oou i \nons c%
?/oqcz‘ le (2 , )

( gorocéz‘n 200 F )



K amanudan L denh hres ( ToODA 7>

0 [
I 5 9 (
& Q, 7)/ G4i9),C9719 (9% 6%),
ndnc
PCC:[L\’;\/\\')V\S%
P/o%‘\é CB,O)

(Foda « Welsh 2016)



K amamudan L denh hres ( ToDA 7>

W& [
( 9 (

€%y r12>:o (g, 7) ffh?) 57/79 (9% ?)

\ G{l(./\éhc

oouh wons q%
fP/o%‘ le (32 , 0)




C y indric parkihons (Gesl « Keeththalec) e >0

Cy c a Comeox\‘riﬁn
Q{ (€, Caly -4y Cp)
< C4 G4 ...+cc=d

ex =3 d=y c= (1,2,1)



C Y indric par k hans
515




C Y Iindric par k hans
515

Cylendric Pcudnh‘ons 93 pofile  C1,2,))
/\(°)<< A(‘) >f %(L) < %[33 < >\(‘0>/>\(S')< ACG)&%F})
)\lOU l %(1)



C Y Iindric Ecu k hans

Calmdn'c Pa,djh‘ons 93 pofi e (1,2,))
/\(O)<< A(‘) >f %(L} < %(3\ < >\(‘0>/>\(S')< A(é)»/%p)
Xo\ i %(4)



C Y indric par k hans

Cah‘ndn’c Pwlih‘ons eGP ProFflc C1,2,))
/\(o)<< Am >f %m < %[3\ < >\(u\>fxs)< }\(c)kfx;t)
)\(cﬂ | %(?)



C Y indric par h hans

QPO (%
CEREEERy S

Calmdn'c pouhi hons eap pofile  C1,2,))
/\(0)<< A(‘) }k %(z,) < %(3\< >\(\0>/A(S)< ALG)&%@): A(O)

(L3 g S,y) > () K (6 L(6)\))
>/ (Ll,\) '\< LL)[L") >.f CLI /%)



A

Theowewm (Borodin 200% ) d+e = E

2 | A I Boow Hfu\ podudT
Lndnc T ’\‘(\\IO\\/{V\S \r\ohk&
O \')vo}xbl
l 7‘
— c 77 / /_
(4% /9 brge e yi



T[\.O.mQM ( Borodin)
[ Al
2 g =

Boaw hfu\  podudr
wvol \M\S Weo ks

\
(416 (4191970

(a,,-,839) 0 = .

k
T

a0

|

-

4=

[~a 113)



Theowewm ( Borodin )

) IA I Boaw ifu\ pwdudr
A Undac wavol \M\S Wheo kg
of owll c

g c= ()
P@ULC.\V =

\
(-C\Qioﬂoo (q; quc‘s)m .
(a,,-.91;9), = ﬁ ﬂ‘(l~a;q3>

=9

Rooere — Ramavm,\‘w\ iden iy
vV A\ | =

Z q

"> 0 CQ',‘q\n - COM"?QS)@

p 8
i l




Theowewm ( Borodin )

> g'M = BewbRl pedur

A Undac ’w\\lo\\M\S Wheo kg
O Qvof«bl
WE LD wWe
ex ¢z (3,0) ‘
P@ULC.\V = 2 3 pm
(A1 6 (4,919 o0 T
[a\l"’qk‘l q')y\ = ﬁ vﬂ,(ka(q‘))
! Jfo

Rogert — Kamosmuyon idealiy T
U NI T

Z q

"0 C%q\n ] CqL;qu qs)oo

n:eiw {




Foda o Welsh 1) r>) profile <= (c,, ., )

