
Open problems in Dimers

And bundles

Richard Kenyon (Yale)
<latexit sha1_base64="Ovih89FbpHEvdF6W++g9u9ki9H0=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEuilpFR8bKbgR3FSxD2lDmUxv26GTSZiZCCEU/BU3LhRx63e4829M0iBqPXDhcM693HuP43OmtGV9Grm5+YXFpfxyYWV1bX3D3NxqKi+QFBrU455sO0QBZwIammkObV8CcR0OLWd8kfite5CKeeJWhz7YLhkKNmCU6FjqmTs3jI6I7OMrEKEncOmOcDjomUWrbKXAs6SSkSLKUO+ZH92+RwMXhKacKNWpWL62IyI1oxwmhW6gwCd0TIbQiakgLig7Ss+f4P1Y6eOBJ+MSGqfqz4mIuEqFrhN3ukSP1F8vEf/zOoEenNoRE36gQdDpokHAsfZwkgXuMwlU8zAmhEoW34qTMAjVcWKFNISzBMffL8+SZrVcOSwfXVeLtfMsjjzaRXuohCroBNXQJaqjBqIoQo/oGb0YD8aT8Wq8TVtzRjazjX7BeP8CAQSU/A==</latexit>



Problems

<latexit sha1_base64="OOSgSKWKkG6HdheW2c63nQUEWQs=">AAAB73icbVDLSgMxFL1TX7W+qi7dBIvgqswUQd1IwY3LCvYB7VAyaaYNzWNMMkIZ+hNuXCji1t9x59+YtrPQ1gOBwznnkntPlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUMirVhDaJ4kp3ImwoZ5I2LbOcdhJNsYg4bUfj25nffqLaMCUf7CShocBDyWJGsHVSp6GVSwrTL1f8qj8HWiVBTiqQo9Evf/UGiqSCSks4NqYb+IkNM6wtI5xOS73U0ASTMR7SrqMSC2rCbL7vFJ05ZYBipd2TFs3V3xMZFsZMROSSAtuRWfZm4n9eN7XxVZgxmaSWSrL4KE45sgrNjkcDpimxfOIIJpq5XREZYY2JdRWVXAnB8smrpFWrBhfV6/tapX6T11GEEziFcwjgEupwBw1oAgEOz/AKb96j9+K9ex+LaMHLZ47hD7zPHzM/kBQ=</latexit>

1. “Dimer random walks”

2. Weights $ probabilities

3. Double-dimer loops

5. Double-dimer lamination coe�cients

7. Triple-dimer web coe�cients

<latexit sha1_base64="4fwJaIjZQNswubkEzr8iTvZvyhU="></latexit>



Dimer random walks

<latexit sha1_base64="eUV0bnTdESREX4gEKeBPGsdy8fc=">AAAB+3icbVBNSwMxEJ31s9avtR69BIvgqewWQb0V9eCxgv2AdinZbNqGJtklyapl6V/x4kERr/4Rb/4b03YP2vpg4PHeDDPzwoQzbTzv21lZXVvf2CxsFbd3dvf23YNSU8epIrRBYh6rdog15UzShmGG03aiKBYhp61wdD31Ww9UaRbLezNOaCDwQLI+I9hYqeeWbpigCikso1igR8xHuueWvYo3A1omfk7KkKPec7+6UUxSQaUhHGvd8b3EBBlWhhFOJ8VuqmmCyQgPaMdSiQXVQTa7fYJOrBKhfqxsSYNm6u+JDAutxyK0nQKboV70puJ/Xic1/YsgYzJJDZVkvqifcmRiNA0CRUxRYvjYEkwUs7ciMsQKE2PjKtoQ/MWXl0mzWvHPKpd31XLtKo+jAEdwDKfgwznU4Bbq0AACT/AMr/DmTJwX5935mLeuOPnMIfyB8/kDsmCUPQ==</latexit>

On a graphG, a (random) dimer cover is a (random) permutation of the vertices.

<latexit sha1_base64="SzLp1ekrOz0h9Yxxu/VqTWq9D3E=">AAACRXicbVBLSyNBEO5xfcZXXI9eCqOgIGFGBBU8CB52byoYFZIQanpqksZ+DN09Qgj+OS/e97b/wMseXJa9aifm4Kug4avvq6qu+tJCCufj+Hc08W1yanpmdq4yv7C4tFxd+X7pTGk5NbiRxl6n6EgKTQ0vvKTrwhKqVNJVenMy1K9uyTph9IXvF9RW2NUiFxx9oDrVVksboTPSHk41IHQtFj3Y+LGxE5ItizozahsyocgCN2 ESCPdWKciq0o+GgcnB9whCkRecXB061Vpcj0cBn0EyBjU2jrNO9VcrM7xUYR0u0blmEhe+PcDhQEl3lVbpqEB+g11qBqhRkWsPRi7cwWZgMsiNDS+cM2LfdgxQOddXaahU6HvuozYkv9Kapc8P2gOhi9KT5q8f5aUEb2BoaXDHEveyHwByK8KuwHtokftgfCWYkHw8+TO43K0ne/XD893a8dHYjlm2xtbZFkvYPjtmP9kZazDO7tkje2J/o4foT/Qv+v9aOhGNe1bZu4ieXwAlF6/A</latexit>

Problem 1. For an iid sequence of dimer covers, study the associated random
walks on permutations.

<latexit sha1_base64="ey9TXu6YbgfmiBG40b7gEvPjLJs=">AAACW3icbZBNaxNRFIbvTNXGWDWtuHJzMAguZJgpBRVcFARxGcG0hSSEM3fONJfcj/HeM0oY8ie7sgv/iniTZqGtZ/Xynu+nbLQKnOfXSbp37/6D/d7D/qODx0+eDg6PzoJrvaSxdNr5ixIDaWVpzIo1XTSe0JSazsvlx03+/Dv5oJz9yquGZgYvraqVRI7WfOCn1ilbkWXopmUNI+9iq4EiW8Mn5wEtKFVBoG8tWUngaqiUIQ /Sbca+gcBttQJeEGAITipkqsCjrZyBH6iXAZyFhrxpebsyZPPBMM/ybcBdUezEUOxiNB9cTSsnWxOPlDpumRR5w7MOPSupad2ftoEalEu8pEmUFg2FWbdls4ZX0amgjq/ULj65df/u6NCEsDJlrDTIi3A7tzH/l5u0XL+bdco2LUcyN4vqVgM72ICOmDxJ1qsoUHoVbwW5QI+SI7d+hFDcfvmuODvOipPs/Zfj4emHHY6eeCFeiteiEG/FqfgsRmIspPgpfif7SS/5le6l/fTgpjRNdj3PxD+RPv8D0m207A==</latexit>

1

3
(1 + e(12) + e(2,3))

<latexit sha1_base64="IAmTX7hxyD2oiaBEc5Vb5m2YaTM=">AAACCHicbZC7SgNBFIZn4y3G26qlhYNBSYiE3URQwSJgYxnBXCBZltnJbDJk9sLMrBCWLW18FRsLRSxsfAQ738FXEJxNUmjiDwMf/zmHM+d3QkaFNIxPLbOwuLS8kl3Nra1vbG7p2ztNEUQckwYOWMDbDhKEUZ80JJWMtENOkOcw0nKGl2m9dUu4oIF/I0chsTzU96lLMZLKsvX9rssRNqsFs0TsuGBWigkswRQrx9ViUrT1vFE2xoLzYE4hX6u2376PjK+6rX90ewGOPOJLzJAQHdMIpRUjLilmJMl1I0FChIeoTzoKfeQRYcXjQxJ4qJwedAOuni/h2P09ESNPiJHnqE4PyYGYraXmf7VOJN0zK6Z+GEni48kiN2JQBjBNBfYoJ1iykQKEOVV/hXiAVDJSZZdTIZizJ89Ds1I2T8rn1yqNCzBRFuyBA1AAJjgFNXAF6qABMLgDD+AJPGv32qP2or1OWjPadGYX/JH2/gOBwZos</latexit>

 

For this graph, just record x coordinates of vertices, in S3.

<latexit sha1_base64="GaaqQ9jQVCTw90sxvYBdjmaSY3E="></latexit>



Each particle does SRW, coupled to avoid each other.

<latexit sha1_base64="6WSsZ5+DT/vJWMJLTJFofQJkfi0=">AAACHXicbVDLSgMxFM34rPVVdekmWAQXMsyUggouCiK4rI8+oC0lk7nThmYmQ5IplNIfceOvuHGhiAs34t+YaWehrQcCh3Pu5eYcL+ZMacf5tpaWV1bX1nMb+c2t7Z3dwt5+XYlEUqhRwYVsekQBZxHUNNMcmrEEEnocGt7gKvUbQ5CKiehBj2LohKQXsYBRoo3ULZSvCe3jmEjNKAfsC1D4/q5xiqlIYg4+1gKToWA+hnRQ6D5Iu1soOrYzBV4kbkaKKEO1W/hs+4ImIUSacqJUy3Vi3RlnVyf5dqIgJnRAetAyNCIhqM54mm6Cj43i40BI8yKNp+rvjTEJlRqFnpkMie6reS8V//NaiQ7OO2MWxYmGiM4OBQlPI6dVYZ9JoJqPDCFUMvNXTPtEEqpNoXlTgjsfeZHUS7Zbti9uS8XKZVZHDh2iI3SCXHSGKugGVVENUfSIntErerOerBfr3fqYjS5Z2c4B+gPr6we5QaES</latexit>

Ex. n⇥ n grid on torus

<latexit sha1_base64="YpB8x7Fxm6b5OrgrvGN8WC/7EtM=">AAACBnicbVDLSgMxFM3UV62vUZciBFvB1TBTBBVcFERwWcE+oB1KJpNpQzPJkGTEMnTlxl9x40IRt36DO//GtJ2Fth4IHM65l5tzgoRRpV332yosLa+srhXXSxubW9s79u5eU4lUYtLAggnZDpAijHLS0FQz0k4kQXHASCsYXk381j2Rigp+p0cJ8WPU5zSiGGkj9ezD6wcHVnhX05goyCuwL2kIBYdayFT17LLruFPAReLlpAxy1Hv2VzcUOI0J15ghpTqem2g/Q1JTzMi41E0VSRAeoj7pGMqRuepn0xhjeGyUEEZCmsc1nKq/NzIUKzWKAzMZIz1Q895E/M/rpDo69zPKk1QTjmeHopSZjHDSCQypJFizkSEIS2r+CvEASYS1aa5kSvDmIy+SZtXxTp2L22q5dpnXUQQH4AicAA+cgRq4AXXQABg8gmfwCt6sJ+vFerc+ZqMFK9/ZB39gff4ARkGXvg==</latexit>



Edge weights and bundles

<latexit sha1_base64="Qb7SuNmy9G4CsPGC75CiMz5znT8=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tF8FSSIqjgoSCCxwr2A9pQNptJunSzCbsbpZR68a948aCIV/+FN/+N2zYHbX0w8Hhvhpl5fsqZ0o7zbRWWlldW14rrpY3Nre0de3evqZJMUmjQhCey7RMFnAloaKY5tFMJJPY5tPzB1cRv3YNULBF3epiCF5NIsJBRoo3Usw+ugwjwA7CorxUmIsB+JgIOqmeXnYozBV4kbk7KKEe9Z391g4RmMQhNOVGq4zqp9kZEakY5jEvdTEFK6IBE0DFUkBiUN5p+MMbHRglwmEhTQuOp+ntiRGKlhrFvOmOi+2rem4j/eZ1Mh+feiIk00yDobFGYcawTPIkDB0wC1XxoCKGSmVsx7RNJqDahlUwI7vzLi6RZrbinlYvbarl2mcdRRIfoCJ0gF52hGrpBddRAFD2iZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gDtsJaP</latexit>

Let ⌫e be a positive real weight on each edge e.

<latexit sha1_base64="0oD/s6RCkZwz5I5cradGiXMUsBc=">AAACIHicbVC7SgNBFJ31bXxFLW0uJoJV2BUhChaCjYWFgtFAEsLs5CYZnJ1ZZu5GQvBTbPwVGwtFtNOvcRJTqPHAhcM598E9caqkozD8CKamZ2bn5hcWc0vLK6tr+fWNK2cyK7AijDK2GnOHSmqskCSF1dQiT2KF1/HNydC/7qF10uhL6qfYSHhHy7YUnLzUzJfPkKBY11kTixAjcEiNkyR7CH6NgluUnS6B0YBcdAFbHYQiFkvNfCEshSPAJInGpMDGOG/m3+stI7IENQnFnatFYUqNAbckhcK7XD1zmHJxwztY81TzBF1jMHrwDna80oK2sb40wUj9OTHgiXP9JPadCaeu++sNxf+8Wkbtg8ZA6jQj1OL7UDtTQAaGaUFLWhSk+p5wYX0uAkSXWy7IZ5rzIUR/X54kV3ulaL90eLFXOD4ax7HAttg222URK7NjdsrOWYUJds8e2TN7CR6Cp+A1ePtunQrGM5vsF4LPL0OwoSo=</latexit>

Pr(dimer cover m) =
1

Z

Y

e2m

⌫e

<latexit sha1_base64="fxd2UXboZl42kD+K+m+4F+OewJQ="></latexit>

Observation: For bipartite graphs, we can think of ⌫e as determining a connec-

tion on a line bundle.

<latexit sha1_base64="WHu5Y8NW0ZxqHPPzP4GwxXmxtiU="></latexit>

Connection: an isomorphism �uv : Vu ! Vv for adjacent vertices, with �vu =
��1
uv .

<latexit sha1_base64="NGm2xgQCJse/zcBnnnG2w67M/7A="></latexit>

Vector bundle: A copy Vu of a fixed vector space V at each vertex u.

<latexit sha1_base64="5TSQWXbBywmekm5wTBu1oIGVwTk=">AAACPnicbVA9TxtBEN2DJIBJgoEyzSg+pFTWHULiQxQgGkoixQbJtqy5vTm8Ym/3tB8Iy+KX0fAb6ChpKIgiWkrWH0UCedXTe280My+rpLAuSe6jufkPHz8tLC7Vlj9/+bpSX11rW+0NpxbXUpuzDC1JoajlhJN0VhnCMpN0ml0cjf3TSzJWaPXLDSvqlXiuRCE4uiD1662u0kLlpBy0iTttIPMql7QHh8B1NYS43fcx6AIQCn FFOVxOY7ZCTsGNAR0Q8kEwjKMriH3c7NcbSTOZAN6TdEYabIaTfv2um2vuy3AHl2htJ00q1xuhcYJLuq51vaWw8ALPqROowpJsbzR5/xo2gpJDEY4qdPhjov49McLS2mGZhWSJbmDfemPxf17Hu2KnNxKq8o4Uny4qvASnYdwl5MKEMuQwEORGhFuBD9Agd6HxWighffvye9LebKZbzd2fm42D/Vkdi+wb+85+sJRtswN2zE5Yi3F2wx7YE/sd3UaP0Z/oeRqdi2Yz6+wfRC+vLR+sow==</latexit>

Line bundle: A vector bundle where V is one-dimensional.

<latexit sha1_base64="DUmd1KQ2WzFXAvz+Ze4N+MupU/U=">AAACLXicbVC7SgNBFJ2N7/iKWtoMRsHGsCuCDywiWlhYRDCJkCxhdvZuMjg7s8zMKiHkh2z8FREsImLrbzgbt9DorQ7n3Me5J0g408Z1R05hanpmdm5+obi4tLyyWlpbb2iZKgp1KrlUtwHRwJmAumGGw22igMQBh2Zwd57pzXtQmklxY/oJ+DHpChYxSoylOqWLtpBMhCAMvrIrcJCKkMMJPsP3QI1UOYEfeqAAbze2MdNYCt gLWQwiW0t4pVMquxV3XPgv8HJQRnnVOqWXdihpajcYyonWLc9NjD8gyjDKYVhspxoSQu9IF1oWChKD9gfjb4d4xzIhjqy3SFrbY/bnxIDEWvfjwHbGxPT0pJaR/2mt1ERH/oCJJDUg6PehKOXYSJxFh0OmbCa8bwGhilmvmPaIItTYgIs2BG/y5b+gsV/xDirH1/vl6mkexzzaRFtoF3noEFXRJaqhOqLoET2jEXpznpxX5935+G4tOPnMBvpVzucXO5WngQ==</latexit>

a

<latexit sha1_base64="KSAZ6k7QE4W8U3NstUGwYq9Lz24=">AAAB6HicbZDJSgNBEIZr4hbjFvUoSGMQPIUZEVQQDHjxmIBZIBlCT6cmadOz0N0jhCFHT148KOLVp/DqK3jzGfQh7CwHjf7Q8PH/VXRVebHgStv2h5WZm19YXMou51ZW19Y38ptbNRUlkmGVRSKSDY8qFDzEquZaYCOWSANPYN3rX4zy+g1KxaPwSg9idAPaDbnPGdXGqtB2vmAX7bHIX3CmUDh/+7zdfa18ldv591YnYkmAoWaCKtV07Fi7KZWaM4HDXCtRGFPWp11sGgxpgMpNx4MOyb5xOsSPpHmhJmP3Z0dKA6UGgWcqA6p7ajYbmf9lzUT7J27KwzjRGLLJR34iiI7IaGvS4RKZFgMDlEluZiWsRyVl2twmZ47gzK78F2qHReeoeFqxC6UzmCgLO7AHB+DAMZTgEspQBQYId/AAj9a1dW89Wc+T0ow17dmGX7JevgHWDZFq</latexit>

b

<latexit sha1_base64="emvrQ2PpFjwXyvn6bpZ0d0Y+Eqc=">AAAB6HicbZDJSgNBEIZr4hbjFvUoSGMQPIUZEVQQDHjxmIBZIBlCT6cmadOz0N0jhCFHT148KOLVp/DqK3jzGfQh7CwHjf7Q8PH/VXRVebHgStv2h5WZm19YXMou51ZW19Y38ptbNRUlkmGVRSKSDY8qFDzEquZaYCOWSANPYN3rX4zy+g1KxaPwSg9idAPaDbnPGdXGqnjtfMEu2mORv+BMoXD+9nm7+1r5Krfz761OxJIAQ80EVarp2LF2Uyo1ZwKHuVaiMKasT7vYNBjSAJWbjgcdkn3jdIgfSfNCTcbuz46UBkoNAs9UBlT31Gw2Mv/Lmon2T9yUh3GiMWSTj/xEEB2R0dakwyUyLQYGKJPczEpYj0rKtLlNzhzBmV35L9QOi85R8bRiF0pnMFEWdmAPDsCBYyjBJZShCgwQ7uABHq1r6956sp4npRlr2rMNv2S9fAPXkZFr</latexit>

c

<latexit sha1_base64="YIfGTemSivbkegWPFd5lSTtziUc=">AAAB6HicbZDJSgNBEIZr4hbjFvUoSGMQPIUZEVQQDHjxmIBZIBlCT6cmadOz0N0jhCFHT148KOLVp/DqK3jzGfQh7CwHjf7Q8PH/VXRVebHgStv2h5WZm19YXMou51ZW19Y38ptbNRUlkmGVRSKSDY8qFDzEquZaYCOWSANPYN3rX4zy+g1KxaPwSg9idAPaDbnPGdXGqrB2vmAX7bHIX3CmUDh/+7zdfa18ldv591YnYkmAoWaCKtV07Fi7KZWaM4HDXCtRGFPWp11sGgxpgMpNx4MOyb5xOsSPpHmhJmP3Z0dKA6UGgWcqA6p7ajYbmf9lzUT7J27KwzjRGLLJR34iiI7IaGvS4RKZFgMDlEluZiWsRyVl2twmZ47gzK78F2qHReeoeFqxC6UzmCgLO7AHB+DAMZTgEspQBQYId/AAj9a1dW89Wc+T0ow17dmGX7JevgHZFZFs</latexit>

d

<latexit sha1_base64="RupH6VuknSHKbUq3NOSrZVq/ldA=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7IqggGLCxTMBcIAlhdvZsMmZ2dpmZFcKS0srGQhFbn8LWV7DzGfQhnFwKjf4w8PH/5zDnHC/mTGnH+bAyc/MLi0vZ5dzK6tr6Rn5zq6aiRFKs0ohHsuERhZwJrGqmOTZiiST0ONa9/sUor9+gVCwSV3oQYzskXcECRok2VsXv5AtO0RnL/gvuFArnb5+3u6+Vr3In/97yI5qEKDTlRKmm68S6nRKpGeU4zLUShTGhfdLFpkFBQlTtdDzo0N43jm8HkTRPaHvs/uxISajUIPRMZUh0T81mI/O/rJno4KSdMhEnGgWdfBQk3NaRPdra9plEqvnAAKGSmVlt2iOSUG1ukzNHcGdX/gu1w6J7VDytOIXSGUyUhR3YgwNw4RhKcAllqAIFhDt4gEfr2rq3nqznSWnGmvZswy9ZL9/amZFt</latexit>

e

<latexit sha1_base64="F6xrbXLurg8opkptQdcPJreePeo=">AAAB6HicbZDJSgNBEIZr4hbjFvUoSGMQPIUZEVQQDHjxmIBZIBlCT6cmadOz0N0jhCFHT148KOLVp/DqK3jzGfQh7CwHjf7Q8PH/VXRVebHgStv2h5WZm19YXMou51ZW19Y38ptbNRUlkmGVRSKSDY8qFDzEquZaYCOWSANPYN3rX4zy+g1KxaPwSg9idAPaDbnPGdXGqmA7X7CL9ljkLzhTKJy/fd7uvla+yu38e6sTsSTAUDNBlWo6dqzdlErNmcBhrpUojCnr0y42DYY0QOWm40GHZN84HeJH0rxQk7H7syOlgVKDwDOVAdU9NZuNzP+yZqL9EzflYZxoDNnkIz8RREdktDXpcIlMi4EByiQ3sxLWo5IybW6TM0dwZlf+C7XDonNUPK3YhdIZTJSFHdiDA3DgGEpwCWWoAgOEO3iAR+vaureerOdJacaa9mzDL1kv39wdkW4=</latexit>

f

<latexit sha1_base64="g/W3O/7Rxco+boTgQm5fXEeh5/s=">AAAB6HicbVDJSgNBEK2JW4xbVPDipTEInsKMCCp4CHjxmIBZIBlCT6cmadOz0N2jDEO+wIsHRTwJfpI3P8D/sLMcNPFBweO9KqrqebHgStv2l5VbWl5ZXcuvFzY2t7Z3irt7DRUlkmGdRSKSLY8qFDzEuuZaYCuWSANPYNMbXo/95j1KxaPwVqcxugHth9znjGoj1fxusWSX7QnIInFmpFQ5aDzE6fd7tVv87PQilgQYaiaoUm3HjrWbUak5EzgqdBKFMWVD2se2oSENULnZ5NAROTZKj/iRNBVqMlF/T2Q0UCoNPNMZUD1Q895Y/M9rJ9q/cDMexonGkE0X+YkgOiLjr0mPS2RapIZQJrm5lbABlZRpk03BhODMv7xIGqdl56x8WTNpXMEUeTiEIzgBB86hAjdQhTowQHiEZ3ix7qwn69V6m7bmrNnMPvyB9fEDk9OQfA==</latexit>

g

<latexit sha1_base64="9lWgvPvr8mTwwHrjuwoOcKEMLBI=">AAAB6HicbVDLSgNBEOyNrxhfUcGLl8UgeAq7IqjgIeDFYwLmAckSZie9yZjZ2WVmVlmWfIEXD4p4Evwkb36A/+HkcdDEgoaiqpvuLj/mTGnH+bJyS8srq2v59cLG5tb2TnF3r6GiRFKs04hHsuUThZwJrGumObZiiST0OTb94fXYb96jVCwStzqN0QtJX7CAUaKNVOt3iyWn7ExgLxJ3RkqVg8ZDnH6/V7vFz04vokmIQlNOlGq7Tqy9jEjNKMdRoZMojAkdkj62DRUkROVlk0NH9rFRenYQSVNC2xP190RGQqXS0DedIdEDNe+Nxf+8dqKDCy9jIk40CjpdFCTc1pE9/truMYlU89QQQiUzt9p0QCSh2mRTMCG48y8vksZp2T0rX9ZMGlcwRR4O4QhOwIVzqMANVKEOFBAe4RlerDvryXq13qatOWs2sw9/YH38AJVXkH0=</latexit>

R

<latexit sha1_base64="RI2Smy+L6iyU7Oq7fhiqeYB6ar4=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoJ4MePEYxTxgs4TZyWwyZHZmmZkVwpLP8GAOinj1B/wNb/6Ns0kOmljQUFR109UdJpxp47rfTmFldW19o7hZ2tre2d0r7x80tUwVoQ0iuVTtEGvKmaANwwyn7URRHIectsLhTe63HqnSTIoHM0poEOO+YBEj2FjJzzoxNoMwRPfjbrniVt0p0DLx5qRy/fmcY1Lvlr86PUnSmApDONba99zEBBlWhhFOx6VOqmmCyRD3qW+pwDHVQTaNPEYnVumhSCpbwqCp+nsiw7HWozi0nXlCvejl4n+en5roMsiYSFJDBZktilKOjET5/ajHFCWGjyzBRDGbFZEBVpgY+6WSfYK3ePIyaZ5VvfPq1Z1bqZ3DDEU4gmM4BQ8uoAa3UIcGEJDwBC/w6hhn4rw577PWgjOfOYQ/cD5+ADdBlaU=</latexit>

R

<latexit sha1_base64="RI2Smy+L6iyU7Oq7fhiqeYB6ar4=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoJ4MePEYxTxgs4TZyWwyZHZmmZkVwpLP8GAOinj1B/wNb/6Ns0kOmljQUFR109UdJpxp47rfTmFldW19o7hZ2tre2d0r7x80tUwVoQ0iuVTtEGvKmaANwwyn7URRHIectsLhTe63HqnSTIoHM0poEOO+YBEj2FjJzzoxNoMwRPfjbrniVt0p0DLx5qRy/fmcY1Lvlr86PUnSmApDONba99zEBBlWhhFOx6VOqmmCyRD3qW+pwDHVQTaNPEYnVumhSCpbwqCp+nsiw7HWozi0nXlCvejl4n+en5roMsiYSFJDBZktilKOjET5/ajHFCWGjyzBRDGbFZEBVpgY+6WSfYK3ePIyaZ5VvfPq1Z1bqZ3DDEU4gmM4BQ8uoAa3UIcGEJDwBC/w6hhn4rw577PWgjOfOYQ/cD5+ADdBlaU=</latexit>

a

<latexit sha1_base64="To+9CvOZxjDjjrMIdAu14lPXyRA=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVECurKghuXLdgLtKFMpift2MkkzEyEEvoEblwoUpe+ha/hzrdx0nahrT8MfPz/Ocw5x485U9pxvq3c2vrG5lZ+u7Czu7d/UDw8aqookRQbNOKRbPtEIWcCG5ppju1YIgl9ji1/dJvlrUeUikXiXo9j9EIyECxglGhj1UmvWHLKzkz2KrgLKN18TjO913rFr24/okmIQlNOlOq4Tqy9lEjNKMdJoZsojAkdkQF2DAoSovLS2aAT+8w4fTuIpHlC2zP3d0dKQqXGoW8qQ6KHajnLzP+yTqKDKy9lIk40Cjr/KEi4rSM729ruM4lU87EBQiUzs9p0SCSh2tymYI7gLq+8Cs2LslspX9edUrUCc+XhBE7hHFy4hCrcQQ0aQAHhCV7g1Xqwnq03azovzVmLnmP4I+vjB+OikW4=</latexit>

a

<latexit sha1_base64="To+9CvOZxjDjjrMIdAu14lPXyRA=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVECurKghuXLdgLtKFMpift2MkkzEyEEvoEblwoUpe+ha/hzrdx0nahrT8MfPz/Ocw5x485U9pxvq3c2vrG5lZ+u7Czu7d/UDw8aqookRQbNOKRbPtEIWcCG5ppju1YIgl9ji1/dJvlrUeUikXiXo9j9EIyECxglGhj1UmvWHLKzkz2KrgLKN18TjO913rFr24/okmIQlNOlOq4Tqy9lEjNKMdJoZsojAkdkQF2DAoSovLS2aAT+8w4fTuIpHlC2zP3d0dKQqXGoW8qQ6KHajnLzP+yTqKDKy9lIk40Cjr/KEi4rSM729ruM4lU87EBQiUzs9p0SCSh2tymYI7gLq+8Cs2LslspX9edUrUCc+XhBE7hHFy4hCrcQQ0aQAHhCV7g1Xqwnq03azovzVmLnmP4I+vjB+OikW4=</latexit>



For a line bundle, �uv is just multiplication by a (real) scalar.

<latexit sha1_base64="jzMdhCCcvivjjQ9x+QrynHvBlFY="></latexit>

For a bipartite graph with edge weights ⌫e, define a line bundle with connection
�wb = ⌫e on edges wb oriented from white to black.

<latexit sha1_base64="J0En/H+RZ0bX/Zgxm3KRPfuYg2U=">AAACh3icbVFNb9QwEHVCgTZ8dIEjF4tdJITQkpQKigRSERLiWCS2rbS7imxnklh17Mh2iFbR/hV+FDf+DePdPUDLnJ7ezLzneeatks6n6e8ovrV3+87d/YPk3v0HDw9Hjx6fO9NZATNhlLGXnDlQUsPMS6/gsrXAGq7ggl99Dv2LH2CdNPq7X7WwbFilZSkF80jlo58LbaQuQHv6xVjKKJctsygEtLKsrWkvfU2hqID2IKvaOz pZ6C6HyaukgBJdcSeYU97pQsF2XhitQQQHnG5rmQ89X3+k28UE2SCISj2fUGMlukNBS2sa2tfB2hvKFRNX03w0TqfppuhNkO3AmOzqLB/9WhRGdA1KCsWcm2dp65dDOEkoWCeLzkGLyqyCOULNGnDLYZPjmj5HBt+BOZQGA9mwf28MrHFu1XCcbJiv3fVeIP/Xm3e+PFkOUredBy22RmWnwp3hU2ghLcalVgiYsBLfSkXNLBMevy7BELLrJ98E50fT7Hj6/tvR+PTDLo598pQ8Iy9IRt6RU/KVnJEZEdFe9DJ6Ex3HB/Hr+G18sh2No93OE/JPxZ/+APDFwgY=</latexit>

How is this helpful?

<latexit sha1_base64="F3ElmPcL+wNyIwx+mBKwFw//TgQ=">AAACB3icbVDLSgMxFM34rPU16lKQYBFclZkiqCBYcNNlBfuAtpRM5rYTmkmGJKOU0p0bf8WNC0Xc+gvu/BvTdhbaeiHhcM69yT0nSDjTxvO+naXlldW19dxGfnNre2fX3duva5kqCjUquVTNgGjgTEDNMMOhmSggccChEQxuJnrjHpRmUtyZYQKdmPQF6zFKjKW67lFbSCZCEAZX5ANmGpvIXhHwpJfy665b8IretPAi8DNQQFlVu+5XO5Q0je2DlBOtW76XmM6IKMMoh3G+nWpICB2QPrQsFCQG3RlNfYzxiWVC3JPKHrvQlP09MSKx1sM4sJ0xMZGe1ybkf1orNb2LzoiJJDUg6Owjaw8biSeh4JApoIYPLSBUMbsrphFRhBobXd6G4M9bXgT1UtE/K17elgrlqyyOHDpEx+gU+egclVEFVVENUfSIntErenOenBfn3fmYtS452cwB+lPO5w9vjJkH</latexit>

1. Gauge symmetry: changing basis at Vv corresponds to multiplying all edge
weights (of edge incident to v) by a constant. This does not change the proba-
bility measure.

<latexit sha1_base64="VY/APniPbLa963+9fTPHcYfy8Co=">AAACp3icbVFLixNBEO4ZX2t8RT16KUyE3cuQWQQfeFjwoHhxxSQb2IRQ01OZabane+iuiQwhf80f4c1/Y0+Sg+5a0PDx1eOr+jqrtfI8Gv2O4lu379y9d3S/9+Dho8dP+k+fTb1tnKSJtNq6WYaetDI0YcWaZrUjrDJNF9nVxy5/sSbnlTVjbmtaVFgYtVISOVDL/s+5scrkZBjSBD5hUxD4tqqIXfseZImmUKaAIKE8IMNwul wPQVrnyNfW5B7YQtVoVrVuu0rUGigPU36QKkr2cGxXe0IZqXZCoWO4Hp5A1gKGUcYzGk5gXAaJOVV1uckteTCW9wvQFrgkqJ3NMFNacQsVoW8cJcv+YJSMdgE3QXoAA3GI82X/1zy3sqnCHlKj95fpqObFBh0rqWnbmzeeapRXWNBlgAYr8ovNzuctvApMDivrwgt37Ni/OzZY+WBeFior5NJfz3Xk/3KXDa/eLjbK1A2TkXuhVaM7p7pPg1w5kqzbAFA6FXbtnHEoOXxtL5iQXj/5JpieJunr5N2308HZh4MdR+KFeCmORSreiDPxWZyLiZDRMPoSfY/G8Un8NZ7Gs31pHB16not/IsY/Ky7PmA==</latexit>

2. Generalizes naturally to other groups, e.g. SLn(R), see below.

<latexit sha1_base64="HPah2NkruDIjz8P4qBq+T9YsndY=">AAACQXicbZA7SwNBFIVnfRtfUUubwShECMtuEFSwECy0sPAVE0hCmJ29SQZnZ5aZWSUu+Ws2/gM7exsLRWxtnI0p1Hhg4HDuvcy9XxBzpo3nPTlj4xOTU9Mzs7m5+YXFpfzyypWWiaJQoZJLVQuIBs4EVAwzHGqxAhIFHKrB9WFWr96A0kyKS9OLoRmRjmBtRomxUStfawjJRAjC4LKLj0CAIpzdgcaCmMR63sNGYmm6oHBHyS TWJQxux8UbFyctUUwbETHdIMDn/a2NEtYAOAAub91WvuC53kB41PhDU0BDnbbyj41Q0iSyq1BOtK77XmyaKVGGUQ79XCPREBN6TTpQt1aQCHQzHRDo402bhLgtlX32lEH6cyIlkda9KLCd2b76by0L/6vVE9PebaZMxIkBQb8/aic8Y5LhxCFTQI2FFDJCFbO7YtolilBjoecsBP/vyaPmquz62+7eWblwsD/EMYPW0DoqIh/toAN0jE5RBVF0j57RK3pzHpwX5935+G4dc4Yzq+iXnM8vDl2usQ==</latexit>

3. Connects the problem to geometry

<latexit sha1_base64="pjYgz23UFXxMx+Sqzq35HbMaZuw=">AAACFnicbVBLS0JBGJ1rL7OX1bLNkARtknstqKCF4KalQT5AReaOnzo4j8vM3OAi/oo2/ZU2LYpoG+36N416F6UdGDic7zHfOWHEmbG+/+1lVlbX1jeym7mt7Z3dvfz+Qd2oWFOoUcWVbobEAGcSapZZDs1IAxEhh0Y4qkzrjQfQhil5b5MIOoIMJOszSqyTuvmztlRM9kBafF7EFSUlUGuwHQKOtHJbBLYKD0AJsDrp5gt+0Z 8BL5MgJQWUotrNf7V7isbC7aecGNMK/Mh2xkRbRjlMcu3YQEToiAyg5agkAkxnPLM1wSdO6eG+0u65+2bq74kxEcYkInSdgtihWaxNxf9qrdj2rzpjJqPYgqTzj/oxnzqdZoR7TLsUeOIIoZq5WzEdEk2odUnmXAjBouVlUi8Vg4vi9V2pUL5J48iiI3SMTlGALlEZ3aIqqiGKHtEzekVv3pP34r17H/PWjJfOHKI/8D5/AJvPnws=</latexit>

[K.-She�eld ’03], [Goncharov-K ’13], [Lam-K-Ramassamy-Russkikh ’19]

<latexit sha1_base64="E7IOZJW05BtLKX+0Ld0YuqS2pjQ="></latexit>

[K.-’22]

<latexit sha1_base64="bWk1TZqv/fiQyJlf8MRoQSF8Ngo=">AAAB+3icbVDNS8MwHE3n15xfdR69BIfoxdEWQQUPAy+ClwnuA7oy0jTdwtKkJKk4yv4VLx4U8eo/4s3/xmzrQTcfBB7v/X7JywtTRpV2nG+rtLK6tr5R3qxsbe/s7tn71bYSmcSkhQUTshsiRRjlpKWpZqSbSoKSkJFOOLqZ+p1HIhUV/EGPUxIkaMBpTDHSRurb1R4XlEeEa+jf1c9OPC/o2zWn7swAl4lbkBoo0OzbX71I4Cwxl2CGlPJdJ9VBjqSmmJFJpZcpkiI8QgPiG8pRQlSQz7JP4LFRIhgLaY4JMVN/b+QoUWqchGYyQXqoFr2p+J/nZzq+DHLK00wTjucPxRmDWsBpETCikmDNxoYgLKnJCvEQSYS1qatiSnAXv7xM2l7dPa9f3Xu1xnVRRxkcgiNwClxwARrgFjRBC2DwBJ7BK3izJtaL9W59zEdLVrFzAP7A+vwBE/GTJw==</latexit>

R

<latexit sha1_base64="RI2Smy+L6iyU7Oq7fhiqeYB6ar4=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoJ4MePEYxTxgs4TZyWwyZHZmmZkVwpLP8GAOinj1B/wNb/6Ns0kOmljQUFR109UdJpxp47rfTmFldW19o7hZ2tre2d0r7x80tUwVoQ0iuVTtEGvKmaANwwyn7URRHIectsLhTe63HqnSTIoHM0poEOO+YBEj2FjJzzoxNoMwRPfjbrniVt0p0DLx5qRy/fmcY1Lvlr86PUnSmApDONba99zEBBlWhhFOx6VOqmmCyRD3qW+pwDHVQTaNPEYnVumhSCpbwqCp+nsiw7HWozi0nXlCvejl4n+en5roMsiYSFJDBZktilKOjET5/ajHFCWGjyzBRDGbFZEBVpgY+6WSfYK3ePIyaZ5VvfPq1Z1bqZ3DDEU4gmM4BQ8uoAa3UIcGEJDwBC/w6hhn4rw577PWgjOfOYQ/cD5+ADdBlaU=</latexit>

R

<latexit sha1_base64="RI2Smy+L6iyU7Oq7fhiqeYB6ar4=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoJ4MePEYxTxgs4TZyWwyZHZmmZkVwpLP8GAOinj1B/wNb/6Ns0kOmljQUFR109UdJpxp47rfTmFldW19o7hZ2tre2d0r7x80tUwVoQ0iuVTtEGvKmaANwwyn7URRHIectsLhTe63HqnSTIoHM0poEOO+YBEj2FjJzzoxNoMwRPfjbrniVt0p0DLx5qRy/fmcY1Lvlr86PUnSmApDONba99zEBBlWhhFOx6VOqmmCyRD3qW+pwDHVQTaNPEYnVumhSCpbwqCp+nsiw7HWozi0nXlCvejl4n+en5roMsiYSFJDBZktilKOjET5/ajHFCWGjyzBRDGbFZEBVpgY+6WSfYK3ePIyaZ5VvfPq1Z1bqZ3DDEU4gmM4BQ8uoAa3UIcGEJDwBC/w6hhn4rw577PWgjOfOYQ/cD5+ADdBlaU=</latexit>

a

<latexit sha1_base64="To+9CvOZxjDjjrMIdAu14lPXyRA=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVECurKghuXLdgLtKFMpift2MkkzEyEEvoEblwoUpe+ha/hzrdx0nahrT8MfPz/Ocw5x485U9pxvq3c2vrG5lZ+u7Czu7d/UDw8aqookRQbNOKRbPtEIWcCG5ppju1YIgl9ji1/dJvlrUeUikXiXo9j9EIyECxglGhj1UmvWHLKzkz2KrgLKN18TjO913rFr24/okmIQlNOlOq4Tqy9lEjNKMdJoZsojAkdkQF2DAoSovLS2aAT+8w4fTuIpHlC2zP3d0dKQqXGoW8qQ6KHajnLzP+yTqKDKy9lIk40Cjr/KEi4rSM729ruM4lU87EBQiUzs9p0SCSh2tymYI7gLq+8Cs2LslspX9edUrUCc+XhBE7hHFy4hCrcQQ0aQAHhCV7g1Xqwnq03azovzVmLnmP4I+vjB+OikW4=</latexit>

a

<latexit sha1_base64="To+9CvOZxjDjjrMIdAu14lPXyRA=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVECurKghuXLdgLtKFMpift2MkkzEyEEvoEblwoUpe+ha/hzrdx0nahrT8MfPz/Ocw5x485U9pxvq3c2vrG5lZ+u7Czu7d/UDw8aqookRQbNOKRbPtEIWcCG5ppju1YIgl9ji1/dJvlrUeUikXiXo9j9EIyECxglGhj1UmvWHLKzkz2KrgLKN18TjO913rFr24/okmIQlNOlOq4Tqy9lEjNKMdJoZsojAkdkQF2DAoSovLS2aAT+8w4fTuIpHlC2zP3d0dKQqXGoW8qQ6KHajnLzP+yTqKDKy9lIk40Cjr/KEi4rSM729ruM4lU87EBQiUzs9p0SCSh2tymYI7gLq+8Cs2LslspX9edUrUCc+XhBE7hHFy4hCrcQQ0aQAHhCV7g1Xqwnq03azovzVmLnmP4I+vjB+OikW4=</latexit>



a

<latexit sha1_base64="KSAZ6k7QE4W8U3NstUGwYq9Lz24=">AAAB6HicbZDJSgNBEIZr4hbjFvUoSGMQPIUZEVQQDHjxmIBZIBlCT6cmadOz0N0jhCFHT148KOLVp/DqK3jzGfQh7CwHjf7Q8PH/VXRVebHgStv2h5WZm19YXMou51ZW19Y38ptbNRUlkmGVRSKSDY8qFDzEquZaYCOWSANPYN3rX4zy+g1KxaPwSg9idAPaDbnPGdXGqtB2vmAX7bHIX3CmUDh/+7zdfa18ldv591YnYkmAoWaCKtV07Fi7KZWaM4HDXCtRGFPWp11sGgxpgMpNx4MOyb5xOsSPpHmhJmP3Z0dKA6UGgWcqA6p7ajYbmf9lzUT7J27KwzjRGLLJR34iiI7IaGvS4RKZFgMDlEluZiWsRyVl2twmZ47gzK78F2qHReeoeFqxC6UzmCgLO7AHB+DAMZTgEspQBQYId/AAj9a1dW89Wc+T0ow17dmGX7JevgHWDZFq</latexit>

b

<latexit sha1_base64="emvrQ2PpFjwXyvn6bpZ0d0Y+Eqc=">AAAB6HicbZDJSgNBEIZr4hbjFvUoSGMQPIUZEVQQDHjxmIBZIBlCT6cmadOz0N0jhCFHT148KOLVp/DqK3jzGfQh7CwHjf7Q8PH/VXRVebHgStv2h5WZm19YXMou51ZW19Y38ptbNRUlkmGVRSKSDY8qFDzEquZaYCOWSANPYN3rX4zy+g1KxaPwSg9idAPaDbnPGdXGqnjtfMEu2mORv+BMoXD+9nm7+1r5Krfz761OxJIAQ80EVarp2LF2Uyo1ZwKHuVaiMKasT7vYNBjSAJWbjgcdkn3jdIgfSfNCTcbuz46UBkoNAs9UBlT31Gw2Mv/Lmon2T9yUh3GiMWSTj/xEEB2R0dakwyUyLQYGKJPczEpYj0rKtLlNzhzBmV35L9QOi85R8bRiF0pnMFEWdmAPDsCBYyjBJZShCgwQ7uABHq1r6956sp4npRlr2rMNv2S9fAPXkZFr</latexit>

c

<latexit sha1_base64="YIfGTemSivbkegWPFd5lSTtziUc=">AAAB6HicbZDJSgNBEIZr4hbjFvUoSGMQPIUZEVQQDHjxmIBZIBlCT6cmadOz0N0jhCFHT148KOLVp/DqK3jzGfQh7CwHjf7Q8PH/VXRVebHgStv2h5WZm19YXMou51ZW19Y38ptbNRUlkmGVRSKSDY8qFDzEquZaYCOWSANPYN3rX4zy+g1KxaPwSg9idAPaDbnPGdXGqrB2vmAX7bHIX3CmUDh/+7zdfa18ldv591YnYkmAoWaCKtV07Fi7KZWaM4HDXCtRGFPWp11sGgxpgMpNx4MOyb5xOsSPpHmhJmP3Z0dKA6UGgWcqA6p7ajYbmf9lzUT7J27KwzjRGLLJR34iiI7IaGvS4RKZFgMDlEluZiWsRyVl2twmZ47gzK78F2qHReeoeFqxC6UzmCgLO7AHB+DAMZTgEspQBQYId/AAj9a1dW89Wc+T0ow17dmGX7JevgHZFZFs</latexit>

d

<latexit sha1_base64="RupH6VuknSHKbUq3NOSrZVq/ldA=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7IqggGLCxTMBcIAlhdvZsMmZ2dpmZFcKS0srGQhFbn8LWV7DzGfQhnFwKjf4w8PH/5zDnHC/mTGnH+bAyc/MLi0vZ5dzK6tr6Rn5zq6aiRFKs0ohHsuERhZwJrGqmOTZiiST0ONa9/sUor9+gVCwSV3oQYzskXcECRok2VsXv5AtO0RnL/gvuFArnb5+3u6+Vr3In/97yI5qEKDTlRKmm68S6nRKpGeU4zLUShTGhfdLFpkFBQlTtdDzo0N43jm8HkTRPaHvs/uxISajUIPRMZUh0T81mI/O/rJno4KSdMhEnGgWdfBQk3NaRPdra9plEqvnAAKGSmVlt2iOSUG1ukzNHcGdX/gu1w6J7VDytOIXSGUyUhR3YgwNw4RhKcAllqAIFhDt4gEfr2rq3nqznSWnGmvZswy9ZL9/amZFt</latexit>

e

<latexit sha1_base64="F6xrbXLurg8opkptQdcPJreePeo=">AAAB6HicbZDJSgNBEIZr4hbjFvUoSGMQPIUZEVQQDHjxmIBZIBlCT6cmadOz0N0jhCFHT148KOLVp/DqK3jzGfQh7CwHjf7Q8PH/VXRVebHgStv2h5WZm19YXMou51ZW19Y38ptbNRUlkmGVRSKSDY8qFDzEquZaYCOWSANPYN3rX4zy+g1KxaPwSg9idAPaDbnPGdXGqmA7X7CL9ljkLzhTKJy/fd7uvla+yu38e6sTsSTAUDNBlWo6dqzdlErNmcBhrpUojCnr0y42DYY0QOWm40GHZN84HeJH0rxQk7H7syOlgVKDwDOVAdU9NZuNzP+yZqL9EzflYZxoDNnkIz8RREdktDXpcIlMi4EByiQ3sxLWo5IybW6TM0dwZlf+C7XDonNUPK3YhdIZTJSFHdiDA3DgGEpwCWWoAgOEO3iAR+vaureerOdJacaa9mzDL1kv39wdkW4=</latexit>

f

<latexit sha1_base64="g/W3O/7Rxco+boTgQm5fXEeh5/s=">AAAB6HicbVDJSgNBEK2JW4xbVPDipTEInsKMCCp4CHjxmIBZIBlCT6cmadOz0N2jDEO+wIsHRTwJfpI3P8D/sLMcNPFBweO9KqrqebHgStv2l5VbWl5ZXcuvFzY2t7Z3irt7DRUlkmGdRSKSLY8qFDzEuuZaYCuWSANPYNMbXo/95j1KxaPwVqcxugHth9znjGoj1fxusWSX7QnIInFmpFQ5aDzE6fd7tVv87PQilgQYaiaoUm3HjrWbUak5EzgqdBKFMWVD2se2oSENULnZ5NAROTZKj/iRNBVqMlF/T2Q0UCoNPNMZUD1Q895Y/M9rJ9q/cDMexonGkE0X+YkgOiLjr0mPS2RapIZQJrm5lbABlZRpk03BhODMv7xIGqdl56x8WTNpXMEUeTiEIzgBB86hAjdQhTowQHiEZ3ix7qwn69V6m7bmrNnMPvyB9fEDk9OQfA==</latexit>