GEner&\Rr\& Punﬁ\r\bm Dg O{UV\AJ\C ?w\r'\\«hf\s &>
Charockr focnula Ldr--a\égbm\



Foda o Welsh r>) Pmﬁ(k C-:(C\/""Cr‘>

Charodker formula W,- a\ég,brcx

r=2 Cl= Cc:, d -¢ 3
diz i+l _d-c+l  de2
e (47597597 ).
(1}?)"0 F Lk

relaled to  Andrwe - Gordon idenk lies
Bre,SSou.d



Andcews - Gocdon - Prstoud  iden Rlies

d- Qkxl

2
h:z‘(' NG ﬂK_\ + nL +”'+nVC“\ |

S q
Ny Nk Caﬁ"\’ﬂz [m"‘z""s i F(qu\w;,nk-\ C‘q)hk—l
24\ ' 2kM-C 2k
CC‘ ) q(-' /q ) ﬁ f )oQ

|l

(3) oo



An&(&u\g - G-D(Am = BTCS&‘D(LA ]Aen \‘\\we&

d= kx| 02¢ AN + N+ ANeny

9
V\ZV\ Cq\n\’ﬂz (‘\\hz-v,s'-*(ﬂyw‘;nk_\ Cq)hk-l
NI AR & ‘
+ ] ZK("' i £\
5 qutc\' qL,q , 2k )OQ
B Cci)oo
d- Qk
qh?+ AN N4 ey |
“Z;\ Cq:\n\—ﬂz (‘\M—v\s : (‘]3“\(;“ an'qz)ﬂk.
v Ve ; na; | ZK)
CC‘ ) q ! q ) q 0

|




Agam the afL‘/\Aw'c, pad?l«‘oni

%A\/e
" . Poduct g(f hoe A-G-B
4/ 9ho | denfihes

Q: How abouk 237

———



Condedufe ( Foda « We\&\'\>

There oxiisv2 a o RS —
Qamomu&m\ | den X\W\é

foc each COMRPSH RO

(ci)--,C) o3 4
Ny a\ (‘o(ci



/f

s \\\Q\(\
SV \'\‘O{\ &V\& CO(\\\L%OL
B ‘o cota
LLP

/C\)oJ'ah‘o\/\ tise \)
6%% c j\ »
@



74

i U\? ‘o cotahon and con\\'uga\\‘w\

/C\)oJ'ah‘o\/\
c = (1,,\)
OSSR
9300020606 eT=l 1 {.\ )\ )
cT= LN 12
a)n(/;‘a gah‘m

C:(’,R,)) — C/: (,/\/O,\>






Mevin 7:00/ ( Grtel o Uk’s%}

cl = (C‘,.,.,CFB
max[l\) '/\\
FRELESEESS mass RS SRR
N\ Pro(:flec,
9@%% IAl= 43
XX s
60006 mox (N) = &






Exo«mpl&

£, (299)
‘wa)= = 2q)
F.. (2949) -
(1-29) (\-29)



ExomP|2,

) )
(29,9 :
FZ)— 29 ) o &C‘f;z)
): =, (24, %
(2,9 q) Cl\ﬁ‘ZCD -
Fao %Cb Cq;q)y:L
Cl-2 'Iq)oo >0 iﬂq
Fao (%,ﬂ) (%q, % E%ﬂ)n
& Voo ">
| =< /
(2, ¢
Fa,



ExomP|2,

) )
(29,9 :
FZ)— 29 ) o &C‘f;z)
): =, (24, %
(2,9 q) Cl\ﬁ‘ZCD -
Fao %Cb Cq;q)y:L
Cl-2 'Iq)oo >0 iﬂq
Fao (%,ﬂ) (%q, % E%ﬂ)n
& Voo ">
| =< /
(2, ¢
Fa,



niedhwre. ( Grteel o Welsh , War naot )
C:(C\,.../Cr) Q= cl = d kZSAQCzL(:)

f. (2,9)

— 2"
| o ()

= 2— . W c)n
Gg;9hy * Xk




Om\\;ea\\wc ( Corhel « Welsh , War naot )

C:(C\,-..l CV\.) C‘-\—--.‘\_Cn:‘.(‘ A:SCA(’\,(‘)