g

<latexit sha1_base64="9lWgvPvr8mTwwHrjuwoOcKEMLBI=">AAAB6HicbVDLSgNBEOyNrxhfUcGLl8UgeAq7IqjgIeDFYwLmAckSZie9yZjZ2WVmVlmWfIEXD4p4Evwkb36A/+HkcdDEgoaiqpvuLj/mTGnH+bJyS8srq2v59cLG5tb2TnF3r6GiRFKs04hHsuUThZwJrGumObZiiST0OTb94fXYb96jVCwStzqN0QtJX7CAUaKNVOt3iyWn7ExgLxJ3RkqVg8ZDnH6/V7vFz04vokmIQlNOlGq7Tqy9jEjNKMdRoZMojAkdkj62DRUkROVlk0NH9rFRenYQSVNC2xP190RGQqXS0DedIdEDNe+Nxf+8dqKDCy9jIk40CjpdFCTc1pE9/truMYlU89QQQiUzt9p0QCSh2mRTMCG48y8vksZp2T0rX9ZMGlcwRR4O4QhOwIVzqMANVKEOFBAe4RlerDvryXq13qatOWs2sw9/YH38AJVXkH0=</latexit>

bg

af

<latexit sha1_base64="hDDNdE6tlNH/WW34yCHDiu69VD4=">AAAB9HicbVC7SgNBFL0bXzG+opY2g0GwCrsiGMEiYGMZwTwgWcLsZDYZMju7mZkNhGVL8QMstLBQxNYPsbSz8F+cPApNPHDhcM693HuPF3GmtG1/WZml5ZXVtex6bmNza3snv7tXU2EsCa2SkIey4WFFORO0qpnmtBFJigOP07rXvxz79SGVioXiRo8i6ga4K5jPCNZGclu+xCTxummC/bSdL9hFewK0SJwZKZRLH7d399+PlXb+s9UJSRxQoQnHSjUdO9JugqVmhNM014oVjTDp4y5tGipwQJWbTI5O0ZFROsgPpSmh0UT9PZHgQKlR4JnOAOuemvfG4n9eM9Z+yU2YiGJNBZku8mOOdIjGCaAOk5RoPjIEE8nMrYj0sMlBm5xyJgRn/uVFUjspOqfF82uTxgVMkYUDOIRjcOAMynAFFagCgQE8wDO8WEPryXq13qatGWs2sw9/YL3/ACpLlsw=</latexit>

bd

ce

<latexit sha1_base64="xhO5Yyo/BmdmR+L+jLsGLP3gQmI=">AAAB9HicbVDJSgNBEK1xjXGLevTSGBRPYUYFFTwEvHiMYBZIhtDTU5M06Vns7gmEId/hxYMiXv0Df8Kb/+AvCHaWgyY+KHi8V0VVPS8RXGnb/rQWFpeWV1Zza/n1jc2t7cLObk3FqWRYZbGIZcOjCgWPsKq5FthIJNLQE1j3etcjv95HqXgc3elBgm5IOxEPOKPaSG4rkJRlnj/MGA7bhaJdsscg88SZkmL5tPH+fWR/VdqFj5YfszTESDNBlWo6dqLdjErNmcBhvpUqTCjr0Q42DY1oiMrNxkcPyaFRfBLE0lSkyVj9PZHRUKlB6JnOkOqumvVG4n9eM9XBhZvxKEk1RmyyKEgF0TEZJUB8LpFpMTCEMsnNrYR1qclBm5zyJgRn9uV5UjspOWely1uTxhVMkIN9OIBjcOAcynADFagCg3t4gCd4tvrWo/VivU5aF6zpzB78gfX2A2cQljs=</latexit>

1

<latexit sha1_base64="EvYhwE5y+OY33DGu4qUlVAkiev4=">AAAB6HicbZDJSgNBEIZr4hbjFvUoSGMQPIUZEVQQDHjxmIBZIBlCT6cmadOz0N0jhCFHT148KOLVp/DqK3jzGfQh7CwHjf7Q8PH/VXRVebHgStv2h5WZm19YXMou51ZW19Y38ptbNRUlkmGVRSKSDY8qFDzEquZaYCOWSANPYN3rX4zy+g1KxaPwSg9idAPaDbnPGdXGqjjtfMEu2mORv+BMoXD+9nm7+1r5Krfz761OxJIAQ80EVarp2LF2Uyo1ZwKHuVaiMKasT7vYNBjSAJWbjgcdkn3jdIgfSfNCTcbuz46UBkoNAs9UBlT31Gw2Mv/Lmon2T9yUh3GiMWSTj/xEEB2R0dakwyUyLQYGKJPczEpYj0rKtLlNzhzBmV35L9QOi85R8bRiF0pnMFEWdmAPDsCBYyjBJZShCgwQ7uABHq1r6956sp4npRlr2rMNv2S9fAONTZE6</latexit>

1

<latexit sha1_base64="EvYhwE5y+OY33DGu4qUlVAkiev4=">AAAB6HicbZDJSgNBEIZr4hbjFvUoSGMQPIUZEVQQDHjxmIBZIBlCT6cmadOz0N0jhCFHT148KOLVp/DqK3jzGfQh7CwHjf7Q8PH/VXRVebHgStv2h5WZm19YXMou51ZW19Y38ptbNRUlkmGVRSKSDY8qFDzEquZaYCOWSANPYN3rX4zy+g1KxaPwSg9idAPaDbnPGdXGqjjtfMEu2mORv+BMoXD+9nm7+1r5Krfz761OxJIAQ80EVarp2LF2Uyo1ZwKHuVaiMKasT7vYNBjSAJWbjgcdkn3jdIgfSfNCTcbuz46UBkoNAs9UBlT31Gw2Mv/Lmon2T9yUh3GiMWSTj/xEEB2R0dakwyUyLQYGKJPczEpYj0rKtLlNzhzBmV35L9QOi85R8bRiF0pnMFEWdmAPDsCBYyjBJZShCgwQ7uABHq1r6956sp4npRlr2rMNv2S9fAONTZE6</latexit>

1

<latexit sha1_base64="EvYhwE5y+OY33DGu4qUlVAkiev4=">AAAB6HicbZDJSgNBEIZr4hbjFvUoSGMQPIUZEVQQDHjxmIBZIBlCT6cmadOz0N0jhCFHT148KOLVp/DqK3jzGfQh7CwHjf7Q8PH/VXRVebHgStv2h5WZm19YXMou51ZW19Y38ptbNRUlkmGVRSKSDY8qFDzEquZaYCOWSANPYN3rX4zy+g1KxaPwSg9idAPaDbnPGdXGqjjtfMEu2mORv+BMoXD+9nm7+1r5Krfz761OxJIAQ80EVarp2LF2Uyo1ZwKHuVaiMKasT7vYNBjSAJWbjgcdkn3jdIgfSfNCTcbuz46UBkoNAs9UBlT31Gw2Mv/Lmon2T9yUh3GiMWSTj/xEEB2R0dakwyUyLQYGKJPczEpYj0rKtLlNzhzBmV35L9QOi85R8bRiF0pnMFEWdmAPDsCBYyjBJZShCgwQ7uABHq1r6956sp4npRlr2rMNv2S9fAONTZE6</latexit>

1

<latexit sha1_base64="EvYhwE5y+OY33DGu4qUlVAkiev4=">AAAB6HicbZDJSgNBEIZr4hbjFvUoSGMQPIUZEVQQDHjxmIBZIBlCT6cmadOz0N0jhCFHT148KOLVp/DqK3jzGfQh7CwHjf7Q8PH/VXRVebHgStv2h5WZm19YXMou51ZW19Y38ptbNRUlkmGVRSKSDY8qFDzEquZaYCOWSANPYN3rX4zy+g1KxaPwSg9idAPaDbnPGdXGqjjtfMEu2mORv+BMoXD+9nm7+1r5Krfz761OxJIAQ80EVarp2LF2Uyo1ZwKHuVaiMKasT7vYNBjSAJWbjgcdkn3jdIgfSfNCTcbuz46UBkoNAs9UBlT31Gw2Mv/Lmon2T9yUh3GiMWSTj/xEEB2R0dakwyUyLQYGKJPczEpYj0rKtLlNzhzBmV35L9QOi85R8bRiF0pnMFEWdmAPDsCBYyjBJZShCgwQ7uABHq1r6956sp4npRlr2rMNv2S9fAONTZE6</latexit>

1

<latexit sha1_base64="EvYhwE5y+OY33DGu4qUlVAkiev4=">AAAB6HicbZDJSgNBEIZr4hbjFvUoSGMQPIUZEVQQDHjxmIBZIBlCT6cmadOz0N0jhCFHT148KOLVp/DqK3jzGfQh7CwHjf7Q8PH/VXRVebHgStv2h5WZm19YXMou51ZW19Y38ptbNRUlkmGVRSKSDY8qFDzEquZaYCOWSANPYN3rX4zy+g1KxaPwSg9idAPaDbnPGdXGqjjtfMEu2mORv+BMoXD+9nm7+1r5Krfz761OxJIAQ80EVarp2LF2Uyo1ZwKHuVaiMKasT7vYNBjSAJWbjgcdkn3jdIgfSfNCTcbuz46UBkoNAs9UBlT31Gw2Mv/Lmon2T9yUh3GiMWSTj/xEEB2R0dakwyUyLQYGKJPczEpYj0rKtLlNzhzBmV35L9QOi85R8bRiF0pnMFEWdmAPDsCBYyjBJZShCgwQ7uABHq1r6956sp4npRlr2rMNv2S9fAONTZE6</latexit>

gauge equivalence

<latexit sha1_base64="7N0flHYs+MumWXz4L500Fx9y+pg=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5IUQQUPBS8eK9gPaEPZbCfp0s0m7m4qJfanePGgiFd/iTf/jds2B219MPB4b4aZeX7CmdKO820V1tY3NreK26Wd3b39A7t82FJxKik0acxj2fGJAs4ENDXTHDqJBBL5HNr+6Gbmt8cgFYvFvZ4k4EUkFCxglGgj9e1ySNIQMDykbEw4CAp9u+JUnTnwKnFzUkE5Gn37qzeIaRqB0JQTpbquk2gvI1IzymFa6qUKEkJHJISuoYJEoLxsfvoUnxplgINYmhIaz9XfExmJlJpEvumMiB6qZW8m/ud1Ux1cehkTSarNV4tFQcqxjvEsBzxgEqjmE0MIlczciumQSEK1SatkQnCXX14lrVrVPa9e3dUq9es8jiI6RifoDLnoAtXRLWqgJqLoET2jV/RmPVkv1rv1sWgtWPnMEfoD6/MHYjKUFA==</latexit>

X1

<latexit sha1_base64="jv3PdJS5CHFqLYa/XK6O7Xnq5CE=">AAAB6nicbVDLSgNBEOz1GeMr0ZPkMhgET2FXBBU8BLx4TNA8IFnC7GSSDJmdXWZ6hbDkE7x4UMSr3+PBm36Nk8dBEwsaiqpuuruCWAqDrvvlrKyurW9sZray2zu7e/u5/EHdRIlmvMYiGelmQA2XQvEaCpS8GWtOw0DyRjC8mfiNB66NiNQ9jmLuh7SvRE8wila6a3a8Tq7oltwpyDLx5qRYzrcL39Wjj0on99nuRiwJuUImqTEtz43RT6lGwSQfZ9uJ4TFlQ9rnLUsVDbnx0+mpY3JilS7pRdqWQjJVf0+kNDRmFAa2M6Q4MIveRPzPayXYu/RToeIEuWKzRb1EEozI5G/SFZozlCNLKNPC3krYgGrK0KaTtSF4iy8vk/pZyTsvXVVtGtcwQwYKcAyn4MEFlOEWKlADBn14hGd4caTz5Lw6b7PWFWc+cwh/4Lz/AK/4kFw=</latexit>

X2

<latexit sha1_base64="FC073x5bQseCWVcDUJmetW0QrHM=">AAAB6nicbVDLSgNBEOyNrxhfiZ4kl8EgeAq7QVDBQ8CLxwTNA5IlzE5mkyGzM8vMrBCWfIIXD4p49Xs8eNOvcfI4aGJBQ1HVTXdXEHOmjet+OZm19Y3Nrex2bmd3b/8gXzhsapkoQhtEcqnaAdaUM0EbhhlO27GiOAo4bQWjm6nfeqBKMynuzTimfoQHgoWMYGOlu3av0suX3LI7A1ol3oKUqoVu8bt+/FHr5T+7fUmSiApDONa647mx8VOsDCOcTnLdRNMYkxEe0I6lAkdU++ns1Ak6tUofhVLZEgbN1N8TKY60HkeB7YywGeplbyr+53USE176KRNxYqgg80VhwpGRaPo36jNFieFjSzBRzN6KyBArTIxNJ2dD8JZfXiXNStk7L1/VbRrXMEcWinACZ+DBBVThFmrQAAIDeIRneHG48+S8Om/z1oyzmDmCP3DefwCxfJBd</latexit>

{weights}/{gauge} ⇠= RF

<latexit sha1_base64="/KDUVvr8d581vxuABraUXGnINYA="></latexit>

Problem 2. Study map from “face weights” {Xf} to edge probabilities {Pr(e)}.

<latexit sha1_base64="3UEWcq0MJzsl9e5g9d9GAvHtpCA=">AAACUHicbVFNbxMxFPSGj5bwFeDIxSJFLZfVboRUkDhU6oVjEKSNlI3St963G6v+WNlvQdEqP5FLb/yOXjiAwJsGCVpGsjyaeSPb47xW0lOSfIt6t27fubuze69//8HDR48HT56eeNs4gRNhlXXTHDwqaXBCkhROa4egc4Wn+flx559+RuelNZ9oVeNcQ2VkKQVQkBaDKjNWmgINtVle8rGzIan5KF7zj9QUK66h5qWzmp+dlS CQf0FZLcnv7/O9rJ0uymy9x8lyLCrkdUhDLpUkib7zx+4AX4WJuL8YDJM42YDfJOmWDNkW48XgIiusaHS4mVDg/SxNapq34EgKhet+1nisQZxDhbNADWj083ZTyJq/DErBS+vCMsQ36t+JFrT3K52HSQ209Ne9TvyfN2uofDNvpakbQiOuDiob1TXQtcsL6VCQWgUCwoUeBBdLcCAo/EFXQnr9yTfJyShOX8dvP4yGR++2deyy5+wFO2ApO2RH7D0bswkT7Cu7ZD/Yz+gi+h796kVXo3929oz9g17/NwzLsoA=</latexit>

X1 =
af

bg

<latexit sha1_base64="3OAKtSpjkKqRfPISbHprFLAZE7k=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvgqiRS0C6EghuXFewD2hAm00k7dDIJMxOlxnyAH+HGhUXc6gf4C+78G6ePhbYeuHA4517uvcePGZXKtr+N3Mrq2vpGfrOwtb2zu2cW95sySgQmDRyxSLR9JAmjnDQUVYy0Y0FQ6DPS8oeXE791S4SkEb9Ro5i4IepzGlCMlJY8s9j2nItuIBBOUZClfj/zzJJdtqewlokzJ6Wa81Edf94/1j3zq9uLcBISrjBDUnYcO1ZuioSimJGs0E0kiREeoj7paMpRSKSbTk/PrGOt9KwgErq4sqbq74kUhVKOQl93hkgN5KI3Ef/zOokKzt2U8jhRhOPZoiBhloqsSQ5WjwqCFRtpgrCg+lYLD5DOQem0CjoEZ/HlZdI8LTuVcvVap1GBGfJwCEdwAg6cQQ2uoA4NwHAHT/ACY+PBeDZejbdZa86YzxzAHxjvP0Tul7Y=</latexit>

X2 =
bd

ce

<latexit sha1_base64="iSKZBYYrJBPkroy5HZ/M4Tn053o=">AAAB+nicbVDLSsNAFJ34rPWV6tJNsAiCUJJaUBdCwY3LCvYBbQmTyU07dDIJMxOlxPyAH+DOjYIibv0Sd36A/+H0sdDWAxcO59zLvfd4MaNS2faXsbC4tLyymlvLr29sbm2bhZ2GjBJBoE4iFomWhyUwyqGuqGLQigXg0GPQ9AYXI795A0LSiF+rYQzdEPc4DSjBSkuuWWi55fNOIDBJPT9LCWSuWbRL9hjWPHGmpFg9em48fN8f11zzs+NHJAmBK8KwlG3HjlU3xUJRwiDLdxIJMSYD3IO2phyHILvp+PTMOtCKbwWR0MWVNVZ/T6Q4lHIYerozxKovZ72R+J/XTlRw2k0pjxMFnEwWBQmzVGSNcrB8KoAoNtQEE0H1rRbpY52D0mnldQjO7MvzpFEuOZXS2ZVOo4ImyKE9tI8OkYNOUBVdohqqI4Ju0SN6Qa/GnfFkvBnvk9YFYzqzi/7A+PgBBkmXhw==</latexit>

<latexit sha1_base64="b5PFk0ylOXx58sI2SwmnBTgRimQ=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkWomzJTRF1JwY3LCrYW2qFk0kwbmsmMSaYwDP0ONy4UcevHuPNvTNtZaOuBwOGc+8rxY8G1cZxvVFhb39jcKm6Xdnb39g/Kh0dtHSWKshaNRKQ6PtFMcMlahhvBOrFiJPQFe/THtzP/ccKU5pF8MGnMvJAMJQ84JcZKXpWmVDBsJ3B93i9XnJozB14lbk4qkKPZL3/1BhFNQiYNFUTrruvExsuIMtxOnZZ6iWYxoWMyZF1LJQmZ9rL50VN8ZpUBDiJlnzR4rv7uyEiodRr6tjIkZqSXvZn4n9dNTHDtZVzGiWGSLhYFicAmwrME8IArRo1ILSFUcXsrpiOiCDU2p5INwV3+8ipp12vuZe3ivl5p3ORxFOEETqEKLlxBA+6gCS2g8ATP8ApvaIJe0Dv6WJQWUN5zDH+APn8A9zCRkg==</latexit>

(cycle basis)



⌦ = {Fractional dimer covers}

<latexit sha1_base64="c3liObAbybL4MYuF51BpBhl85rY=">AAACFHicbVDLSgMxFM3UV62vqktdBItQEMqMCCooFARxZwX7gE4pmfS2DU1mhiQjlqHfUNz4K25c+MCtC3d+iHszrQttPRA4nHNvknO8kDOlbfvTSs3Mzs0vpBczS8srq2vZ9Y2KCiJJoUwDHsiaRxRw5kNZM82hFkogwuNQ9XpniV+9AalY4F/rfggNQTo+azNKtJGa2T33UkCH4FPsxq6GWx2fS0ITj3DcYgIkpkFywcAdNLM5u2CPgKeJ80Nyxe2hm/96GZaa2Q+3FdBIgK8pJ0rVHTvUjZhIzSiHQcaNFISE9kgH6ob6RIBqxKNQA7xrlBZuB9IcX+OR+nsjJkKpvvDMpCC6qya9RPzPq0e6fdSImR9GGnw6fqgdcawDnDRkUkugmvcNIVQy81dMuyRpxdSQMSU4k5GnSWW/4BwUjq9MGydojDTaQjsojxx0iIroApVQGVF0hx7QE3q27q1H69V6G4+mrJ+dTfQH1vs39DKigQ==</latexit>

= functions in [0, 1]E summing to 1 at each vertex.

<latexit sha1_base64="5Udub56LZ+mu/apCLuqGV3R/HoI="></latexit>

Thm: ⌦ ⇢ [0, 1]E is a polytope whose vertices are the dimer covers.

<latexit sha1_base64="TDwdqhj8OFfkES+jiyjDk3+Q958="></latexit>

Note the vector of edge probabilities ~p = (Pr(e))e2E lies in ⌦; it is in fact the
center of mass of the measure µ.

<latexit sha1_base64="hMtoBNRQypwjYSBQByHRgpEOvlY=">AAACe3icbVFdaxNBFJ1dv2r8ivooyMWsmEoJ2WKpokJBBJ80gmkL2RBmZ+8mQ+djmblbCEv+hD/NN/+JL4Kz2zxo632Zwzlzz+Wem1dKehqPf0bxtes3bt7aud27c/fe/Qf9h4+Ova2dwKmwyrrTnHtU0uCUJCk8rRxynSs8yc8+tPrJOTovrflG6wrnmi+NLKXgFKhF/3tmrDQFGoLPlhBohXCOgqwDWwIWS4TK2ZznUkmS6C HJggzV++HEDXF3d9FgJg183CSgWjngJPuiccmTtyAJZEeVXFBnLcIg7Kw19759W1Yj97XD0KnrZLToD8ajcVdwFaRbMGDbmiz6P7LCiloHb6GC7SwdVzRvuCMpFG56We2x4uKML3EWoOEa/bzpstvA88AUUIZ9SxtC6Ni/OxquvV/rPPzUnFb+staS/9NmNZWv5400VU1oxMWgslZAFtpDQCFdyFmtA+DChXAFiBV3Ialwrl4IIb288lVwvD9KX43efN0fHL3bxrHDnrBnbMhSdsiO2Cc2YVMm2K/oafQiGka/40H8Mt67+BpH257H7J+KD/4ATyS9bw==</latexit>

<latexit sha1_base64="kDQshgHm0Ir+5ejsumY7EWdjViw=">AAACEXicbVC7SgNBFJ2NrxhfUUubwSCkCrtB1EoDNpYRTCIkS5idvZsMmd1ZZu4KIeQXbPwVGwtFbO3s/Bsnj0ITD1w4nHMvl3OCVAqDrvvt5FZW19Y38puFre2d3b3i/kHTqExzaHAllb4PmAEpEmigQAn3qQYWBxJaweB64rceQBuhkjscpuDHrJeISHCGVuoWy60+QyoMxT5QkzIOVEUUwh7QVKuABUIKFGCuusWSW3GnoMvEm5MSmaPeLX51QsWzGBLkkhnT9twU/RHTKLiEcaGTGbD/BqwHbUsTFoPxR9NEY3pilZBGSttJkE7V3xcjFhszjAO7GTPsm0VvIv7ntTOMLvyRSNIMIeGzR1EmKSo6qYeGQgNHObSEcW2jc8r7TDOOtsSCLcFbjLxMmtWKd1Y5va2WapfzOvLkiByTMvHIOamRG1InDcLJI3kmr+TNeXJenHfnY7aac+Y3h+QPnM8fd7OczQ==</latexit>

What is the space of edge probabilities?



p

<latexit sha1_base64="aoUTMnagiohaKEiiHk0mp3WLL7c=">AAAB6HicbVDLSgNBEOyNrxhfUcGLl8EgeAq7IqjgIeDFYwLmAckSZiezyZjZ2WFmVlmWfIEXD4p4Evwkb36A/+HkcdDEgoaiqpvurkBypo3rfjm5peWV1bX8emFjc2t7p7i719Bxogitk5jHqhVgTTkTtG6Y4bQlFcVRwGkzGF6P/eY9VZrF4takkvoR7gsWMoKNlWqyWyy5ZXcCtEi8GSlVDhoPMv1+r3aLn51eTJKICkM41rrtudL4GVaGEU5HhU6iqcRkiPu0banAEdV+Njl0hI6t0kNhrGwJgybq74kMR1qnUWA7I2wGet4bi/957cSEF37GhEwMFWS6KEw4MjEaf416TFFieGoJJorZWxEZYIWJsdkUbAje/MuLpHFa9s7KlzWbxhVMkYdDOIIT8OAcKnADVagDAQqP8Awvzp3z5Lw6b9PWnDOb2Yc/cD5+AKL7kIY=</latexit>