/ z"
’—: (&/q) :[5?;9)00 é:: qu}q

0 i c,n ("i)
A

Fea(q) s a polynomia) info
hon e %Q )’z\/& coe £ ﬁ'u‘@M’g

n

fon () = K (cu/-r (d;r)-'>




What s known so far 7

e« Fr=41 4
CRN[cAEAR™ P 4

.r:3 d:é{,l-[,s

(C. 2016, C « Welsh 2019
C. Douse a Unan 2021
Warnaac 20410)

d =3 (Tiuchoka 2022)



What s known so far 7

-rL:4_
e = L
.n,:3 ZX'LHS

(C. 2016, C « Welsh 2019
C. Douse a Unan 2021
Warnaac 20410)

r= 3 (ﬁuc[zcbl{a -20022)

Conjcthl(ﬁ ( Warnaar Z&ll) kz0

c = Ck, k-1, k-1) c=(3k-s,s-1,0)

C - Ck/k/k~|) Cc= C%k“S"( S"//D)
1< Kt




()On J QCJUT C ( W&mm)

F
e ) ket k=1, 1, ekt

MY RN
Z q 7’51 mL ncmt[ b} ne—Neg M
Mi+ ) me iy

n, -. n
m; / K c=
e My
1



()on ;'edur 2 (Wamaar < | )
V

F (9) =
(k , k-1, k-1) ,n, Q)

z -\
e +Vn(_ ne My c—Meg My
Z‘ O’ 7T CI [/ﬂw,} [ J

nzl"“/ Y)K C

n,

P a0 = (_37;_(5;;;)_,>



[ (2_/
C. Welsh F(z”: q) (E7 7)00 Gc 6})

N oLPp/oaC)/. Kanade o Rus sell (&%)
ew O

(34,67)00 H, %,g)
}z(%/q)— <‘I/7>oo




Our_ogprath 7 (2,9) = ’7) G, [29)

Nouw a?p/oad/. Kanade « RusSel| (&%)

(%4,9)00
J—Z(%/q): <¢];7>oo H %/q>

=3 C:(k".S,S,O) O\<S<'§
Andrews éclau(;ng/ Warnaa (2002)
r=13 all Com@osi hons Bj) A €T (Kanade Afusell)

20|

all  tomposi hons 8 ¥ ( Uncn 2022)



Proof  +ech ncques

. COMBMOA‘OHCS
. C/— Sen el

: Com/m}er a/gebm,



Proof  +ech ncques

N | |
G(S,O,O)(zv q) = G(4 1,0) (2q, Q),
G(1,1,00(2,9) = G4,0,1)(2¢,9) + G(32,0)(24,9) — (1 — 29)G (3.1 1)( ,q),
G(4,0,1)(Z, q) = G(5 0 0)(2(1 q) + G(3,1,1)(2q7 g)— (1 — ZQ)G(4 1 0)( CI)
G(3,2,0)(za q) = G(3 1 1)(2(1 q) + G(3 0 2)(261 g) = (1 = ZQ)G(Q 2 1)( ,q),
G3,1,1)(2,0) = G,1,00(2¢,9) + G302 (24,9) + G2,21)(29, 9)
)

— {1 — ZQ)(G(4,0,1)(ZCI ,q) + G(3,2,0)(7«’q ,q) + G(z 2 1)(Zq Q))
+ (1= 29)(1 — 2¢°)G3,1,1)(24°, 9);
G3,02)(2:9) = G4,0,1)(2¢,9) + G22.1)(29,9) — (1 — ZQ)G(3,1,1)(26127 q),
G(2,2,1)(2,q) = G(s 2,0)(2¢,q) + G(3 1,1)(2¢,9) + G(2.2.1)(2¢, q)
(1 —29)(G1,1)(2¢%, @) + G3,02)(24°, 9) + G(2,2,1)(2¢%, 9))
+ (1= 2q)(1 = 2¢*)G(2,2.1)(2¢°, @)