1� p

<latexit sha1_base64="84hHEnjjkWJGTIc146P9RmaV98U=">AAAB6nicbVDLSgNBEOyNrxhfUcGLl8EgeDHsiqCCh4AXjxHNA5IlzE5mkyGzs8PMrLIs+QQvHhTx4MUv8uYH+B9OHgdNLGgoqrrp7gokZ9q47peTW1hcWl7JrxbW1jc2t4rbO3UdJ4rQGol5rJoB1pQzQWuGGU6bUlEcBZw2gsHVyG/cU6VZLO5MKqkf4Z5gISPYWOnWO5adYsktu2OgeeJNSamyV3+Q6fd7tVP8bHdjkkRUGMKx1i3PlcbPsDKMcDostBNNJSYD3KMtSwWOqPaz8alDdGiVLgpjZUsYNFZ/T2Q40jqNAtsZYdPXs95I/M9rJSY89zMmZGKoIJNFYcKRidHob9RlihLDU0swUczeikgfK0yMTadgQ/BmX54n9ZOyd1q+uLFpXMIEediHAzgCD86gAtdQhRoQ6MEjPMOLw50n59V5m7TmnOnMLvyB8/EDe9uQ+A==</latexit>

1� p

<latexit sha1_base64="84hHEnjjkWJGTIc146P9RmaV98U=">AAAB6nicbVDLSgNBEOyNrxhfUcGLl8EgeDHsiqCCh4AXjxHNA5IlzE5mkyGzs8PMrLIs+QQvHhTx4MUv8uYH+B9OHgdNLGgoqrrp7gokZ9q47peTW1hcWl7JrxbW1jc2t4rbO3UdJ4rQGol5rJoB1pQzQWuGGU6bUlEcBZw2gsHVyG/cU6VZLO5MKqkf4Z5gISPYWOnWO5adYsktu2OgeeJNSamyV3+Q6fd7tVP8bHdjkkRUGMKx1i3PlcbPsDKMcDostBNNJSYD3KMtSwWOqPaz8alDdGiVLgpjZUsYNFZ/T2Q40jqNAtsZYdPXs95I/M9rJSY89zMmZGKoIJNFYcKRidHob9RlihLDU0swUczeikgfK0yMTadgQ/BmX54n9ZOyd1q+uLFpXMIEediHAzgCD86gAtdQhRoQ6MEjPMOLw50n59V5m7TmnOnMLvyB8/EDe9uQ+A==</latexit>

1� q

<latexit sha1_base64="0VDiMxOk25ZSXZ+dO1XLWNdWmik=">AAAB6nicbVDLSgNBEOzxGeMrKnjxMhgEL4ZdEVTwEPDiMaJ5QLKE2clsMmR2dp2ZVZYln+DFgyIevPhF3vwA/8PJ46CJBQ1FVTfdXX4suDaO84Xm5hcWl5ZzK/nVtfWNzcLWdk1HiaKsSiMRqYZPNBNcsqrhRrBGrBgJfcHqfv9y6NfvmdI8krcmjZkXkq7kAafEWOnGPbprF4pOyRkBzxJ3Qorl3dpDnH6/V9qFz1YnoknIpKGCaN10ndh4GVGGU8EG+VaiWUxon3RZ01JJQqa9bHTqAB9YpYODSNmSBo/U3xMZCbVOQ992hsT09LQ3FP/zmokJzryMyzgxTNLxoiAR2ER4+DfucMWoEaklhCpub8W0RxShxqaTtyG40y/PktpxyT0pnV/bNC5gjBzswT4cggunUIYrqEAVKHThEZ7hBQn0hF7R27h1Dk1mduAP0McPfV+Q+Q==</latexit>

1� q

<latexit sha1_base64="0VDiMxOk25ZSXZ+dO1XLWNdWmik=">AAAB6nicbVDLSgNBEOzxGeMrKnjxMhgEL4ZdEVTwEPDiMaJ5QLKE2clsMmR2dp2ZVZYln+DFgyIevPhF3vwA/8PJ46CJBQ1FVTfdXX4suDaO84Xm5hcWl5ZzK/nVtfWNzcLWdk1HiaKsSiMRqYZPNBNcsqrhRrBGrBgJfcHqfv9y6NfvmdI8krcmjZkXkq7kAafEWOnGPbprF4pOyRkBzxJ3Qorl3dpDnH6/V9qFz1YnoknIpKGCaN10ndh4GVGGU8EG+VaiWUxon3RZ01JJQqa9bHTqAB9YpYODSNmSBo/U3xMZCbVOQ992hsT09LQ3FP/zmokJzryMyzgxTNLxoiAR2ER4+DfucMWoEaklhCpub8W0RxShxqaTtyG40y/PktpxyT0pnV/bNC5gjBzswT4cggunUIYrqEAVKHThEZ7hBQn0hF7R27h1Dk1mduAP0McPfV+Q+Q==</latexit>

q

<latexit sha1_base64="A8iO4AOFheRhuEr9uMxw/G7oWdU=">AAAB6HicbVDLSgNBEOyNrxhfUcGLl8UgeAq7IqjgIeDFYwLmAckSZie9yZjZ2XVmVlmWfIEXD4p4Evwkb36A/+HkcdBoQUNR1U13lx9zprTjfFq5hcWl5ZX8amFtfWNzq7i901BRIinWacQj2fKJQs4E1jXTHFuxRBL6HJv+8HLsN+9QKhaJa53G6IWkL1jAKNFGqt12iyWn7Exg/yXujJQqe437OP16q3aLH51eRJMQhaacKNV2nVh7GZGaUY6jQidRGBM6JH1sGypIiMrLJoeO7EOj9OwgkqaEtifqz4mMhEqloW86Q6IHat4bi/957UQHZ17GRJxoFHS6KEi4rSN7/LXdYxKp5qkhhEpmbrXpgEhCtcmmYEJw51/+SxrHZfekfF4zaVzAFHnYhwM4AhdOoQJXUIU6UEB4gCd4tm6sR+vFep225qzZzC78gvX+DaR/kIc=</latexit>

p
+
q
�

1

<latexit sha1_base64="qHzi3XJIR72Ct8tATIbWlztcQ6E=">AAAB7HicbVDLSgNBEOyNrxhfUcGLl8EgCGLYFUEFDwEvHiOYByRLmJ3MJkNmZ8eZWWVZ8g1ePCgi3vwgb36A/+HkcdBoQUNR1U13VyA508Z1P53c3PzC4lJ+ubCyura+Udzcqus4UYTWSMxj1QywppwJWjPMcNqUiuIo4LQRDC5HfuOOKs1icWNSSf0I9wQLGcHGSjV5eHvkdYolt+yOgf4Sb0pKlZ36vUy/3qqd4ke7G5MkosIQjrVuea40foaVYYTTYaGdaCoxGeAebVkqcES1n42PHaJ9q3RRGCtbwqCx+nMiw5HWaRTYzgibvp71RuJ/Xisx4ZmfMSETQwWZLAoTjkyMRp+jLlOUGJ5agoli9lZE+lhhYmw+BRuCN/vyX1I/Lnsn5fNrm8YFTJCHXdiDA/DgFCpwBVWoAQEGD/AEz45wHp0X53XSmnOmM9vwC877N7Ttkag=</latexit>

(X1, X2) 7! (p, q)

<latexit sha1_base64="2kQw1rpJb4vzWneT/1rxOPtzNBs=">AAACAHicbVDLSsNAFJ3UV62vqAsXuhgsQgqlJEVQwUXBjcsKtg00IUymk3bo5OHMRCihG3+gH+HGhSJuXfoJ7vwQ904fC209MHA4517unOMnjAppml9abml5ZXUtv17Y2Nza3tF395oiTjkmDRyzmNs+EoTRiDQklYzYCSco9Blp+f2rsd+6J1zQOLqVg4S4IepGNKAYSSV5+oFhe1bZ9qol6IQoETKGRlK+K3l60ayYE8BFYs1IsXY0cozvj1Hd0z+dTozTkEQSMyRE2zIT6WaIS4oZGRacVJAE4T7qkraiEQqJcLNJgCE8UUoHBjFXL5Jwov7eyFAoxCD01WSIZE/Me2PxP6+dyuDczWiUpJJEeHooSBlUMcdtwA7lBEs2UARhTtVfIe4hjrBUnRVUCdZ85EXSrFas08rFjWrjEkyRB4fgGBjAAmegBq5BHTQABkPwCJ7Bi/agPWmv2tt0NKfNdvbBH2jvP4B+mCQ=</latexit>

= (
1 +X2

1 +X2 +X1X2
,

X2 +X1X2

1 +X2 +X1X2
)

<latexit sha1_base64="XTW1Xhqs0PAI+z7ibfJVLGFalOc=">AAACJnicbVDLSgMxFM3UV62vUZdugkWoKGWmCLVgoeBGXFWwD2iHIZNm2tDMgyQjlKFf4Ge48VfcuKiIuPMP/AUznS768MAlJ+fcS3KPEzIqpGF8a5m19Y3Nrex2bmd3b/9APzxqiiDimDRwwALedpAgjPqkIalkpB1ygjyHkZYzvE381hPhggb+oxyFxPJQ36cuxUgqydar1ULX5QjH5kXbLo3TQ5WZ3C5Ta05Z9M9tPW8UjSngKjFnJF8rP/9WsvZ93dYn3V6AI4/4EjMkRMc0QmnFiEuKGRnnupEgIcJD1CcdRX3kEWHF0zXH8EwpPegGXJUv4VSdn4iRJ8TIc1Snh+RALHuJ+J/XiaR7bcXUDyNJfJw+5EYMygAmmcEe5QRLNlIEYU7VXyEeIBWNVMnmVAjm8sqrpFkqmlfFyoNK4wakyIITcAoKwARlUAN3oA4aAIMX8AYm4EN71d61T+0rbc1os5ljsADt5w+if6Ug</latexit>

Thm: If G is nondegenerate,  is a di↵eomorphism.

<latexit sha1_base64="4oyHSBzzsWowVTYdFUsA17Bq/ms="></latexit>

(Nondegenerate: each edge has 0 < Pr(e) < 1)

<latexit sha1_base64="ADkYCxbTGtgGQAZjxTq2H5Pwris=">AAACE3icbVA9SwNBEN3zM8avqKXNYhSiRbgLgh+kCNhYSQRjAkkIc3uTZMne3rG7J4SQ/2DjX7GxUMTWxs5/4+aj0MQHA4/3ZpiZ58eCa+O6387C4tLyympqLb2+sbm1ndnZvddRohhWWCQiVfNBo+ASK4YbgbVYIYS+wKrfuxr51QdUmkfyzvRjbIbQkbzNGRgrtTInuZtIBthBiQoMXlIE1qUYdJB2QdNDt1hWOTwueofHrUzWzbtj0HniTUmWTFFuZb4aQcSSEKVhArSue25smgNQhjOBw3Qj0RgD60EH65ZKCFE3B+OfhvTIKgFtR8qWNHSs/p4YQKh1P/RtZwimq2e9kfifV09M+7w54DJODEo2WdROBDURHQVEA66QGdG3BJji9lbKuqCAGRtj2obgzb48T+4Lee80f3FbyJaK0zhSZJ8ckBzxyBkpkWtSJhXCyCN5Jq/kzXlyXpx352PSuuBMZ/bIHzifP+S1m5g=</latexit>

X1

<latexit sha1_base64="jv3PdJS5CHFqLYa/XK6O7Xnq5CE=">AAAB6nicbVDLSgNBEOz1GeMr0ZPkMhgET2FXBBU8BLx4TNA8IFnC7GSSDJmdXWZ6hbDkE7x4UMSr3+PBm36Nk8dBEwsaiqpuuruCWAqDrvvlrKyurW9sZray2zu7e/u5/EHdRIlmvMYiGelmQA2XQvEaCpS8GWtOw0DyRjC8mfiNB66NiNQ9jmLuh7SvRE8wila6a3a8Tq7oltwpyDLx5qRYzrcL39Wjj0on99nuRiwJuUImqTEtz43RT6lGwSQfZ9uJ4TFlQ9rnLUsVDbnx0+mpY3JilS7pRdqWQjJVf0+kNDRmFAa2M6Q4MIveRPzPayXYu/RToeIEuWKzRb1EEozI5G/SFZozlCNLKNPC3krYgGrK0KaTtSF4iy8vk/pZyTsvXVVtGtcwQwYKcAyn4MEFlOEWKlADBn14hGd4caTz5Lw6b7PWFWc+cwh/4Lz/AK/4kFw=</latexit>

X2

<latexit sha1_base64="FC073x5bQseCWVcDUJmetW0QrHM=">AAAB6nicbVDLSgNBEOyNrxhfiZ4kl8EgeAq7QVDBQ8CLxwTNA5IlzE5mkyGzM8vMrBCWfIIXD4p49Xs8eNOvcfI4aGJBQ1HVTXdXEHOmjet+OZm19Y3Nrex2bmd3b/8gXzhsapkoQhtEcqnaAdaUM0EbhhlO27GiOAo4bQWjm6nfeqBKMynuzTimfoQHgoWMYGOlu3av0suX3LI7A1ol3oKUqoVu8bt+/FHr5T+7fUmSiApDONa647mx8VOsDCOcTnLdRNMYkxEe0I6lAkdU++ns1Ak6tUofhVLZEgbN1N8TKY60HkeB7YywGeplbyr+53USE176KRNxYqgg80VhwpGRaPo36jNFieFjSzBRzN6KyBArTIxNJ2dD8JZfXiXNStk7L1/VbRrXMEcWinACZ+DBBVThFmrQAAIDeIRneHG48+S8Om/z1oyzmDmCP3DefwCxfJBd</latexit>

face weights

<latexit sha1_base64="TrVS00WU+iYADJycP5KOy+3c0cM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoIKHghePFewHtKFstpN26WYTdjdKCf0bXjwo4tU/481/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbmtx9RaR7LBzNJ0I/oUPKQM2qs1AspQ/KEfDgyul+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfja/eUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMguADLhCZsTEEsoUt7cSNqKKMmNjKtkQvOWXV0mrVvUuqtf3tUr9Jo+jCCdwCufgwSXU4Q4a0AQGCTzDK7w5qfPivDsfi9aCk88cwx84nz/ytJGg</latexit>

edge probabilities

<latexit sha1_base64="TO6NEZgMx3/hG0nnLXSSBwK90X0=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVJIiqOCh4MVjBfsBbSibzaRdutkNuxuxhP4VLx4U8eof8ea/cdvmoK0PBh7vzTAzL0w508bzvp219Y3Nre3STnl3b//g0D2qtLXMFIUWlVyqbkg0cCagZZjh0E0VkCTk0AnHtzO/8whKMykezCSFICFDwWJGibHSwK1ANAScKhmSkHFmGOiBW/Vq3hx4lfgFqaICzYH71Y8kzRIQhnKidc/3UhPkRBlGOUzL/UxDSuiYDKFnqSAJ6CCf3z7FZ1aJcCyVLWHwXP09kZNE60kS2s6EmJFe9mbif14vM/FVkDORZgYEXSyKM46NxLMgcMQUUMMnlhCq7OcU0xFRhBobV9mG4C+/vEra9Zp/Ubu+r1cbN0UcJXSCTtE58tElaqA71EQtRNETekav6M2ZOi/Ou/OxaF1ziplj9AfO5w8i7JSB</latexit>

 ((Xf )f2F ) = (Pr(e))e2E

<latexit sha1_base64="7MvsqcfTLk1KGg9dMYLkn91PkFg=">AAACEHicbZDLSsNAFIYn9VbrrerSzaCI6aYkIqigUBCLG6Gi1UIbwmR60g6dTMLMRCihj+DGV3HjQhG3Lt35FL6C08vC2w8DP985hzPnDxLOlHacDys3NT0zO5efLywsLi2vFFfXrlWcSgp1GvNYNgKigDMBdc00h0YigUQBh5ugdzKs39yCVCwWV7qfgBeRjmAho0Qb5Bd3WjXFbLvhhyU/C1tM4OqghI+xXZM2lAyDITsd+MUtp+yMhP8ad2K2Kvj88rPnVWt+8b3VjmkagdCUE6WarpNoLyNSM8phUGilChJCe6QDTWMFiUB52eigAd42pI3DWJonNB7R7xMZiZTqR4HpjIjuqt+1Ifyv1kx1eOBlTCSpBkHHi8KUYx3jYTq4zSRQzfvGECqZ+SumXSIJ1SbDggnB/X3yX3O9W3b3yocXJo0jNFYebaBNZCMX7aMKOkM1VEcU3aEH9ISerXvr0XqxXsetOWsys45+yHr7Ap2LnWc=</latexit>

 : RF
+ ! ⌦

<latexit sha1_base64="nRPlXEdNdmD83Dqs9ppD1qhJrl4=">AAACBnicbVDLSsNAFJ34rPUVdSnC0CIIQk1E8IGLgiDurGIf0MQwmU7boTNJmJkIJXTlxl/wBwQ3LhRx69qlO3/Cb3DSdqGtBy4czrmXe+/xI0alsqwvY2JyanpmNjOXnV9YXFo2V1YrMowFJmUcslDUfCQJowEpK6oYqUWCIO4zUvU7J6lfvSFC0jC4Ut2IuBy1AtqkGCkteeaGU5L0KHE4Um3fh5c9b/v61FGhc85JC3lm3ipYfcBxYg9Jvpj7iL/vH3ZKnvnpNEIccxIozJCUdduKlJsgoShmpJd1YkkihDuoReqaBogT6Sb9N3pwUysN2AyFrkDBvvp7IkFcyi73dWd6rhz1UvE/rx6r5oGb0CCKFQnwYFEzZlCFMM0ENqggWLGuJggLqm+FuI0Ewkonl9Uh2KMvj5PKbsHeKxxe6DSOwQAZsA5yYAvYYB8UwRkogTLA4BY8gmfwYtwZT8ar8TZonTCGM2vgD4z3H9DCnHQ=</latexit>

(Nondegenerate: ⌦ has interior in RF .)

<latexit sha1_base64="J99zdomstfgI87elg84aR96JjmA="></latexit>



 

Example:

<latexit sha1_base64="oayyRhnTehA5o4SiF5JeM7UealQ=">AAAB+3icbVBLSwMxGMzWV62vtR69BIvgqewWwQceCiJ4rGAf0C4lm822oXksSVZalv4VLx4U8eof8ea/MW33oK0DgWHm+5LJhAmj2njet1NYW9/Y3Cpul3Z29/YP3MNyS8tUYdLEkknVCZEmjArSNNQw0kkUQTxkpB2Obmd++4koTaV4NJOEBBwNBI0pRsZKfbfcE5KKiAgD78aIJ4xc992KV/XmgKvEz0kF5Gj03a9eJHHK7S WYIa27vpeYIEPKUMzItNRLNUkQHqEB6VoqECc6yObZp/DUKhGMpbLHhpirvzcyxLWe8NBOcmSGetmbif953dTEl0FGRZIaIvDioThl0Eg4KwJGVBFs2MQShBW1WSEeIoWwsXWVbAn+8pdXSatW9c+rVw+1Sv0mr6MIjsEJOAM+uAB1cA8aoAkwGINn8ArenKnz4rw7H4vRgpPvHIE/cD5/AMfplEQ=</latexit>

 has degree 2: Given ~p, there are two choices of {Xf} (only one of them
positive) such that  ({Xf}) = ~p.

<latexit sha1_base64="TqkPdD9QZz/pOn1SKtd5xmQ/6HY="></latexit>

Problem 3. Is detr subtraction free? Stable? What is the degree of  as a
rational map?

<latexit sha1_base64="OKsf0dn85O+eas7K+mVpcNyxsJc=">AAACYXicbVFNb9NAEF2bAm2grVuOvYxIkThFdkEqSEitxAVuQZCmUhxF4/U4WXU/rN01IrLyJ3vjwoU/wtrNAVpGWu3TvHk7M2+LWgrn0/RnFD/aefzk6e7e4Nnz/YPD5Oj4ypnGcppwI429LtCRFJomXnhJ17UlVIWkaXHzseOn38k6YfQ3v65prnCpRSU4+pBaJD9ybYQuSXto86KCsTVBquDNaAOfHZzmJflcYyExHztxCq 4pvEXeiaGyRBfw1Qc23NMVehAO/IqgpGXgwFThgV6GDhBs3xMlKKwvFskwHaV9wEOQbcGQbWO8SG7z0vBGhVG5ROdmWVr7eYvWCy5pM8gbRzXyG1zSLECNity87R3awKuQKaEyNpywap/9W9Gicm6tilCp0K/cfa5L/o+bNb56N2+FrhtPmt81qhoJ3kBnN5TCEvdyHQByK8KswFfYORg+ZRBMyO6v/BBcnY2yt6P3X86Glx+2duyyE/aSvWYZO2eX7BMbswnj7Fe0E+1HB9HveC9O4uO70jjaal6wfyI++QNLHrQl</latexit>

X1

<latexit sha1_base64="jv3PdJS5CHFqLYa/XK6O7Xnq5CE=">AAAB6nicbVDLSgNBEOz1GeMr0ZPkMhgET2FXBBU8BLx4TNA8IFnC7GSSDJmdXWZ6hbDkE7x4UMSr3+PBm36Nk8dBEwsaiqpuuruCWAqDrvvlrKyurW9sZray2zu7e/u5/EHdRIlmvMYiGelmQA2XQvEaCpS8GWtOw0DyRjC8mfiNB66NiNQ9jmLuh7SvRE8wila6a3a8Tq7oltwpyDLx5qRYzrcL39Wjj0on99nuRiwJuUImqTEtz43RT6lGwSQfZ9uJ4TFlQ9rnLUsVDbnx0+mpY3JilS7pRdqWQjJVf0+kNDRmFAa2M6Q4MIveRPzPayXYu/RToeIEuWKzRb1EEozI5G/SFZozlCNLKNPC3krYgGrK0KaTtSF4iy8vk/pZyTsvXVVtGtcwQwYKcAyn4MEFlOEWKlADBn14hGd4caTz5Lw6b7PWFWc+cwh/4Lz/AK/4kFw=</latexit>

X2

<latexit sha1_base64="FC073x5bQseCWVcDUJmetW0QrHM=">AAAB6nicbVDLSgNBEOyNrxhfiZ4kl8EgeAq7QVDBQ8CLxwTNA5IlzE5mkyGzM8vMrBCWfIIXD4p49Xs8eNOvcfI4aGJBQ1HVTXdXEHOmjet+OZm19Y3Nrex2bmd3b/8gXzhsapkoQhtEcqnaAdaUM0EbhhlO27GiOAo4bQWjm6nfeqBKMynuzTimfoQHgoWMYGOlu3av0suX3LI7A1ol3oKUqoVu8bt+/FHr5T+7fUmSiApDONa647mx8VOsDCOcTnLdRNMYkxEe0I6lAkdU++ns1Ak6tUofhVLZEgbN1N8TKY60HkeB7YywGeplbyr+53USE176KRNxYqgg80VhwpGRaPo36jNFieFjSzBRzN6KyBArTIxNJ2dD8JZfXiXNStk7L1/VbRrXMEcWinACZ+DBBVThFmrQAAIDeIRneHG48+S8Om/z1oyzmDmCP3DefwCxfJBd</latexit>

detr =
X2

(1 +X2 +X1X2)3

<latexit sha1_base64="NHfbERyvJpSGrkRkFS6f5DZmuAQ="></latexit>

 �1(p, q) = (
1� p

p+ q � 1
,
p+ q � 1

1� q
)

<latexit sha1_base64="c7gk9psw1EVGeH+yPA2X2siYKWA="></latexit>

Example:

<latexit sha1_base64="oayyRhnTehA5o4SiF5JeM7UealQ=">AAAB+3icbVBLSwMxGMzWV62vtR69BIvgqewWwQceCiJ4rGAf0C4lm822oXksSVZalv4VLx4U8eof8ea/MW33oK0DgWHm+5LJhAmj2njet1NYW9/Y3Cpul3Z29/YP3MNyS8tUYdLEkknVCZEmjArSNNQw0kkUQTxkpB2Obmd++4koTaV4NJOEBBwNBI0pRsZKfbfcE5KKiAgD78aIJ4xc992KV/XmgKvEz0kF5Gj03a9eJHHK7SWYIa27vpeYIEPKUMzItNRLNUkQHqEB6VoqECc6yObZp/DUKhGMpbLHhpirvzcyxLWe8NBOcmSGetmbif953dTEl0FGRZIaIvDioThl0Eg4KwJGVBFs2MQShBW1WSEeIoWwsXWVbAn+8pdXSatW9c+rVw+1Sv0mr6MIjsEJOAM+uAB1cA8aoAkwGINn8ArenKnz4rw7H4vRgpPvHIE/cD5/AMfplEQ=</latexit>

<latexit sha1_base64="y208sUK/r2dUMYF7uvjt7aFSZ+U=">AAACFXicbVDLSgMxFM3UV62vqks3wVaoIGWmiLpRK25cVrAP6Awlk95pQzOTIckUSulPuPFX3LhQxK3gzr8xfSy09UDI4Zx7b3KPH3OmtG1/W6ml5ZXVtfR6ZmNza3snu7tXUyKRFKpUcCEbPlHAWQRVzTSHRiyBhD6Hut+7Hfv1PkjFRPSgBzF4IelELGCUaCO1sic3EjDhHEshtMIiwHm3oljB7QPFjePLyR3nsZnJr1vZnF20J8CLxJmRHJqh0sp+uW1BkxAiTTlRqunYsfaGRGpGOYwybqIgJrRHOtA0NCIhKG842WqEj4zSxoGQ5kQaT9TfHUMSKjUIfVMZEt1V895Y/M9rJjq48IYsihMNEZ0+FCQca4HHEeE2k0A1HxhCqGTmr5h2iSRUmyAzJgRnfuVFUisVnbPi6X0pV76axZFGB+gQFZCDzlEZ3aEKqiKKHtEzekVv1pP1Yr1bH9PSlDXr2Ud/YH3+ABWynOA=</latexit>

Are all roots of  ( ~X) = ~p real?



Double-dimer cover

<latexit sha1_base64="yR3e1WNoaWLFOqgmT80fK9SI4kg=">AAAB+3icbVDLSgMxFL3js9bXWJdugkVwY5kpggouCrpwWcE+oB1KJpNpQ5PJkGTEUvorblwo4tYfceffmLaz0NYDgcM553JvTphypo3nfTsrq2vrG5uFreL2zu7evntQamqZKUIbRHKp2iHWlLOENgwznLZTRbEIOW2Fw5up33qkSjOZPJhRSgOB+wmLGcHGSj23dCszmz2LmKAKEWmzPbfsVbwZ0DLxc1KGHPWe+9WNJMkETQzhWOuO76UmGGNlGOF0UuxmmqaYDHGfdixNsKA6GM9un6ATq0Qolsq+xKCZ+ntijIXWIxHapMBmoBe9qfif18lMfBmMWZJmhiZkvijOODISTYtAEVOUGD6yBBPF7K2IDLDCxNi6irYEf/HLy6RZrfjnlav7arl2nddRgCM4hlPw4QJqcAd1aACBJ3iGV3hzJs6L8+58zKMrTj5zCH/gfP4At0CUOw==</latexit>

<latexit sha1_base64="9gSToaIObHipHEC/eod63a823n4=">AAACIHicbVDLSgMxFM34tr5GXboJtoIuLDNFrBtFcONOBfuAtpRM5k4NTSZDkhHK0E9x46+4caGI7vRrzNRZ+LoQONxzD+fkBAln2njeuzM1PTM7N7+wWFpaXlldc9c3mlqmikKDSi5VOyAaOIuhYZjh0E4UEBFwaAXDs5xv3YLSTMbXZpRAT5BBzCJGibGrvluvdC8EDEi/ho8rWIPBMsKhTK1+P2QCFKYy1+PdSKqBpSeWeq/vlr2qNxn8F/gFKKNiLvvuWzeUNBUQG8qJ1h3fS0wvI8owymFc6qYaEkKHZAAdC2MiQPeyidsY79hNiG0C++Iiw3dFRoTWIxHYS0HMjf7N5cv/uE5qoqNexuIkNRDTL6Mo5dhInLeFQ6aAGj6ygFDFbFZMb4gi1NhOSrYE//eX/4JmreofVg+uauXTk6KOBbSFttEu8lEdnaJzdIkaiKI79ICe0LNz7zw6L87r1+mUU2g20Y9xPj4BVaKh5Q==</latexit>

⌦2 = set of double-dimer covers (forget colors)

<latexit sha1_base64="8wMAQ232sXcUsj4CnppfXQfCqeg="></latexit> X

m2⌦2

2#loops = |⌦1|2
<latexit sha1_base64="Jgx+n7kKVFg3LX0gOSGOB8sPeYo=">AAACDHicbVDLSgMxFM34rPVVdekm2AquykwRFRdScOPOKvYB7VAymTttaCYzJBmhDP0AN/6KGxeKuPUD3Pk3pu0g2nogcHLOuST3eDFnStv2l7WwuLS8sppby69vbG5tF3Z2GypKJIU6jXgkWx5RwJmAumaaQyuWQEKPQ9MbXI795j1IxSJxp4cxuCHpCRYwSrSRuoXiLXBDRQ+XOtch9EjXKWEi/J9rpXRuUnbZngDPEycjRZSh1i18dvyIJiEITTlRqu3YsXZTIjWjHEb5TqIgJnRAetA2VJAQlJtOlhnhQ6P4OIikOULjifp7IiWhUsPQM8mQ6L6a9cbif1470cGZmzIRJxoEnT4UJBzrCI+bwT6TQDUfGkKoZOavmPaJJFSb/vKmBGd25XnSqJSdk/LxTaVYvcjqyKF9dICOkINOURVdoRqqI4oe0BN6Qa/Wo/VsvVnv0+iClc3soT+wPr4BayCZSg==</latexit>

Relating ⌦1 and ⌦2:



Problem 4. What is the distribution of loops (size, lengths, etc.) on Z2

<latexit sha1_base64="oVCl/hW/07qrE4SK+q4/E/UT7pA="></latexit>

Pr(⇤) =
1

32

<latexit sha1_base64="IGsdGOAAlp9C1C1O2gbrv/lEm48=">AAAB/3icbVDLSsNAFJ3UV62vquDGTbAodVOSVlBBoeDGZQX7gCaUyfSmHTqZxJmJUGIX/oobF4q4deFPuPMf/AXB6WOhrQcuHM65l3vv8SJGpbKsTyM1N7+wuJRezqysrq1vZDe3ajKMBYEqCVkoGh6WwCiHqqKKQSMSgAOPQd3rXQz9+i0ISUN+rfoRuAHucOpTgpWWWtmdisg78ibGAg7PHV9gYiel4qCVzVkFawRzltgTkiuXGu/fB9ZXpZX9cNohiQPgijAsZdO2IuUmWChKGAwyTiwhwqSHO9DUlOMApJuM7h+Y+1ppm34odHFljtTfEwkOpOwHnu4MsOrKaW8o/uc1Y+WfuAnlUayAk/EiP2amCs1hGGabCiCK9TXBRFB9q0m6WIegdGQZHYI9/fIsqRUL9lHh9EqncYbGSKNdtIfyyEbHqIwuUQVVEUF36AE9oWfj3ng0XozXcWvKmMxsoz8w3n4A3OiZEw==</latexit>

⇤

<latexit sha1_base64="Z7OfM+afwLOq4bjMd0MG6MW1n3A=">AAAB7nicbZBLSgNBEIZrfMb4iroUZDAIrsKMCCoIBty4TMA8IBlCT6cmadLTM3b3CGHI0gO4caGIW4/g1iu48wx6CDuPhSb+0PDx/1V0VfkxZ0o7zqc1N7+wuLScWcmurq1vbOa2tqsqSiTFCo14JOs+UciZwIpmmmM9lkhCn2PN710O89otSsUica37MXoh6QgWMEq0sWpNdZMQia1c3ik4I9mz4E4gf/H+dbf3Vv4utXIfzXZEkxCFppwo1XCdWHspkZpRjoNsM1EYE9ojHWwYFCRE5aWjcQf2gXHadhBJ84S2R+7vjpSESvVD31SGRHfVdDY0/8saiQ5OvZSJONEo6PijIOG2juzh7nabSaSa9w0QKpmZ1aZdIgnV5kJZcwR3euVZqB4V3OPCWdnJF89hrAzswj4cggsnUIQrKEEFKPTgHh7hyYqtB+vZehmXzlmTnh34I+v1B5i8lDI=</latexit>

⇤

<latexit sha1_base64="Z7OfM+afwLOq4bjMd0MG6MW1n3A=">AAAB7nicbZBLSgNBEIZrfMb4iroUZDAIrsKMCCoIBty4TMA8IBlCT6cmadLTM3b3CGHI0gO4caGIW4/g1iu48wx6CDuPhSb+0PDx/1V0VfkxZ0o7zqc1N7+wuLScWcmurq1vbOa2tqsqSiTFCo14JOs+UciZwIpmmmM9lkhCn2PN710O89otSsUica37MXoh6QgWMEq0sWpNdZMQia1c3ik4I9mz4E4gf/H+dbf3Vv4utXIfzXZEkxCFppwo1XCdWHspkZpRjoNsM1EYE9ojHWwYFCRE5aWjcQf2gXHadhBJ84S2R+7vjpSESvVD31SGRHfVdDY0/8saiQ5OvZSJONEo6PijIOG2juzh7nabSaSa9w0QKpmZ1aZdIgnV5kJZcwR3euVZqB4V3OPCWdnJF89hrAzswj4cggsnUIQrKEEFKPTgHh7hyYqtB+vZehmXzlmTnh34I+v1B5i8lDI=</latexit>

Pr( , ) =
(⇡ � 1)2

2⇡4

<latexit sha1_base64="8jQerUNCRQXkYw2redf7SA5V1Vo="></latexit>



q

q

q

Each loop surrounding ⇤ contributes q + 1/q. (Other loops contribute 2).

<latexit sha1_base64="c73GfXTt7aZlC4Zq65AU2mHdQBs="></latexit>

Z = detK(q) detK(1/q)

<latexit sha1_base64="xKerAV9mHNZ3+yQg9JBsKr/wwvw=">AAAB/3icbZDLSgMxFIYzXmu9jQpudBEsQrupMyKooFBwI7ipYC/YGUomk2lDM5lpkhFK7cIn6Du4caGIW7c+gjsfxL3pZaGtPwQ+/nMO5+T3YkalsqwvY2Z2bn5hMbWUXl5ZXVs3NzbLMkoEJiUcsUhUPSQJo5yUFFWMVGNBUOgxUvFaF4N65Y4ISSN+ozoxcUPU4DSgGClt1c3t23PHJwpeZdu5MdgH7VzdzFh5ayg4DfYYMoXdvpP9/ugX6+an40c4CQlXmCEpa7YVK7eLhKKYkV7aSSSJEW6hBqlp5Cgk0u0O7+/Bfe34MIiEflzBoft7ootCKTuhpztDpJpysjYw/6vVEhWcuF3K40QRjkeLgoRBFcFBGNCngmDFOhoQFlTfCnETCYSVjiytQ7AnvzwN5cO8fZQ/vdZpnIGRUmAH7IEssMExKIBLUAQlgME9eATP4MV4MJ6MV+Nt1DpjjGe2wB8Z7z/UPJfB</latexit>

“double dimer partition function”

<latexit sha1_base64="3JyemhuO5Ma34RduvKZinbGYTi4=">AAACC3icbVDLSgMxFM3UV62vUZduQovgqswUQQUXBTcuK9gHtEObyWTa0CQz5CGU0r0bf8WNC0Xc+gPu/Bsz7Sy09UDgcM69N5wTpowq7XnfTmFtfWNzq7hd2tnd2z9wD49aKjESkyZOWCI7IVKEUUGammpGOqkkiIeMtMPxTea3H4hUNBH3epKSgKOhoDHFSFup75YHgygxdhpGlBMJUyTtFWvB2AickXLfrXhVbw64SvycVECORt/96kUJNpwIjRlSqut7qQ6m2WXMyKzUM4qkCI/RkHQtFYgTFUznWWbw1CoRjBNpn9Bwrv7emCKu1ISHdpIjPVLLXib+53WNji+DKRWp0UTgxUexYVAnMCvG5pcEazaxBGFpO8AQj5BEWNv6SrYEfznyKmnVqv559equVqlf53UUwQkogzPggwtQB7egAZoAg0fwDF7Bm/PkvDjvzsditODkO8fgD5zPHxRDmxE=</latexit>

where Ck counts configurations with k loops surrounding *.

<latexit sha1_base64="ldyDgrUV7Xof+b5yVYV/TFzES+k=">AAACKHicbVDLSgMxFM34tr6qLt0EW0FclBkRVBAsdONSwdZCLSWT3mlDM8mQ3Cil+Dlu/BU3Ioq49UtMHwutHgg5nHMuyT1xJoXFMPwMZmbn5hcWl5ZzK6tr6xv5za2a1c5wqHIttanHzIIUCqooUEI9M8DSWMJN3KsM/Zs7MFZodY39DJop6yiRCM7QS638+X0XDNBipdUrUq6dQusvlYiOM6OIpfcCu7Tobal1Zql1xvhcW6gOPSi18oWwFI5A/5JoQgpkgstW/vW2rblLQSGXzNpGFGbYHDCDgkt4yN06CxnjPdaBhqeKpWCbg9GiD3TPK22aaOOPQjpSf04MWGptP419MmXYtdPeUPzPazhMTpoDoTKHoPj4ocRJipoOW6NtYYCj7HvCuBH+r5R3mWEcfbc5X0I0vfJfUjssRUel06vDQvlsUscS2SG7ZJ9E5JiUyQW5JFXCySN5Jm/kPXgKXoKP4HMcnQkmM9vkF4Kvb8vWpdA=</latexit>

Z(q) =
X

k�0

Ck(q + 1/q)k

<latexit sha1_base64="BlMJvPJfFuidCThNteAWlrLicLM=">AAACCHicbVDLSsNAFJ34rPVVdenCwSJUhJqIoIKCoAuXCtaKbQyT6U07ZCZJZyZCCV2JG3/FjQtF3PoJ7vwDP8PpY+HrwIXDOfdy7z1+wpnStv1hjYyOjU9M5qby0zOzc/OFhcULFaeSQoXGPJaXPlHAWQQVzTSHy0QCET6Hqh8e9fzqDUjF4uhcdxJwBWlGLGCUaCN5hZWrUnv9oK5S4WVhvQl2Fx95IS61N5zN9vp16BWKdtnuA/8lzpAUD48x3H5WxalXeK83YpoKiDTlRKmaYyfazYjUjHLo5uupgoTQkDShZmhEBCg36z/SxWtGaeAglqYijfvq94mMCKU6wjedguiW+u31xP+8WqqDXTdjUZJqiOhgUZByrGPcSwU3mASqeccQQiUzt2LaIpJQbbLLmxCc3y//JRdbZWe7vHdm0thHA+TQMlpFJeSgHXSITtApqiCK7tADekLP1r31aL1Yr4PWEWs4s4R+wHr7AgyEmxM=</latexit>

<latexit sha1_base64="zD7js3Nyb6QvaT1bobLSLG3r2Ww=">AAACHHicbVA9SwNBEN3zM8avqKXNYhCswp2KWknAxlLBRCEJYW9vLlnc2z12Z5UQ8kNs/Cs2ForYWAj+GzcfhRofDDzem2FmXpxLYTEMv4KZ2bn5hcXCUnF5ZXVtvbSxWbfaGQ41rqU2NzGzIIWCGgqUcJMbYFks4Tq+PRv613dgrNDqCns5tDLWUSIVnKGX2qWDc31PUdNUqIRiF6hyWQyG6pRKrXNLrTNGO5UI1aGM5loobJfKYSUcgU6TaELKZIKLdumjmWjuMlDIJbO2EYU5tvrMoOASBsWms5Azfss60PBUsQxsqz96bkB3vZLQVBtfCulI/TnRZ5m1vSz2nRnDrv3rDcX/vIbD9KTVFyp3CIqPF6VODtMYJkUTYYCj7HnCuBH+Vsq7zDCOPs+iDyH6+/I0qe9XoqPK4eV+uXo6iaNAtskO2SMROSZVck4uSI1w8kCeyAt5DR6D5+AteB+3zgSTmS3yC8HnN2TWoZU=</latexit>

How to find the number of loops surrounding a point



puncture some faces:

<latexit sha1_base64="fB6js3AwZuHy+sGZS4Qw8Zr2d1g=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiB4CjNBcMFDwIvHCGaBZAg9nZqkSXfP0N0jxCH4K148KOLV//Dm39hJ5qCJDwoe71VRVS9MONPG876dpeWV1bX1wkZxc2t7Z9fd22/oOFUU6jTmsWqFRANnEuqGGQ6tRAERIYdmOLyZ+M0HUJrF8t6MEggE6UsWMUqMlbruYZJKalIFWMcCcEQo6KuuW/LK3hR4kfg5KaEcta771enFNBUgDeVE67bvJSbIiDKMchgXO6mGhNAh6UPbUkkE6CCbXj/GJ1bp4ShWtqTBU/X3REaE1iMR2k5BzEDPexPxP6+dmugiyJhMUgOSzhZFKccmxpMocI8poIaPLCFUMXsrpgOiCDU2sKINwZ9/eZE0KmX/rHx5VylVr/M4CugIHaNT5KNzVEW3qIbqiKJH9Ixe0Zvz5Lw4787HrHXJyWcO0B84nz9NLpUd</latexit>

Thm [K.’14, Dubedat ’19, Basok-Chelkak ’20]: These probabilities are
conformally invariant in the scaling limit.

<latexit sha1_base64="ph7AfS/hHkcH74ti6xWA/RFcGB0="></latexit>

Problem 5. What is the probability that a loop in the double-dimer cover has
a given homotopy class in ⌃?

<latexit sha1_base64="BduU9qiFcW8tQVhPYvHp3oq+Wxs="></latexit>

<latexit sha1_base64="PP7pTSaWw4eIDCY6iNLFI0qJnd4=">AAACA3icbVDLSgMxFM34rPU16k43wSK4KjNF1JUW3LisYB/QlnInTdvQTDIkd4RSCm78FTcuFHHrT7jzb0wfC209EDiccy4390SJFBaD4NtbWl5ZXVvPbGQ3t7Z3dv29/YrVqWG8zLTUphaB5VIoXkaBktcSwyGOJK9G/ZuxX33gxgqt7nGQ8GYMXSU6ggE6qeUfVnuAFCKdIrXcJUHSRAuF9rrl54J8MAFdJOGM5MgMpZb/1WhrlsZcIZNgbT0MEmwOwaBgko+yjdTyBFgfurzuqIKY2+ZwcsOInjilTTvauKeQTtTfE0OIrR3EkUvGgD07743F/7x6ip3L5lCoJEWu2HRRJ5UUNR0XQtvCcIZy4AgwI9xfKeuBAYautqwrIZw/eZFUCvnwPH92V8gVr2Z1ZMgROSanJCQXpEhuSYmUCSOP5Jm8kjfvyXvx3r2PaXTJm80ckD/wPn8AtMCXjw==</latexit>

What about several points?



 

R2

<latexit sha1_base64="fGTJ+YdsygHyOMGlw6FMo9/bRwg=">AAAB9HicbVDLSgMxFL3js9ZX1aUgwSK4KjNFUEGw4MZlK/YB7VgyadqGZjJjkimUoUu/wY0LRdy6dusvuPMb9CPMtF1o64HA4Zx7uSfHCzlT2rY/rbn5hcWl5dRKenVtfWMzs7VdUUEkCS2TgAey5mFFORO0rJnmtBZKin2P06rXu0j8ap9KxQJxrQchdX3cEazNCNZGcuOGj3XX89DV8CbfzGTtnD0CmiXOhGTP37/u9t5K38Vm5qPRCkjkU6EJx0rVHTvUboylZoTTYboRKRpi0sMdWjdUYJ8qNx6FHqIDo7RQO5DmCY1G6u+NGPtKDXzPTCYZ1bSXiP959Ui3T9yYiTDSVJDxoXbEkQ5Q0gBqMUmJ5gNDMJHMZEWkiyUm2vSUNiU401+eJZV8zjnKnZbsbOEMxkjBLuzDIThwDAW4hCKUgcAt3MMjPFl968F6tl7Go3PWZGcH/sB6/QFWs5ZF</latexit>

R2

<latexit sha1_base64="fGTJ+YdsygHyOMGlw6FMo9/bRwg=">AAAB9HicbVDLSgMxFL3js9ZX1aUgwSK4KjNFUEGw4MZlK/YB7VgyadqGZjJjkimUoUu/wY0LRdy6dusvuPMb9CPMtF1o64HA4Zx7uSfHCzlT2rY/rbn5hcWl5dRKenVtfWMzs7VdUUEkCS2TgAey5mFFORO0rJnmtBZKin2P06rXu0j8ap9KxQJxrQchdX3cEazNCNZGcuOGj3XX89DV8CbfzGTtnD0CmiXOhGTP37/u9t5K38Vm5qPRCkjkU6EJx0rVHTvUboylZoTTYboRKRpi0sMdWjdUYJ8qNx6FHqIDo7RQO5DmCY1G6u+NGPtKDXzPTCYZ1bSXiP959Ui3T9yYiTDSVJDxoXbEkQ5Q0gBqMUmJ5gNDMJHMZEWkiyUm2vSUNiU401+eJZV8zjnKnZbsbOEMxkjBLuzDIThwDAW4hCKUgcAt3MMjPFl968F6tl7Go3PWZGcH/sB6/QFWs5ZF</latexit>

�wb

<latexit sha1_base64="4QESld7UAT+Ig8mT56EzAhp4UvE=">AAAB8HicbVDLSgNBEOyNrxhfUcGLl8EgeAq7IqjgIeDFYwTzkGQJs5PZZMjs7DAza1iWfIUXD0rw6ud48wP8DyePgyYWNBRV3XR3BZIzbVz3y8mtrK6tb+Q3C1vbO7t7xf2Duo4TRWiNxDxWzQBrypmgNcMMp02pKI4CThvB4HbiN56o0iwWDyaV1I9wT7CQEWys9NiWfdbJhsGoUyy5ZXcKtEy8OSlVjupDmX6Pq53iZ7sbkySiwhCOtW55rjR+hpVhhNNRoZ1oKjEZ4B5tWSpwRLWfTQ8eoVOrdFEYK1vCoKn6eyLDkdZpFNjOCJu+XvQm4n9eKzHhlZ8xIRNDBZktChOOTIwm36MuU5QYnlqCiWL2VkT6WGFibEYFG4K3+PIyqZ+XvYvy9b1N4wZmyMMxnMAZeHAJFbiDKtSAQATP8ApvjnJenLHzPmvNOfOZQ/gD5+MH8kuUMw==</latexit>

For a loop �, let �� be the monodromy of � around �.

<latexit sha1_base64="XpGRWjraLfiRbRv9FQAMt0GlLis="></latexit>

<latexit sha1_base64="4zH0l1RlyG40Bj2LkrnnRjlTunw="></latexit>

This type of question can be answered with the help of an SL2-local system.

<latexit sha1_base64="XwXvO7W6D/yjptq7iOBKiac8hIs="></latexit>

Let � = {�e}e2E be an SL2-connection on G:

<latexit sha1_base64="SZId8ULUp3q5J0sUtyoA335CczA="></latexit>

composition of �’s around �

<latexit sha1_base64="sXrs5Yvisz4pfS7SjxDVIxqdcSI="></latexit>

We assume � is flat : trivial monodromy around each contractible loop.



For any double-dimer configuration m 2 ⌦2 we define

<latexit sha1_base64="QcbZxdmZiLXS/ePfqWjF0/NXs5k="></latexit>

Tr(m) =
Y

loops � of m

Tr(��)

<latexit sha1_base64="V4PVWH8FvEpQ1ZidHE5qgdkv27g="></latexit>

in SL2, trace does not
depend on orientation.