C. %us&( o< U.nwL Automakic pmofs

G(s,o,O)(Z,Q) = G(4 1,0) (2q,9),

G(4,1,0)(2,<J) = G(4 0, 1)(2’(1 q) + G(s 2 0)(2(1 g) = (1— ZQ)G(s 1, 1)( Q),
G1.01)(2,9) = G5.00)(24,9) + G3.1.1)(2¢,9) — (1 — 2q)G(4.1.0)(2¢%, q),
G.2.0)(2,9) = G31.1)(24,9) + G3.0.2)(2¢,9) — (1 — 20)G(2.2.1)(2¢%, q),
G(3,1,1)(Z»CI) = G(4,1,0)(2¢,9) + G(3,0,2)(20,9) + G(2,2,1)(2¢, q)

)(G(4,0,1)(2q yg) G(3,2,0)(Zq2’ q) + G(2,2,1)(zq2,Q))
+ (1= 29)(1 = 2¢°)G31,1)(2¢%, 9),
G(3,0,2)(Z,Q) G(4 0 1)(zan) I G(2,2,1)(zq,Q) — (1~ zq)G(3’1,1)(zq2,q),
G2,21)(2,9) = G3,2,0)(29,9) + G(3 1,1)(2¢,9) + G2.2.1)(29, q)
)(G(Bll (2¢%, q) + G(3,0,2) (2q°, q) +G2,21) (¢ Q))
+ (1 —2q)(1 — 2q )G(z 2,1) (Z(I q).

—(1—2q

Theo@m (cpu ,252\)

iy o8 s 0
} : i i ke [TM] [77,1] lnz] 1
g o 2 44 44 46
2 q Ty q n3 q

T AT A8
ni,nz,n3,ng>0 (qvq)nl (Q~qaq ?q ’q 1q aq 7q vq )oo

Avtomolke poof



Proof  +ech ncques

. Combinatorics
. C/— genes
: Com/wkr algebra
e Lie Hveorg
() - Gn we combine all Hose
fo prove (deahhes for ¢ = (.. cr)
Composihons of d 7



A lovely cfea;a/ cae  d=r+l
Cond'edur@ Cel ol Cr)
There are & R K

BEA|
(9 )

' denthel  and H';e\f Cua sg
e Form

SISESEL cCAL LERISEEE edind

“ = [ Cyc‘\s::k(D)
n (9,9) n, cee /I-¢



A lovely cfea;a/ cae  d=r+l
Con JQCJ‘ULF C Catalan

(C\, S Cr)
ar RR

There are (-
F den b h e and ‘H’}Q\’ Cua sg

e Form
E( ) /
__L. é ‘c,n q = 7T ¢ hok (D
C‘i)oo - (?/q)” gee /- qc‘j hesk (D)

Fen @) G‘Nm o (9) = (C)" N I)



A lovely cfea;a/ cae  d=r+l
Con JQCJuf C Catalan

(C\, S Cr)
ar RR

There are -
' denbhes  and ‘H’}Q\’ Cuva sg

e Form
/ an [C]) !
 ———— . = /'_ Cyc‘\s::k(D)
a])oo Nn (7[?)}1 gc e 9

n

F:(?):(CF—I)



Il P w-O
F[-L)f n(ﬁ): E/ O e} }'&Crmkc.
nt+n
FEB‘cc)(n C‘]) = 7
nz

FQ:“,M [q) + q

né-nn, Wf-m-(q 2"]

Fclnqo),v‘(q) T %29 n&
ne-nn, M a2
FU('),V\ C'Q):"Z_? ﬂa]
( ) N -1 n, 9, +a4 Jﬂ]
Fiz 2y ;9 =219 e



O: How 4o ﬁacss ‘[‘Aog&

mulbsumg 7

G:m[uimkm © could we %'AJ
mort sl-a,kst;cs on 0./[(‘4402,
Pmli\a\ns

IS gam < max (A)
lnd tum <— 7 4