<latexit sha1_base64="rowNCk4V7NVm0UTNKL6Z4sSk4fo="></latexit>

The trace “detects” the homotopy type of the loops

<latexit sha1_base64="Qoc3+8O4gjjqoR9jCvix4QHij2Q=">AAACHHicbVC7SgNBFJ2NrxhfUUubIUGwCrtRUMEiYGMZIS9IQjI7uZsMmd1ZZu4KIeRDbPwVGwtFbCwE/8bJo9DEAwOHc+7hzj1+LIVB1/12UmvrG5tb6e3Mzu7e/kH28KhmVKI5VLmSSjd8ZkCKCKooUEIj1sBCX0LdH95O/foDaCNUVMFRDO2Q9SMRCM7QSp3seWUAFDXjQLvdHiBwNDmKVhyoUKGKR3QaoyqYiVKp2HSyebfgzkBXibcgebJAuZP9bPUUT0KIkEtmTNNzY2yPmUbBJUwyrcRAzPiQ9aFpacRCMO3x7LgJPbVKjwZK2xchnam/E2MWGjMKfTsZMhyYZW8q/uc1Ewyu2mMRxQlCxOeLgkRSVPOTe0LbNuTIEsa1sH+lfMBsVWj7zNgSvOWTV0mtWPAuCtf3xXzpZlFHmpyQHDkjHrkkJXJHyqRKOHkkz+SVvDlPzovz7nzMR1POInNM/sD5+gEscaFw</latexit>

For a loop �, let �� be the monodromy of � around �.

<latexit sha1_base64="XpGRWjraLfiRbRv9FQAMt0GlLis="></latexit>

 

<latexit sha1_base64="mS7yk0t3jEFTuxIWCcBMSDubLg4=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWgR2k1JRNSNUu3GZYW+oAllMp20Q2eSMDNRSqggLl37B25cKOLWv3Dn3zh9LLT1wIXDOfdy7z1exKhUlvVtpObmFxaX0suZldW19Q1zc6smw1hgUsUhC0XDQ5IwGpCqooqRRiQI4h4jda9XGvr1GyIkDYOK6kfE5agTUJ9ipLTUMncqIudEXdpyOohzlIdnUCsXl/mWmbUK1ghwltgTki3u3bLH0tN9uWV+Oe0Qx5wECjMkZdO2IuUmSCiKGRlknFiSCOEe6pCmpgHiRLrJ6IMBPNBKG/qh0BUoOFJ/TySIS9nnnu7kSHXltDcU//OasfJP3YQGUaxIgMeL/JhBFcJhHLBNBcGK9TVBWFB9K8RdJBBWOrSMDsGefnmW1A4L9nHh6FqncQ7GSINdsA9ywAYnoAiuQBlUAQZ34Bm8gjfjwXgx3o2PcWvKmMxsgz8wPn8ABdeYTQ==</latexit>

Tr(��) = Tr(AB)



Thm[K, 2016] det(K̃(�)) =
P

m2⌦2
Tr(m).

<latexit sha1_base64="G2ApPcO3tR9XN5zdrJE0B1X3AF0="></latexit>

We define a Kasteleyn matrix K(�) on G with an SL2-local system �.

<latexit sha1_base64="chv3Kas+5zpu8dSTi2zhZfoT0ec="></latexit>

0

@
I I 0
A �I B
0 I I

1

A 2 M3(SL2(R))

<latexit sha1_base64="D/jcxCaMBZqqh8n8blQq2TvPAfQ="></latexit>

(remove “inner” parentheses)

<latexit sha1_base64="oPooCa7iLT9C3FNN6TGvWCm5ru0=">AAACBnicdVBNS8NAEN34WetX1KMIS4tQLyWJobW3ghePClaFNrSb7bRdutmE3Y1QQk9e/CtePCji1d/gzX/jRiuo6IOBx3szuzMvTDhT2nHerLn5hcWl5cJKcXVtfWPT3tq+UHEqKbRozGN5FRIFnAloaaY5XCUSSBRyuAzHx7l/eQ1SsVic60kCQUSGgg0YJdpIXXuvIiGKrwH3ekwIkCWcEAlCj0CBOujaZafaOKp5fg07Vcepu56bE6/uH/rYNUqOMprhtGu/dvoxTSPzAuVEqbbrJDrIiNSMcpgWO6mChNAxGULbUEEiUEH2ccYU7xuljwexNCU0/lC/T2QkUmoShaYzInqkfnu5+JfXTvXgKMiYSFINgn5+NEg51jHOM8F9JoFqPjGEUMnMrpiOiCRUm+SKJoSvS/H/5MKrun61ceaVm/4sjgLaRSVUQS6qoyY6QaeohSi6QXfoAT1at9a99WQ9f7bOWbOZHfQD1ss79FKYyg==</latexit>

<latexit sha1_base64="+ggBZO/oTLdtORhXH8Y2t7QVWGQ="></latexit>

For example: det K̃(I) =
P

m2⌦2
2#loops

 

<latexit sha1_base64="HOhjQVEWD34vcDxAA5PVORvDvO0=">AAACBXicbVDLSsNAFJ34rPUVdamLwVZoNyWpoq6k4MZNoYp9QBvCZDJph04mYWYilNKNG3/FjQtF3PoP7vwbJ20W2npg4HDOucy9x4sZlcqyvo2l5ZXVtfXcRn5za3tn19zbb8koEZg0ccQi0fGQJIxy0lRUMdKJBUGhx0jbG16nfvuBCEkjfq9GMXFC1Oc0oBgpLbnmkQ4zNoLFuntaqrvVUi9EauB58K5cLrpmwapYU8BFYmekADI0XPOr50c4CQlXmCEpu7YVK2eMhKKYkUm+l0gSIzxEfdLVlKOQSGc8vWICT7TiwyAS+nEFp+rviTEKpRyFnk6mO8p5LxX/87qJCi6dMeVxogjHs4+ChEEVwbQS6FNBsNIl+BRhQfWuEA+QQFjp4vK6BHv+5EXSqlbs88rZbbVQu8rqyIFDcAxKwAYXoAZuQAM0AQaP4Bm8gjfjyXgx3o2PWXTJyGYOwB8Ynz8C05ZS</latexit>

really M3(M2(R))



Thm[K, 2016] det(K̃(�)) =
P

m2⌦2
Tr(m).

<latexit sha1_base64="G2ApPcO3tR9XN5zdrJE0B1X3AF0="></latexit>

(remove “inner” parentheses)

<latexit sha1_base64="oPooCa7iLT9C3FNN6TGvWCm5ru0=">AAACBnicdVBNS8NAEN34WetX1KMIS4tQLyWJobW3ghePClaFNrSb7bRdutmE3Y1QQk9e/CtePCji1d/gzX/jRiuo6IOBx3szuzMvTDhT2nHerLn5hcWl5cJKcXVtfWPT3tq+UHEqKbRozGN5FRIFnAloaaY5XCUSSBRyuAzHx7l/eQ1SsVic60kCQUSGgg0YJdpIXXuvIiGKrwH3ekwIkCWcEAlCj0CBOujaZafaOKp5fg07Vcepu56bE6/uH/rYNUqOMprhtGu/dvoxTSPzAuVEqbbrJDrIiNSMcpgWO6mChNAxGULbUEEiUEH2ccYU7xuljwexNCU0/lC/T2QkUmoShaYzInqkfnu5+JfXTvXgKMiYSFINgn5+NEg51jHOM8F9JoFqPjGEUMnMrpiOiCRUm+SKJoSvS/H/5MKrun61ceaVm/4sjgLaRSVUQS6qoyY6QaeohSi6QXfoAT1at9a99WQ9f7bOWbOZHfQD1ss79FKYyg==</latexit>

<latexit sha1_base64="iEVcBPZdyYFwJQpNztZQLaeVztg=">AAAB+nicbZBLSwMxFIUzPmt9TXXpJlgEV2WmiIoLKbhxWcU+oB1KJr3ThmYeJHcspfanuHGhiFt/iTv/jWk7C209EPg4516SHD+RQqPjfFsrq2vrG5u5rfz2zu7evl04qOs4VRxqPJaxavpMgxQR1FCghGaigIW+hIY/uJnmjUdQWsTRA44S8ELWi0QgOENjdezCPQyVQKDYF5rqNLzq2EWn5MxEl8HNoEgyVTv2V7sb8zSECLlkWrdcJ0FvzBQKLmGSb6caEsYHrActgxELQXvj2dMn9MQ4XRrEypwI6cz9vTFmodaj0DeTIcO+Xsym5n9ZK8Xg0huLKEkRIj6/KEglxZhOe6BdoYCjHBlg3DQgOOV9phhH01belOAufnkZ6uWSe146uysXK9dZHTlyRI7JKXHJBamQW1IlNcLJkDyTV/JmPVkv1rv1MR9dsbKdQ/JH1ucP5RyTwQ==</latexit>

Rewrite this sum:
<latexit sha1_base64="IMdU0UDyNQpw0ZfIYLdwniP1r2Q="></latexit>

det(K̃(�)) =
X

�2⇤

C�Tr(�)

<latexit sha1_base64="FnppNAfsQ3eHv4QBeC1UU5+rkw4=">AAACKXicbVDLSgMxFM3UV62vqks3wVZwVWaKqCspuHFZwT6gHUomvdOGZpIhyShl6O+48VfcKCjq1h8xnXahrQcCh3PvuTf3BDFn2rjup5NbWV1b38hvFra2d3b3ivsHTS0TRaFBJZeqHRANnAloGGY4tGMFJAo4tILR9bTeugelmRR3ZhyDH5GBYCGjxFipV6w9DEEBLne59fRJGatEaCytBTMtjYzHmHKiNVgxxJpFMQdse5nIBuhKr1hyK24GvEy8OSmhOeq94mu3L2kSgTDZ5I7nxsZPiTKMcpgUuomGmNARGUDHUkEi0H6aXTrBJ1bp41Aq+4TBmfrbkZJI63EU2M6ImKFerE3F/2qdxISXfspEnBgQdLYoTDg2Ek9jw32mgBo+toRQxexfMR0SRaix4RZsCN7iycukWa1455Wz22qpdjWPI4+O0DE6RR66QDV0g+qogSh6RM/oDb07T86L8+F8zVpzztxziP7A+f4B1nmnAw==</latexit>

where � runs over isotopy classes of simple laminations.

<latexit sha1_base64="Hd8JICIvwKH55qBQ/0KBQoSgSgY="></latexit>

Cor: C� is determined by K(�).

collections of disjoint
simple closed curves

<latexit sha1_base64="a1u50amVk386UZIfpXxdZhouLF0="></latexit>

Problem 6. How to extract C� from K(�)?

<latexit sha1_base64="6aBm4Il+Q6xwB624oKwgSgpeX04="></latexit>

Thm[Fock-Goncharov ’13]: Traces of simple laminations form a linear basis for
regular functions on the character variety.

<latexit sha1_base64="RDRSMvD/DU/qkmylq5wWv1japlU="></latexit>



for a certain quadratic form Q.

<latexit sha1_base64="uTPCKzuydtzHV/PbWeqcVPr4vvQ=">AAACCnicbVC7SgNBFJ2Nrxhfq5Y2o4lgFXaDoIJFwMYyAfOAJIS7k0kyZGZ2nZkVQkht46/YWChi6xfY+TfOJlto4oELh3Pug3uCiDNtPO/byaysrq1vZDdzW9s7u3vu/kFdh7EitEZCHqpmAJpyJmnNMMNpM1IURMBpIxjdJH7jgSrNQnlnxhHtCBhI1mcEjJW67nE/VBgwocoAk/g+hp6yFsFWF7hQLRS7bt4rejPgZeKnJI9SVLruV7sXklhQaQgHrVu+F5nOBJRdy+k01441jYCMYEBblkoQVHcms1em+NQqveS4LWnwTP09MQGh9VgEtlOAGepFLxH/81qx6V92JkxGsaGSzA/1Y45NiJNccI8pSgwfWwJEsSQCMgQFxNj0cjYEf/HlZVIvFf3z4lW1lC9fp3Fk0RE6QWfIRxeojG5RBdUQQY/oGb2iN+fJeXHenY95a8ZJZw7RHzifP1YTmWA=</latexit>

In the limit " ! 0,

<latexit sha1_base64="jRLvJNz4ml4Xw/sFMgK8MmcaF+A=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g4lgIWE3CCpYBGy0i2AekIQwO7lJhszOLjN3AyGktfFXbCwUsfUP7PwbJ49CEw8MHM65lzvnBLEUBj3v20mtrK6tb6Q3M1vbO7t77v5BxUSJ5lDmkYx0LWAGpFBQRoESarEGFgYSqkH/ZuJXB6CNiNQDDmNohqyrREdwhlZqufROUewBlSIUSHONAdMQGyEj1cCIermzlpv18t4UdJn4c5Ilc5Ra7lejHfEkBIVcMmPqvhdjc8Q0Ci5hnGkkBmLG+6wLdUsVC8E0R9MkY3pilTbtRNo+hXSq/t4YsdCYYRjYyZBhzyx6E/E/r55g57I5EipOEBSfHeokktqQk1poW2jgKIeWMK6F/SvlPaYZR1texpbgL0ZeJpVC3j/PX90XssXreR1pckSOySnxyQUpkltSImXCySN5Jq/kzXlyXpx352M2mnLmO4fkD5zPH6oHmQg=</latexit>

Example: torus with a fine square grid

<latexit sha1_base64="rQU8BuRF5BXMgzaClnwzCUuOC+Y=">AAACD3icbVDLSgMxFM3UV62vqks3waK4KjNF8IGLggguK9gH1KHcydxpQzMPk4xaSv/Ajb/ixoUibt26829MHwttPRA4nHNvknO8RHClbfvbyszNLywuZZdzK6tr6xv5za2ailPJsMpiEcuGBwoFj7CquRbYSCRC6Amse93zoV+/Q6l4HF3rXoJuCO2IB5yBNlIrv3/xAGEi8JTqWKaK3nPdoUADcx1VtylIpG3J/Va+YBftEegscSakQCaotPJfN37M0hAjzQQo1XTsRLt9kJozgYPcTaowAdaFNjYNjSBE5fZHeQZ0zyg+DWJpTqTpSP290YdQqV7omckQdEdNe0PxP6+Z6uDY7fMoSTVGbPxQkAqTnQ7LoT6XyLToGQJMcvNXyjoggWlTYc6U4ExHniW1UtE5LJ5clQrls0kdWbJDdskBccgRKZNLUiFVwsgjeSav5M16sl6sd+tjPJqxJjvb5A+szx8325wk</latexit>

Pr(m has k curves of homology class (i, j)) / e�Q(ik,jk)

<latexit sha1_base64="sndmmYx+0cHV60Fuw9qFdyBqiqo="></latexit>

and m a random double-dimer cover,

<latexit sha1_base64="opATkSi7hAHS7QseiemLLMpQrPk=">AAACDXicbVDLSgMxFM3UV62vUZdugq3gQstMEVRwUXDjsoJ9QDuUTCbThuYxJBmhDP0BN/6KGxeKuHXvzr8xbWeh1QOBwzn3cHNPmDCqjed9OYWl5ZXVteJ6aWNza3vH3d1raZkqTJpYMqk6IdKEUUGahhpGOokiiIeMtMPR9dRv3xOlqRR3ZpyQgKOBoDHFyFip71aQiGCFVyCCylLJYSRTGz6NKCcKYmnDJ3237FW9GeBf4uekDHI0+u5nL5I45UQYzJDWXd9LTJAhZShmZFLqpZokCI/QgHQtFYgTHWSzaybwyCoRjKWyTxg4U38mMsS1HvPQTnJkhnrRm4r/ed3UxBdBRkWSGiLwfFGcMmgknFYDI6oINmxsCcKK2r9CPEQKYWMLLNkS/MWT/5JWreqfVS9va+X6VV5HERyAQ3AMfHAO6uAGNEATYPAAnsALeHUenWfnzXmfjxacPLMPfsH5+AZj15qF</latexit>

 

The constant of proportionality is a theta function...

<latexit sha1_base64="AodrYjKU0GYexh3wtMAPk4tGJg0="></latexit>

<latexit sha1_base64="dMPry/DqcODOSQfb9G+PCfvqGOI=">AAACBnicbVDJSgNBEO2JW4zbqEcRGoPoxTATxOUiQS8eI2SDyRB7eipJk56F7h4hDDl58Ve8eFDEq9/gzb+xk8xBEx8UPN6roqqeF3MmlWV9G7mFxaXllfxqYW19Y3PL3N5pyCgRFOo04pFoeUQCZyHUFVMcWrEAEngcmt7gZuw3H0BIFoU1NYzBDUgvZF1GidJSx9x3rqNEMc4ZiBMfcI1x1r4HAfjIunQ7ZtEqWRPgeWJnpIgyVDvmV9uPaBJAqCgnUjq2FSs3JUIxymFUaCcSYkIHpAeOpiEJQLrp5I0RPtSKj7uR0BUqPFF/T6QkkHIYeLozIKovZ72x+J/nJKp74aYsjBMFIZ0u6iYcqwiPM8E+E0AVH2pCqGD6Vkz7RBCqdHIFHYI9+/I8aZRL9lnp9K5crFxlceTRHjpAx8hG56iCblEV1RFFj+gZvaI348l4Md6Nj2lrzshmdtEfGJ8/rMWX8w==</latexit>

[Boutillier-de Tilière ’09]



Now, superpose n dimer covers

<latexit sha1_base64="O3o/hTrVTBihk/jHTCSDlVxHIa4=">AAACCHicbVDLSgMxFM3UV62vUZcuDLaCCykzRVDBRcGNK6lgH9AOJZPetqGZZEgySilduvFX3LhQxK2f4M6/MdN2odUDgcM593BzTxhzpo3nfTmZhcWl5ZXsam5tfWNzy93eqWmZKApVKrlUjZBo4ExA1TDDoRErIFHIoR4OLlO/fgdKMyluzTCGICI9wbqMEmOltrt/Le+PsU5iULHUgAuigDssAoWpTHNtN+8VvQnwX+LPSB7NUGm7n62OpEkEwlBOtG76XmyCEVGGUQ7jXCvREBM6ID1oWipIBDoYTQ4Z40OrdHBXKvuEwRP1Z2JEIq2HUWgnI2L6et5Lxf+8ZmK6Z8GIiTgxIOh0UTfh2EictmJPVkANH1pCqGL2r5j2iSLU2A5ytgR//uS/pFYq+ifF85tSvnwxqyOL9tABOkI+OkVldIUqqIooekBP6AW9Oo/Os/PmvE9HM84ss4t+wfn4BoGEmQQ=</latexit>

<latexit sha1_base64="YHrVdqE1smQZhbqg4ob9tFNpySc=">AAACDHicbVDLSgMxFM34tr6qLgUJtoIby4yIulEEN+5UsCp0Ssmkt20wyQzJHbUM/QA37vUn3LhQxK0f4M6/MW1daPVA4HDOudzcEyVSWPT9T29oeGR0bHxiMjc1PTM7l59fOLNxajiUeSxjcxExC1JoKKNACReJAaYiCefR5UHXP78CY0WsT7GdQFWxphYNwRk6qZYvhEcKmqym6S4NsxDhBrOiLq6rVKK4hsh2wo5L+SW/B/qXBN+ksL9838XDcS3/EdZjnirQyCWzthL4CVYzZlBwCZ1cmFpIGL9kTag4qpkCW816x3ToqlPqtBEb9zTSnvpzImPK2raKXFIxbNlBryv+51VSbOxUM6GTFEHz/qJGKinGtNsMrQsDHGXbEcaNcH+lvMUM4+j6y7kSgsGT/5KzjVKwVdo8cW3skT4myBJZIWskINtknxySY1ImnNySR/JMXrw778l79d760SHve2aR/IL3/gWT7p8W</latexit>

⌦n = {n-multiwebs}

(and forget the colors, but remember multiplicities)

<latexit sha1_base64="RHXMz0EO5juZbK/vX723IWXFXAU=">AAACHXicbVDLSgMxFM34rPVVdekmWIQKUmZKQd1IwY3LCvYBbSmZ9LYNTTJDckcopT/ixl9x40IRF27EvzF9LLT1QOBw7iPnnjCWwqLvf3srq2vrG5uprfT2zu7efubgsGqjxHCo8EhGph4yC1JoqKBACfXYAFOhhFo4uJnUaw9grIj0PQ5jaCnW06IrOEMntTPFHNMd2o1MD5BiH+h0pT2nYYLUgAIVgqEqkSicHS5QgD1rZ7J+3p+CLpNgTrJkjnI789nsRDxRoJFLZm0j8GNsjZhBwSWM083EQsz4gPWg4ahmCmxrNLUypqdOmVp0T+PM4O+JEVPWDlXoOhXDvl2sTcT/ao0Eu5etkdBxgqD57KNuIilGdBIV7QgDHOXQEcaNO51T3meGcXSBpl0IweLJy6RayAfF/NVdIVu6nseRIsfkhORIQC5IidySMqkQTh7JM3klb96T9+K9ex+z1hVvPnNE/sD7+gFAeqIO</latexit>

n-dimer model

<latexit sha1_base64="QF788oErGl5OXyRUDrCjxRSyQC0=">AAACAnicbVC7SgNBFJ2Nrxhfq1ZiM5gINobdIKhgEbCxjGAekIQwO3uTDJnHMjMrhBBs/BUbC0Vs/Qo7/8bJo9DogYHDOffeufdECWfGBsGXl1laXlldy67nNja3tnf83b2aUammUKWKK92IiAHOJFQtsxwaiQYiIg71aHA98ev3oA1T8s4OE2gL0pOsyyixTur4By2pmIxBWlyQhdOYCdBYqBh4x88HxWAK/JeEc5JHc1Q6/mcrVjQVbhblxJhmGCS2PSLaMsphnGulBhJCB6QHTUclEWDao+kJY3zslBh3lXbP7TJVf3aMiDBmKCJXKYjtm0VvIv7nNVPbvWiPmExSC5LOPuqmHFuFJ3ngmGmglg8dIVQztyumfaIJtS61nAshXDz5L6mViuFZ8fK2lC9fzePIokN0hE5QiM5RGd2gCqoiih7QE3pBr96j9+y9ee+z0ow379lHv+B9fAMz7Jap</latexit>

We get an “n-multiweb” or “n-fold dimer cover”

<latexit sha1_base64="usjwo3KNF3sDLSZ3qU6YrrL3suk=">AAACJ3icbVDJSgNBFOxxN26jHr00iYIXw0wQVBARvHiMYBZIQuzpeRMbexm6e5QQ8jde/BUvgoro0T+xk8zBrU5FvbUqSjkzNgg+vKnpmdm5+YXFwtLyyuqav75RNyrTFGpUcaWbETHAmYSaZZZDM9VARMShEd2cjeqNW9CGKXlp+yl0BOlJljBKrJO6/klbKiZjkBY3APfAYiLx1dW23N4TGbfsDqIiVjqXEsVjHDMBGlPl1ha7fikoB2PgvyTMSQnlqHb953asaCbcQcqJMa0wSG1nQLRllMOw0M4MpITekB60HJVEgOkMxj6HeMcpMU7cO4lyD4/V7xMDIozpi8h1CmKvze/aSPyv1spsctgZMJlmFiSdHEoyjq3Co9CcZQ3U8r4jhGrmfsX0mmhCrYu24EIIf1v+S+qVcrhfPrqolE6P8zgW0BYqol0UogN0is5RFdUQRffoEb2gV+/Be/LevPdJ65SXz2yiH/A+vwAyj6RK</latexit>



Thm:[Douglas,K,Shi]

<latexit sha1_base64="ORgWEYeXPAk/fIC72tmgvSg7ZWA=">AAACA3icbVDLSgMxFM34rPU16k43wSK4KGWmCD5wUdCF4KZiXzAdSibNtKHJZEgyQhkKbvwVNy4UcetPuPNvTNtZaOuBC4dz7k3uPUHMqNKO820tLC4tr6zm1vLrG5tb2/bObkOJRGJSx4IJ2QqQIoxGpK6pZqQVS4J4wEgzGFyN/eYDkYqKqKaHMfE56kU0pBhpI3Xs/bQdhLDW5xcj71okPYZU8bZ436c+7NgFp+RMAOeJm5ECyFDt2F/trsAJJ5HG5h3luU6s/RRJTTEjo3w7USRGeIB6xDM0QpwoP53cMIJHRunCUEhTkYYT9fdEirhSQx6YTo50X816Y/E/z0t0eOanNIoTTSI8/ShMGNQCjgOBXSoJ1mxoCMKSml0h7iOJsDax5U0I7uzJ86RRLrknpfO7cqFymcWRAwfgEBwDF5yCCrgBVVAHGDyCZ/AK3qwn68V6tz6mrQtWNrMH/sD6/AF1+5bA</latexit>

det(K̃(�)) =
X

m2⌦n(G)

Tr(m).

<latexit sha1_base64="+jWsNVwIps8shOjEzsQCTlVOjZ0="></latexit>

For a planar graph G,

<latexit sha1_base64="d1hZKH9OSIckVKUQI4e6JVcoUq0=">AAACAHicbVC7SgNBFJ2NrxhfqxYWNoOJYCFhNwgqWAQEtYxgHpAs4e5kNhkyO7vMzAphSeOv2FgoYutn2Pk3TpItNPFUh3Pu5Z57/JgzpR3n28otLa+sruXXCxubW9s79u5eQ0WJJLROIh7Jlg+KciZoXTPNaSuWFEKf06Y/vJ74zUcqFYvEgx7F1AuhL1jACGgjde2Dm0hiwDEHARL3JcQDXLotnXbtolN2psCLxM1IEWWode2vTi8iSUiFJhyUartOrL0UpGaE03GhkygaAxlCn7YNFRBS5aXTB8b42Cg9HJgoQSQ0nqq/N1IIlRqFvpkMQQ/UvDcR//PaiQ4uvJSJONFUkNmhIOFYR3jSBu4xSYnmI0OASGayYjIACUSbzgqmBHf+5UXSqJTds/LlfaVYvcrqyKNDdIROkIvOURXdoRqqI4LG6Bm9ojfryXqx3q2P2WjOynb20R9Ynz9I6pTo</latexit>

±

<latexit sha1_base64="e79T6U4ptgJyVf1QYmWxUhiTsvI=">AAAB6nicbVC7SgNBFL2b+IjxFbW0GQyCVdgVIQoWAREsI5oHJEuYncwmQ2Zml5lZISz5BBsLRWz9EFtbC8EPsXfyKDTxwIXDOfdy7z1BzJk2rvvlZLJLyyurubX8+sbm1nZhZ7euo0QRWiMRj1QzwJpyJmnNMMNpM1YUi4DTRjC4GPuNO6o0i+StGcbUF7gnWcgINla6aceiUyi6JXcCtEi8GSlWsu/1t8/vy2qn8NHuRiQRVBrCsdYtz42Nn2JlGOF0lG8nmsaYDHCPtiyVWFDtp5NTR+jQKl0URsqWNGii/p5IsdB6KALbKbDp63lvLP7ntRITnvopk3FiqCTTRWHCkYnQ+G/UZYoSw4eWYKKYvRWRPlaYGJtO3obgzb+8SOrHJe+kdHZt0ziHKXKwDwdwBB6UoQJXUIUaEOjBPTzCk8OdB+fZeZm2ZpzZzB78gfP6A/l8kgU=</latexit>



Vi
⇠= R3

<latexit sha1_base64="icBL8XD2VNu4JDkBs83eXxHCYAg=">AAAB/nicbVDLSgMxFM34rPU1VVxIN8EiuCozKqjgouDGZSv2AZ1xyKRpG5pJhiQjlKHgr7hxoYhbv8KFO/0aM20X2nogcDjnXu7JCWNGlXacL2thcWl5ZTW3ll/f2Nzatgs7DSUSiUkdCyZkK0SKMMpJXVPNSCuWBEUhI81wcJX5zXsiFRX8Vg9j4keox2mXYqSNFNh7jYB6WPBe6kVI98MQ3tydjAK75JSdMeA8caekVCl4xe/a/kc1sD+9jsBJRLjGDCnVdp1Y+ymSmmJGRnkvUSRGeIB6pG0oRxFRfjqOP4KHRunArpDmcQ3H6u+NFEVKDaPQTGYZ1ayXif957UR3z/2U8jjRhOPJoW7CoBYw6wJ2qCRYs6EhCEtqskLcRxJhbRrLmxLc2S/Pk8Zx2T0tX9RMG5dgghwoggNwBFxwBirgGlRBHWCQgkfwDF6sB+vJerXeJqML1nRnF/yB9f4DrE2YPw==</latexit>

 

vw 2 V1 ⌦ V2 ⌦ V3

<latexit sha1_base64="0VeHleH33tVYPk9CYqmDVznzYAs=">AAACCnicbZBLSwMxFIUz9VXra6or6SZaBFdlpgoquCi4cdmCfUBnGDJppg3NZIYkUylD1278K25cKOLWtQt3+mtMH6C2Hgh8nHsvN/f4MaNSWdankVlaXlldy67nNja3tnfM/G5DRonApI4jFomWjyRhlJO6ooqRViwICn1Gmn7/alxvDoiQNOI3ahgTN0RdTgOKkdKWZx4MvFvoUA4bnu1EioZEaiz/4IlnFq2SNRFcBHsGxUreKXzV9t+rnvnhdCKchIQrzJCUbduKlZsioShmZJRzEklihPuoS9oaOdKL3HRyyggeaacDg0joxxWcuL8nUhRKOQx93Rki1ZPztbH5X62dqODcTSmPE0U4ni4KEgZVBMe5wA4VBCs21ICwoPqvEPeQQFjp9HI6BHv+5EVolEv2aemiptO4BFNlQQEcgmNggzNQAdegCuoAgzvwAJ7As3FvPBovxuu0NWPMZvbAHxlv319JnF8=</latexit>

vw =
X

�2S3

(�1)�e1�(1) ⌦ e2�(2) ⌦ e3�(3)

<latexit sha1_base64="bgnqVJ9jdCxzCzmRn2OWuSDZ32I="></latexit>

“codeterminant”

<latexit sha1_base64="QZMfCwtschs/4Mm8DCvEgd5/P9s=">AAAB+XicbVBNSwMxEM36WevXqkcvoUXwVHaLoIKHghePFewHtEubzU7b0GyyJNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3Y2Nre2d3YLe8X9g8OjY/fktKllqig0qORStUOigTMBDcMMh3aigMQhh1Y4vp/7rQkozaR4MtMEgpgMBRswSoyVeq7b71MZgQEVM0GEKfXcslfxFsDrxM9JGeWo99yvbiRpGoMwlBOtO76XmCAjyjDKYVbsphoSQsdkCB1LBYlBB9ni8hm+sEqEB1LZEgYv1N8TGYm1nsah7YyJGelVby7+53VSM7gJMiaS1ICgy0WDlGMj8TwGHDEF1PCpJYQqZm/FdEQUoTYJXbQh+Ksvr5NmteJfVW4fq+XaXR5HAZ2jErpEPrpGNfSA6qiBKJqgZ/SK3pzMeXHenY9l64aTz5yhP3A+fwCUtpOe</latexit>

Tr(m) =

*
O

w2W

vw
���
O

e=wb

�wb

���
O

b2B

vb

+

<latexit sha1_base64="FOGppRD6/AIwxGz0joTJnRAE48k="></latexit>

with basis e1, e2, e3

<latexit sha1_base64="uCqqTGyqYx8WC7oNu/apvc6hobI=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AruJAyUwUVXBTcuKxgH9AOQya904ZmMkOSUcpQN/6KGxeKuPUv3Pk3po+FVg9cOJxz703uCRLOlHacLyu3sLi0vJJfLaytb2xu2ds7DRWnkkKdxjyWrYAo4ExAXTPNoZVIIFHAoRkMrsZ+8w6kYrG41cMEvIj0BAsZJdpIvr13z3Qfmw1M4RL47jH4FVMnJd8uOmVnAvyXuDNSRDPUfPuz041pGoHQlBOl2q6TaC8jUjPKYVTopAoSQgekB21DBYlAednkghE+NEoXh7E0JTSeqD8nMhIpNYwC0xkR3Vfz3lj8z2unOjz3MiaSVIOg04fClGMd43EcuMskUM2HhhAqmfkrpn0iCdUmtIIJwZ0/+S9pVMruafniplKsXs7iyKN9dICOkIvOUBVdoxqqI4oe0BN6Qa/Wo/VsvVnv09acNZvZRb9gfXwD1ByVLw==</latexit>

<latexit sha1_base64="f1AS9cua9hjxAFnWBjGQ+7bJUn8=">AAACEHicbVDLSgMxFM3UV62vqhtBkGARpYsyU0VdSUEXLivYB/QxZNK0jc1khuROoZR+ghv9FDcuKuLWpTv/xvSxqNUDgXPPuZebe7xQcA22/W3FFhaXllfiq4m19Y3NreT2TlEHkaKsQAMRqLJHNBNcsgJwEKwcKkZ8T7CS17ke+aUuU5oH8h56Iav5pCV5k1MCRnKTx13Xw1UucdF16ulqANxn2hTZ2eK0nnaTKTtjj4H/EmdKUrmDm71nGD7k3eRXtRHQyGcSqCBaVxw7hFqfKOBUsEGiGmkWEtohLVYxVBKzqtYfHzTAR0Zp4GagzJOAx+rsRJ/4Wvd8z3T6BNp63huJ/3mVCJqXtT6XYQRM0smiZiQwBHiUDm5wxSiIniGEKm7+immbKELBZJgwITjzJ/8lxWzGOc+c3Zk0rtAEcbSPDtEJctAFyqFblEcFRNEjekFD9GY9Wa/Wu/UxaY1Z05ld9AvW5w/a/54q</latexit>

vb 2 V ⇤
1 ⌦ V ⇤

2 ⌦ V ⇤
3

<latexit sha1_base64="PRO/vdQJITa6Ue/Xs9JsxX/OKkg="></latexit>

vb =
X

�2S3

(�1)�f1
�(1) ⌦ f2

�(2) ⌦ f3
�(3)

<latexit sha1_base64="6jFL1bldDzq6Uc4AaRXCFvwxfmQ=">AAAB/3icbVDLSgNBEJyNrxhfq4IXL4OJEC9hN4p6UQJePEbIC5IlzE56kyGzs8vMrBJiDv6KFw+KePU3vPk3Th4HTSxoKKq66e7yY86UdpxvK7W0vLK6ll7PbGxube/Yu3s1FSWSQpVGPJINnyjgTEBVM82hEUsgoc+h7vdvxn79HqRikajoQQxeSLqCBYwSbaS2fVCRhAKOAkzwA/g4nxNXp7mTtp11Cs4EeJG4M5JFM5Tb9lerE9EkBKEpJ0o1XSfW3pBIzSiHUaaVKIgJ7ZMuNA0VJATlDSf3j/CxUTo4iKQpofFE/T0xJKFSg9A3nSHRPTXvjcX/vGaig0tvyEScaBB0uihIONYRHoeBO0wC1XxgCKGSmVsx7RGTiDaRZUwI7vzLi6RWLLjnhbO7YrZ0PYsjjQ7REcojF12gErpFZVRFFD2iZ/SK3qwn68V6tz6mrSlrNrOP/sD6/AGej5Pk</latexit>

Trace of a web (n = 3)

<latexit sha1_base64="LmK6xf848muQD/gt88DSD7DvOyA="></latexit>

invariant under
SLn-base change



 

Tr(m) = Tr(AB�1)Tr(CB�1)� Tr(AB�1CB�1)

<latexit sha1_base64="Va1E1/7aFENND2F/kZlYJrd4ThE=">AAACHHicbZDLSgMxFIYzXmu9jbrURbAI7aJlRgUVFKrduKzQG7RjyaRpG5rMDElGKEOfoWs3voogLhRx40LwQdybXoTaeiDk4//PITm/GzAqlWV9GXPzC4tLy7GV+Ora+samubVdkn4oMClin/mi4iJJGPVIUVHFSCUQBHGXkbLbyQ388h0RkvpeQXUD4nDU8miTYqS0VDePCiLJU/AC6vvy6jZK272UxtwYYXrC+BXrZsLKWMOCs2CPIZHd69eS30/9fN38qDV8HHLiKcyQlFXbCpQTIaEoZqQXr4WSBAh3UItUNXqIE+lEw+V68EArDdj0hT6egkN1ciJCXMoud3UnR6otp72B+J9XDVXz1ImoF4SKeHj0UDNkUPlwkBRsUEGwYl0NCAuq/wpxGwmElc4zrkOwp1eehdJhxj7OnN3oNM7BqGJgF+yDJLDBCciCa5AHRYDBPXgEL+DVeDCejTfjfdQ6Z4xndsCfMj5/AGXFoPM=</latexit>

= [xyz] det(xA+ yB + zC)

<latexit sha1_base64="dUdknrMvgM4d/evUUzgFhYu736w=">AAAB/XicbVDLSsNAFJ34rPUVHztdBItQKZREBBUUqt24rGAfkIQymUzaoZMHMxNpGoqf0F9w40IRt+79BHd+iHunj4W2HrhwOOde7r3HiSjhQte/lLn5hcWl5cxKdnVtfWNT3dqu8TBmCFdRSEPWcCDHlAS4KoiguBExDH2H4rrTKQ/9+j1mnITBnUgibPuwFRCPICik1FR3L81u0rMtF4t896qQXBd65aOmmtOL+gjaLDEmJFfaH1j5749Bpal+Wm6IYh8HAlHIuWnokbBTyARBFPezVsxxBFEHtrApaQB9zO10dH1fO5SKq3khkxUIbaT+nkihz3niO7LTh6LNp72h+J9nxsI7s1MSRLHAARov8mKqiVAbRqG5hGEkaCIJRIzIWzXUhgwiIQPLyhCM6ZdnSe24aJwUz29lGhdgjAzYAwcgDwxwCkrgBlRAFSDQA4/gGbwoD8qT8qq8jVvnlMnMDvgD5f0H/WmX+w==</latexit>

vw = e1r ⌦ e2g ⌦ e3b � e1r ⌦ e2b ⌦ e3g + · · ·� e1b ⌦ e2g ⌦ e3r

<latexit sha1_base64="CDazjoBOdCr2MZ28Or9XCk89XIg="></latexit>

vb = f1
r ⌦ f2

g ⌦ f3
b � f1

r ⌦ f2
b ⌦ f3

g + · · ·� f1
b ⌦ f2

g ⌦ f3
r

<latexit sha1_base64="xoE0Wg+7IvKTata0ye2Ed1OWpkg="></latexit>

V basis er, eg, eb

<latexit sha1_base64="O/Ne5yze5wvDFy1k5lS9EQ4Ylig=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgYbwYWUpAgquCi4cVnBPqANYTK9bYdOJmFmIpTQjb/ixoUibv0Md/6N0zYLbT1w4XDOvXfmnjDhTGnX/bYKK6tr6xvFzdLW9s7unr1/0FRxKik0aMxj2Q6JAs4ENDTTHNqJBBKFHFrh6Hbqtx5BKhaLBz1OwI/IQLA+o0QbKbCPnKaDzQKmsAOBPIdgYCp0ArvsVtwZ8DLxclJGOeqB/dXtxTSNQGjKiVIdz020nxGpGeUwKXVTBQmhIzKAjqGCRKD8bHbABJ8apYf7sTQlNJ6pvycyEik1jkLTGRE9VIveVPzP66S6f+VnTCSpBkHnD/VTjnWMp2ngHpNANR8bQqhk5q+YDokkVJvMSiYEb/HkZdKsVryLyvV9tVy7yeMoomN0gs6Qhy5RDd2hOmogiiboGb2iN+vJerHerY95a8HKZw7RH1ifP+KWlKw=</latexit>

<latexit sha1_base64="icU/Wxw6ZBOuKuensSzyVSEq6xU=">AAAB+3icdVC7SgNBFJ2NrxhfMRYWNoNBsAo7IeTRRdNoF8E8IC7r7GSyGTL7YGZWDMv+io2FIrbif9j5A5Z+g7OJgooeuHA4517uvccJOZPKNF+NzMLi0vJKdjW3tr6xuZXfLnRlEAlCOyTggeg7WFLOfNpRTHHaDwXFnsNpz5m0Ur93RYVkgX+upiG1POz6bMQIVlqy84UjOxYiObZj101aduw4iZ0vmiXTNBFCMCWoVjU1aTTqZVSHKLU0is3d07f358xl286/XAwDEnnUV4RjKQfIDJUVY6EY4TTJXUSShphMsEsHmvrYo9KKZ7cn8EArQzgKhC5fwZn6fSLGnpRTz9GdHlZj+dtLxb+8QaRGdStmfhgp6pP5olHEoQpgGgQcMkGJ4lNNMBFM3wrJGAtMlI4rp0P4+hT+T7rlEqqWKmc6jQqYIwv2wD44BAjUQBOcgDboAAKuwQ24A/dGYtwaD8bjvDVjfM7sgB8wnj4AaZiYWg==</latexit>

ArrBggCbb

Tr(m) = ArrBggCbb + · · ·+AbbBggCrr

<latexit sha1_base64="Hur8oG39/XIk9CLFuptRiypLSsM="></latexit>

<latexit sha1_base64="q6Fdb0Wgp0SDrK31JfqDVrQJ24c=">AAAB+HicbVBNS8NAEN34WetHox69LLaCF0tSRT1JwYvHCvYD2lA220m7dLMJuxu1hv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzz485U9pxvq2l5ZXVtfXcRn5za3unYO/uNVSUSAp1GvFItnyigDMBdc00h1YsgYQ+h6Y/vJ74zXuQikXiTo9i8ELSFyxglGgjde1C6bR08gA+hkcSxhy6dtEpO1PgReJmpIgy1Lr2V6cX0SQEoSknSrVdJ9ZeSqRmlMM430kUxIQOSR/ahgoSgvLS6eFjfGSUHg4iaUpoPFV/T6QkVGoU+qYzJHqg5r2J+J/XTnRw6aVMxIkGQWeLgoRjHeFJCrjHJFDNR4YQKpm5FdMBkYRqk1XehODOv7xIGpWye14+u60Uq1dZHDl0gA7RMXLRBaqiG1RDdURRgp7RK3qznqwX6936mLUuWdnMPvoD6/MHStKSNg==</latexit>

3-web example



<latexit sha1_base64="sgdmp8RkIKEBV3jwUzxK0RKeNGs=">AAACCHicbZBLS8NAFIUn9VXrK+rShUOL4KokRdSVFNy4rGAfUEM7md60QyeTMDMRSujSjX/FjQtF3PoT3PlvnKRdaOuBgcM59zLcz485U9pxvq3Cyura+kZxs7S1vbO7Z+8ftFSUSApNGvFIdnyigDMBTc00h04sgYQ+h7Y/vs769gNIxSJxpycxeCEZChYwSrSJevZxv58PMTEs4wEETLCswFGAtSQUenbFqTq58LJx56aC5mr07K/7QUSTEISmnCjVdZ1YeymRmlEO09J9oiAmdEyG0DVWkBCUl+aHTPGJSQY4iKR5QuM8/b2RklCpSeibyZDokVrssvC/rpvo4NJLmYgTDYLOPgoSjnWEMyp4wCRQzSfGECoNAorpiBgA2rArGQju4snLplWruufVs9tapX41x1FER6iMTpGLLlAd3aAGaiKKHtEzekVv1pP1Yr1bH7PRgjXfOUR/ZH3+AC/hmXA=</latexit>

“Coloring” definition of trace

<latexit sha1_base64="j2jnZtK+zYymOLAzjb2c8vukagk="></latexit>

• An edge of multiplicity k gets two sets Se, Te of k colors.

• Sets at a vertex partition [n].

<latexit sha1_base64="lRzlKu6ykE3bLBxBGdiNtbBZKoc=">AAAB7nicbVBNSwMxEJ31s9avqkdBgkXwIGVXRT1JwYvHCvYDukvJptk2NJsNSVYoS3+EF8GKePX3ePPfmG170NYHA4/3ZpiZF0rOtHHdb2dpeWV1bb2wUdzc2t7ZLe3tN3SSKkLrJOGJaoVYU84ErRtmOG1JRXEcctoMB3e533yiSrNEPJqhpEGMe4JFjGBjpaafeWcX/qhTKrsVdwK0SLwZKVePXnOMa53Sl99NSBpTYQjHWrc9V5ogw8owwumo6KeaSkwGuEfblgocUx1kk3NH6MQqXRQlypYwaKL+nshwrPUwDm1njE1fz3u5+J/XTk10E2RMyNRQQaaLopQjk6D8d9RlihLDh5Zgopi9FZE+VpgYm1DRhuDNv7xIGucV76py+WDTuIUpCnAIx3AKHlxDFe6hBnUgMIBnGMObI50X5935mLYuObOZA/gD5/MHzy2S9g==</latexit>

{1, 3}

<latexit sha1_base64="ncEWYJoGd2MWEMOSpXxb7Wnp38Q=">AAAB7nicbVBNS8NAEJ3Ur1q/qh4FWSyCBylJKepJCl48VrAf0ISy2W7apZtN2N0IJfRHeBGsiFd/jzf/jZu0B219MPB4b4aZeX7MmdK2/W0V1tY3NreK26Wd3b39g/LhUVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/vgu8ztPVCoWiUc9iakX4qFgASNYG6njprXLujvtlyt21c6BVomzIJXG6WuGWbNf/nIHEUlCKjThWKmeY8faS7HUjHA6LbmJojEmYzykPUMFDqny0vzcKTo3ygAFkTQlNMrV3xMpDpWahL7pDLEeqWUvE//zeokObryUiTjRVJD5oiDhSEco+x0NmKRE84khmEhmbkVkhCUm2iRUMiE4yy+vknat6lxV6w8mjVuYowgncAYX4MA1NOAemtACAmN4hhm8WbH1Yr1bH/PWgrWYOYY/sD5/ANI7kvg=</latexit>{2, 4}

<latexit sha1_base64="TSDHuEzbJy7wnUoakRCerV9fMO0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh4FWSyCp5KIXycpePFYwbSFJpTNdtMu3WzC7kYoob/BiwerePUHefPfuEl70NYHA4/3ZpiZFyScKW3b31ZpZXVtfaO8Wdna3tndq+4ftFScSkJdEvNYdgKsKGeCupppTjuJpDgKOG0Ho7vcbz9RqVgsHvU4oX6EB4KFjGBtJNfLLr1Jr1qz63YBtEycOak1jqc53pq96pfXj0kaUaEJx0p1HTvRfoalZoTTScVLFU0wGeEB7RoqcESVnxXHTtCpUfoojKUpoVGh/p7IcKTUOApMZ4T1UC16ufif1011eONnTCSppoLMFoUpRzpG+eeozyQlmo8NwUQycysiQywx0SafignBWXx5mbTO685V/eLBpHELM5ThCE7gDBy4hgbcQxNcIMDgGV5hagnrxXq3PmatJWs+cwh/YH3+APhmkoc=</latexit> {5}

<latexit sha1_base64="iv2pXmUxuvmU8ZNAvw8J61sOVqU=">AAAB7nicbVDLSsNAFL2pr1pfVZeCDBbBhZSk+FpJwY3LCvYBTSiT6aQdOpmEmYlQQj/CjWBF3Po97vwbJ2kX2nrgwuGce7n3Hj/mTGnb/rYKK6tr6xvFzdLW9s7uXnn/oKWiRBLaJBGPZMfHinImaFMzzWknlhSHPqdtf3SX+e0nKhWLxKMex9QL8UCwgBGsjdR209r5pTvplSt21c6BlokzJ5X68WuGaaNX/nL7EUlCKjThWKmuY8faS7HUjHA6KbmJojEmIzygXUMFDqny0vzcCTo1Sh8FkTQlNMrV3xMpDpUah77pDLEeqkUvE//zuokObryUiTjRVJDZoiDhSEco+x31maRE87EhmEhmbkVkiCUm2iRUMiE4iy8vk1at6lxVLx5MGrcwQxGO4ATOwIFrqMM9NKAJBEbwDFN4s2LrxXq3PmatBWs+cwh/YH3+ANPBkvk=</latexit>

{2, 5}
<latexit sha1_base64="hHut7mhBHDdZuzhc8IzFzEVBJwc=">AAAB8HicbVBNS8NAEJ3Ur1q/qh4FWSyCh1ISLepJCl48VrAf0oSy2W7apbtJ2N0IJfRXeFFRxKs/x5v/xk3bg7Y+GHi8N8PMPD/mTGnb/rZyS8srq2v59cLG5tb2TnF3r6miRBLaIBGPZNvHinIW0oZmmtN2LCkWPqctf3id+a0HKhWLwjs9iqkncD9kASNYG+neTZ3yWbnqjrvFkl2xJ0CLxJmRUu3wOcNLvVv8cnsRSQQNNeFYqY5jx9pLsdSMcDouuImiMSZD3KcdQ0MsqPLSycFjdGyUHgoiaSrUaKL+nkixUGokfNMpsB6oeS8T//M6iQ4uvZSFcaJpSKaLgoQjHaHse9RjkhLNR4ZgIpm5FZEBlphok1HBhODMv7xImqcV57xSvTVpXMEUeTiAIzgBBy6gBjdQhwYQEPAIr/BmSevJerc+pq05azazD39gff4ArliTag==</latexit> {1,

3,
4}

<latexit sha1_base64="5sh6oVuutfQtplJ3a45tqI5Z7RU=">AAAB63icbVDLSsNAFL2pr1pf9bFzM1gEVyWRUl0W3LisYB/QhDKZTtqhM5MwMxFK6C+4caGIW3/InX/jJO1CWw9cOJxzL/feEyacaeO6305pY3Nre6e8W9nbPzg8qh6fdHWcKkI7JOax6odYU84k7RhmOO0nimIRctoLp3e533uiSrNYPppZQgOBx5JFjGCTS37mz4fVmlt3C6B14i1JrXUWFWgPq1/+KCapoNIQjrUeeG5iggwrwwin84qfappgMsVjOrBUYkF1kBW3ztGlVUYoipUtaVCh/p7IsNB6JkLbKbCZ6FUvF//zBqmJboOMySQ1VJLFoijlyMQofxyNmKLE8JklmChmb0VkghUmxsZTsSF4qy+vk+513WvWGw82jQYsUIZzuIAr8OAGWnAPbegAgQk8wyu8OcJ5cd6dj0VryVnOnMIfOJ8/1U2RAQ==</latexit>{}

<latexit sha1_base64="HFhl+sIyzOjVuOAgbqFv6I1E4SE="></latexit>

Assign to an edge wb with colors Se, Te the minor (�w)
Te
Se
.

<latexit sha1_base64="059WHUOiisKIExVl/EwYYgV6Pfg="></latexit>

Tr(m) =
X

colorings c

(�1)c
Y

e

(�e)
Te
Se

<latexit sha1_base64="bGbvQonegnxBKH+CgHzwwaGflWI="></latexit>

where (�1)c is the product of signatures at each vertex, depending on ordering
of colors.

<latexit sha1_base64="Ki3ox6y9u81t6ASwdspHwxRJRPc=">AAAB/nicbVDLSgMxFL1TX7W+quLKTbAIrspMERUXUnDjsoJ9QGcomTTThmaSIckIZSj4K25cKOLW73Dn35i2s9DWA4HDOfcmJydMONPGdb+dwsrq2vpGcbO0tb2zu1feP2hpmSpCm0RyqToh1pQzQZuGGU47iaI4Djlth6Pbqd9+pEozKR7MOKFBjAeCRYxgY6Ve+cgXkok+FQZlfhihhpLJ9aRXrrhVdwa0TLycVCBHo1f+8vuSpLG9h3CsdddzExNkWBlGOJ2U/FTTBJMRHtCupQLHVAfZLP4EnVqljyKp7LE5ZurvjQzHWo/j0E7G2Az1ojcV//O6qYmugoyJJDVUkPlDUcqRkWjaBeozRYnhY0swUcxmRWSIFSbGNlayJXiLX14mrVrVu6ie39cq9Zu8jiIcwwmcgQeXUIc7aEATCGTwDK/w5jw5L8678zEfLTj5ziH8gfP5A+oDlXI=</latexit>

Prop:

<latexit sha1_base64="WABSTt+SIVEJGrpiswrVEgtTNT8="></latexit>

(�wb)
25
13

<latexit sha1_base64="bSdjbqYCE2eFGQbtGlVyK1Db2Yg="></latexit>

Assign colors in [n] to the half-edges at each vertex such that:

<latexit sha1_base64="HUUHtWq40xDm0M4YO7bSJnCc7r8=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCoz3jdqwY3LivYC7VAyaaYNzSRDkhHK0Edw40IRt76Jb+DOtzGddqGtPwQ+/v8ccs4JYs60cd1vJ7ewuLS8kl8trK1vbG4Vt3fqWiaK0BqRXKpmgDXlTNCaYYbTZqwojgJOG8HgZpw3HqnSTIoHM4ypH+GeYCEj2FjrXlyedoolt+xmQvPgTaF0/XmcqdopfrW7kiQRFYZwrHXLc2Pjp1gZRjgdFdqJpjEmA9yjLYsCR1T7aTbqCB1Yp4tCqewTBmXu744UR1oPo8BWRtj09Ww2Nv/LWokJL/yUiTgxVJDJR2HCkZFovDfqMkWJ4UMLmChmZ0WkjxUmxl6nYI/gza48D/WjsndWPrlzS5UrmCgPe7APh+DBOVTgFqpQAwI9eIIXeHW48+y8Oe+T0pwz7dmFP3I+fgDH/o+t</latexit>

n = 5



Thm:[Douglas,K,Shi]

<latexit sha1_base64="ORgWEYeXPAk/fIC72tmgvSg7ZWA=">AAACA3icbVDLSgMxFM34rPU16k43wSK4KGWmCD5wUdCF4KZiXzAdSibNtKHJZEgyQhkKbvwVNy4UcetPuPNvTNtZaOuBC4dz7k3uPUHMqNKO820tLC4tr6zm1vLrG5tb2/bObkOJRGJSx4IJ2QqQIoxGpK6pZqQVS4J4wEgzGFyN/eYDkYqKqKaHMfE56kU0pBhpI3Xs/bQdhLDW5xcj71okPYZU8bZ436c+7NgFp+RMAOeJm5ECyFDt2F/trsAJJ5HG5h3luU6s/RRJTTEjo3w7USRGeIB6xDM0QpwoP53cMIJHRunCUEhTkYYT9fdEirhSQx6YTo50X816Y/E/z0t0eOanNIoTTSI8/ShMGNQCjgOBXSoJ1mxoCMKSml0h7iOJsDax5U0I7uzJ86RRLrknpfO7cqFymcWRAwfgEBwDF5yCCrgBVVAHGDyCZ/AK3qwn68V6tz6mrQtWNrMH/sD6/AF1+5bA</latexit>

det(K̃(�)) =
X

m2⌦n(G)

Tr(m).

<latexit sha1_base64="+jWsNVwIps8shOjEzsQCTlVOjZ0="></latexit>

For a planar graph G,

<latexit sha1_base64="d1hZKH9OSIckVKUQI4e6JVcoUq0=">AAACAHicbVC7SgNBFJ2NrxhfqxYWNoOJYCFhNwgqWAQEtYxgHpAs4e5kNhkyO7vMzAphSeOv2FgoYutn2Pk3TpItNPFUh3Pu5Z57/JgzpR3n28otLa+sruXXCxubW9s79u5eQ0WJJLROIh7Jlg+KciZoXTPNaSuWFEKf06Y/vJ74zUcqFYvEgx7F1AuhL1jACGgjde2Dm0hiwDEHARL3JcQDXLotnXbtolN2psCLxM1IEWWode2vTi8iSUiFJhyUartOrL0UpGaE03GhkygaAxlCn7YNFRBS5aXTB8b42Cg9HJgoQSQ0nqq/N1IIlRqFvpkMQQ/UvDcR//PaiQ4uvJSJONFUkNmhIOFYR3jSBu4xSYnmI0OASGayYjIACUSbzgqmBHf+5UXSqJTds/LlfaVYvcrqyKNDdIROkIvOURXdoRqqI4LG6Bm9ojfryXqx3q2P2WjOynb20R9Ynz9I6pTo</latexit>

However typical multiwebs m are not reduced.

<latexit sha1_base64="Vvy93lWeJMMW+Mvf0UuyLpAQHAE=">AAACHnicbVDLSgNBEJz1GeMr6tHLYBQ8hd2gqOAh4MWjglEhCWF2tmOGzGOZ6TWEJV/ixV/x4kERwZP+jZOYg6+CgaKqmp6uOJXCYRh+BFPTM7Nz84WF4uLS8spqaW390pnMcqhzI429jpkDKTTUUaCE69QCU7GEq7h3MvKvbsE6YfQFDlJoKXajRUdwhl5ql/ZPTR98gHrTi5KqTKLoQ+zottqmzALVBmkTVNrNLSQZh2RYaZ fKYSUcg/4l0YSUyQRn7dJbMzE8U6CRS+ZcIwpTbOXMouAShsVm5iBlvMduoOGpZgpcKx+fN6Q7Xklox1j/NNKx+n0iZ8q5gYp9UjHsut/eSPzPa2TYOWzlQqcZguZfizqZpGhGdQBNhAWOcuAJ41b4v1LeZZZx9I0WfQnR75P/kstqJdqrHJ1Xy7XjSR0Fskm2yC6JyAGpkVNyRuqEkzvyQJ7Ic3AfPAYvwetXdCqYzGyQHwjePwEfpKJ5</latexit>

Note: When n is odd, sign depends on an artificial ordering of vertices.

<latexit sha1_base64="ICwhOx5Egl08DUxfqo4u3VURMRw=">AAACM3icbVBBSxtBFJ5Va22sNuqxl4ex0IOE3SC0FQ+CF+lBFEwixBBmZ98mQ2Znlpm3hRDyn7z4RzwI4kEpXvsfOhtzUONjBj6+733z5n1xrqSjMLwLFhaXPix/XPlUWf28tv6lurHZcqawApvCKGMvYu5QSY1NkqTwIrfIs1hhOx4elXr7D1onjT6nUY7djPe1TKXg5Kle9feJIdyH9gA17OgdkA5MkuyCk30NCeaoE89o4P 5YKo2SKzA2QSt1H0wK/nWSAl29V62F9XBaMA+iGaixWZ32qjeXiRFFhpqE4s51ojCn7ricIxROKpeFw5yLIe9jx0PNM3Td8XTnCXzzTAKpsf5qgin70jHmmXOjLPadGaeBe6uV5Htap6D0Z3csdV4QavE8KC0UkIEyQEikRUFq5AEXVvq/ghhwywX5mCs+hOjtyvOg1ahHe/VfZ43a4cEsjhX2lW2z7yxiP9ghO2anrMkEu2K37IE9BtfBffA3eHpuXQhmni32qoJ//wEsyKmE</latexit>

Note: When n is even, sign of trace depends on an artificial choice of linear
ordering of edges at each vertex.

<latexit sha1_base64="ufLFnxIEsj4VBBZtC3NofZYdcGo=">AAACZHicbVFNa9wwEJXdj6TbtHEaeiqUoZtCD2WxQ6FN6CHQS08lhW42sLssY3nsFZElI41DF5M/mVuOvfR3VN7soU06SPB4b0Z6esobrTyn6U0UP3j46PHW9pPB051nz3eTvRdn3rZO0lhabd15jp60MjRmxZrOG0dY55om+cWXXp9ckvPKmh+8amheY2VUqSRyoBZJNzNWmYIMwzfLdAyTJRk4MAegPNAlmffgVWXAlsAOJU FBDZnCgzWAYTnuD1OoQS6tCnpo7L2gA+sKcspUPUVFRR6QgVAuIRhi+jlaJMN0lK4L7oNsA4ZiU6eL5HpWWNnWwa3U6P00Sxued70JqelqMGs9NSgvsKJpgAZr8vNuHdIVvA1MAaV1YYfXrtm/JzqsvV/VeeiskZf+rtaT/9OmLZef5p0yTctk5O1FZauBLfSJQ6EcSdarAFA6FbyGrDCEyeFfBiGE7O6T74Ozw1H2YXT0/XB48nkTx7Z4Jd6IdyITH8WJ+CpOxVhI8SvaipJoL/od78T78cvb1jjazOyLfyp+/Qfe3LYN</latexit>

±

<latexit sha1_base64="e79T6U4ptgJyVf1QYmWxUhiTsvI=">AAAB6nicbVC7SgNBFL2b+IjxFbW0GQyCVdgVIQoWAREsI5oHJEuYncwmQ2Zml5lZISz5BBsLRWz9EFtbC8EPsXfyKDTxwIXDOfdy7z1BzJk2rvvlZLJLyyurubX8+sbm1nZhZ7euo0QRWiMRj1QzwJpyJmnNMMNpM1YUi4DTRjC4GPuNO6o0i+StGcbUF7gnWcgINla6aceiUyi6JXcCtEi8GSlWsu/1t8/vy2qn8NHuRiQRVBrCsdYtz42Nn2JlGOF0lG8nmsaYDHCPtiyVWFDtp5NTR+jQKl0URsqWNGii/p5IsdB6KALbKbDp63lvLP7ntRITnvopk3FiqCTTRWHCkYnQ+G/UZYoSw4eWYKKYvRWRPlaYGJtO3obgzb+8SOrHJe+kdHZt0ziHKXKwDwdwBB6UoQJXUIUaEOjBPTzCk8OdB+fZeZm2ZpzZzB78gfP6A/l8kgU=</latexit>

<latexit sha1_base64="KMaWrdUggwN1d48S1BWmjx8F/dY=">AAACenicbVHLbtNAFB2bVwmvUJYI6aop0ArVstsKWKFKbFiwKGrSVEqsaDy+TkaZhzWPIsvKR/Br7PgSNiyYuBGClrs6c+7r3DNFLbh1afojim/dvnP33tb93oOHjx4/6T/dPrfaG4YjpoU2FwW1KLjCkeNO4EVtkMpC4LhYflznx5doLNdq6Joac0nnilecUReoWf/bVGmuSlSunRYVDBdycsaX2tCDMVpXeNPkKxgaytCCrs Bg6RmWsMcTTEBphULw2nG2D1+xsFBpI4FCUMS7R2iYe0ENVF6x9cYwRYFbIOyefZ4d7R6wBQ3DHRq4pIaja5JZf5AmaRdwE2QbMCCbOJ31v09LzbwMNzBBrZ1kae3ylpogS+CqN/UWa8qWdI6TABWVaPO2s24FLwNTdkorrRx07N8dLZXWNrIIlZK6hb2eW5P/y028q97nLVe1d6jY1aLKC3Aa1v8AJTfInGgCoMzwoBX+eGF7wYTs+sk3wflhkr1Njr8cDk4+bOzYIs/JDtkjGXlHTsgnckpGhJGf0YvoVfQ6+hXvxPvxm6vSONr0PCP/RHz8G5Nvv+4=</latexit>

Thm[Sikora-Westbury] Traces of reduced (i.e. nonelliptic) webs form a basis
for regular functions on the SL3-character variety.

<latexit sha1_base64="RDzECQ6FEC9iRUD/PkX2Kf4JZgk=">AAACI3icbVDLSgMxFM3UV62vqks3wVZwVWaKVBGVghuXFewD2lIymTttaCYZkkyhlP6LG3/FjQuluHHhv5g+Ftp6IHA45x5u7vFjzrRx3S8ntba+sbmV3s7s7O7tH2QPj2paJopClUouVcMnGjgTUDXMcGjECkjkc6j7/fupXx+A0kyKJzOMoR2RrmAho8RYqZO9VhAkFAKcv81jIbGRsc10rc/5EBvFBoxwHBIKGssQB9BVAD h/U8oXOtmcW3BnwKvEW5AcWqDSyU5agaRJBMJQTrRuem5s2iOiDKMcxplWoiEmtE+60LRUkAh0ezS7cYzPrBLgUCr7hMEz9XdiRCKth5FvJyNienrZm4r/ec3EhFftERNxYkDQ+aIw4bYJPC0MB0wBNbaMgBGqmP0rpj2iCDW21owtwVs+eZXUigWvVLh4LObKd4s60ugEnaJz5KFLVEYPqIKqiKJn9Ire0Yfz4rw5E+dzPppyFplj9AfO9w9pFaLY</latexit>

reduced = no topologically trivial faces of degree < 6.
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Web reductions (skein relations) n = 3:

<latexit sha1_base64="VuBKKug+tGQaBZGtp3D8ACY+w5c=">AAACEHicbVDLSgMxFM34rPU16tJNsBXrpsxUwQcKBTcuK9gHtKVk0ts2NJMZkoxQhn6CG3/FjQtF3Lp059+YTmehrQcCJ+ecS3KPF3KmtON8WwuLS8srq5m17PrG5ta2vbNbU0EkKVRpwAPZ8IgCzgRUNdMcGqEE4nsc6t7wZuLXH0AqFoh7PQqh7ZO+YD1GiTZSxz6qg4cldCM6uStcUENgwig8CahjnBfXJ/nLjp1zik4CPE/clORQikrH/mp1Axr5IDTlRKmm64S6HROpGeUwzrYiBSGhQ9KHpqGC+KDacbLQGB8apYt7gTRHaJyovydi4is18j2T9IkeqFlvIv7nNSPdO2/HTISRBkGnD/UijnWAJ+3gLpNANR8ZQqhk5q+YDogkVJsOs6YEd3bleVIrFd3T4sVdKVe+SuvIoH10gArIRWeojG5RBVURRY/oGb2iN+vJerHerY9pdMFKZ/bQH1ifP6sHm68=</latexit>

= +

=
2

=  3

Reductions preserving planarity (consequences of the basic skein relation)

<latexit sha1_base64="A8Zf3mr/LEGepZTJr5SqCBTOUoQ="></latexit>

Basic skein relation

<latexit sha1_base64="23wySm64/CLZuoFfAeW6hvdC8WI=">AAACB3icbVDLSgMxFM34rPVVdSlIsAiuykwRVHBRdOOygn1AO5RM5k4bmkmGJCOUoTs3/oobF4q49Rfc+Tem7Sy09UDgcO65N/eeIOFMG9f9dpaWV1bX1gsbxc2t7Z3d0t5+U8tUUWhQyaVqB0QDZwIahhkO7UQBiQMOrWB4M6m3HkBpJsW9GSXgx6QvWMQoMVbqlY66QjIRgjD4mmhGsR4CE1gBzw1lt+JOgReJl5MyylHvlb66oaRpbAdSTrTueG5i/IwowyiHcbGbakgIHZI+dCwVJAbtZ9M7xvjEKiGOpLLPLjRVf3dkJNZ6FAfWGRMz0PO1ifhfrZOa6MLPmEhSA4LOPopSjo3Ek1BwyBRQw0eWEKqY3RXTAVGEGhtd0YbgzZ+8SJrVindWubyrlmtXeRwFdIiO0Sny0DmqoVtURw1E0SN6Rq/ozXlyXpx352NmXXLyngP0B87nD9/GmVA=</latexit>



For a 3-multiweb m on a graph on a surface with a flat SL3-connection

<latexit sha1_base64="Sx6PLeri3Svh0vnX8ZwXyXpqeWg="></latexit>

Tr(m) =
X

m0

Tr(m0)

<latexit sha1_base64="NNxa5Ge9uLBxOCEc/Qd6vByHdlk=">AAACAXicbVDLSsNAFJ3UV61Wo24EN4NF2m5KIoIPFIpuXFboC9oQJtNpO3QmCTMToYQK4q+4caFIt/6FO8GPcdJ2oa0HLhzOuZd77/FCRqWyrC8jtbS8srqWXs9sbGa3ts2d3boMIoFJDQcsEE0PScKoT2qKKkaaoSCIe4w0vMFN4jfuiZA08KtqGBKHo55PuxQjpSXX3K+KAi/CK9iWEXdjnh/BRMkXXTNnlawJ4CKxZyRXvrYvHr+z44prfrY7AY448RVmSMqWbYXKiZFQFDMyyrQjSUKEB6hHWpr6iBPpxJMPRvBIKx3YDYQuX8GJ+nsiRlzKIfd0J0eqL+e9RPzPa0Wqe+bE1A8jRXw8XdSNGFQBTOKAHSoIVmyoCcKC6lsh7iOBsNKhZXQI9vzLi6R+XLJPSud3Oo1LMEUaHIBDUAA2OAVlcAsqoAYweADP4BW8GU/Gi/FujKetKWM2swf+wPj4AaDPmA4=</latexit>

Thm:

<latexit sha1_base64="ot0mnaS/dluDI5a2GH50ncW5ouY=">AAAB/HicbVDLSgMxFM34rPU12qWbYBFclZki+MBFwY3LCn1BZyiZNNOG5jEkGWEY6q+4caGIWz/EnX9j2s5CWw9cOJxzb3LviRJGtfG8b2dtfWNza7u0U97d2z84dI+OO1qmCpM2lkyqXoQ0YVSQtqGGkV6iCOIRI91ocjfzu49EaSpFy2QJCTkaCRpTjIyVBm4lEJKKIREmD6IYtsb8Zjpwq17NmwOuEr8gVVCgOXC/gqHEKbevYIa07vteYsIcKUMxI9NykGqSIDxBI9K3VCBOdJjPl5/CM6sMYSyVLWHgXP09kSOudcYj28mRGetlbyb+5/VTE1+FORVJaojAi4/ilEEj4SwJOKSKYMMySxBW1O4K8RgphI3Nq2xD8JdPXiWdes2/qF0/1KuN2yKOEjgBp+Ac+OASNMA9aII2wCADz+AVvDlPzovz7nwsWtecYqYC/sD5/AGs5JTH</latexit>

Consequently

<latexit sha1_base64="8G3sPOQ5OyT6qAl5dkZxRKx1IZc=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqswUQQUXhW5cVrAPaIeSSTNtaCYZ8xDK4G+4caGIW3/GnX9j2s5CWw8EDufcQ+49UcqZNr7/7RXW1jc2t4rbpZ3dvf2D8uFRW0urCG0RyaXqRlhTzgRtGWY47aaK4iTitBNNGjO/80iVZlLcm2lKwwSPBIsZwcZJ/YYUmj5YKgyfDsoVv+rPgVZJkJMK5GgOyl/9oSQ2cWnCsda9wE9NmGFlGOH0qdS3mqaYTPCI9hwVOKE6zOY7P6EzpwxRLJV7wqC5+juR4UTraRK5yQSbsV72ZuJ/Xs+a+CrMmEitoYIsPootR0aiWQFoyBQl7lxHMFHM7YrIGCtMjKup5EoIlk9eJe1aNbioXt/VKvWbvI4inMApnEMAl1CHW2hCCwik8Ayv8OZZ78V79z4WowUvzxzDH3ifP4ZFkgA=</latexit>

where the sum is over reduced (non-elliptic) webs m0 in m. Even though the
reduction is not canonical, the topological types of the m0 are.

<latexit sha1_base64="d1Xyuu9zJT3SCm4YZK4OHkKunsU="></latexit>

where the C� are functions of det K̃(�).

<latexit sha1_base64="obOs24Q95qTsLFxEEjrj56303ZU="></latexit>

det(K̃(�)) =
X

�2⇤3

C�Tr(�)

<latexit sha1_base64="7nk41496lL84+X/sM3MAEtwZfeM="></latexit>

<latexit sha1_base64="+ZG4syEn4dZGLPSeiJFh1hn9Lm8=">AAACCHicdVDLSgMxFM3UV62vqksXBovgqsyMQ1t3BTcuK9gH1FIymTttaGYyJBmllC7d+CtuXCji1k9w59+YaSuo6IELh3PuTe49fsKZ0rb9YeWWlldW1/LrhY3Nre2d4u5eS4lUUmhSwYXs+EQBZzE0NdMcOokEEvkc2v7oPPPbNyAVE/GVHifQi8ggZiGjRBupXzxkSmiRjDHlRClQWIRYQpBSCPAt+KpfLNnls1rF9SrYLtt21XGdjLhV79TDjlEylNACjX7x/ToQNI0g1rMnu46d6N6ESM0oh2nhOlWQEDoiA+gaGpMIVG8yO2SKj40S4FBIU7HGM/X7xIRESo0j33RGRA/Vby8T//K6qQ5rvQmLk1RDTOcfhSnHWuAsFRwwCVTzsSGESmZ2xXRIJKHaZFcwIXxdiv8nLbfsVMrepVuqe4s48ugAHaET5KAqqqML1EBNRNEdekBP6Nm6tx6tF+t13pqzFjP76Aest08gHJoD</latexit>

isotopy classes of reduced webs

Problem 7. How to extract C�?

<latexit sha1_base64="9HUWJOAeSY56gHf1KCB/cOugb4U=">AAACH3icbVDLSgMxFM3UV62vqks3wVZwVWaKWAXBQjddVrAP6JSSyWTa0EwyJBm1DP0TN/6KGxeKiLv+jZm2C229EDice0/uPceLGFXatqdWZm19Y3Mru53b2d3bP8gfHrWUiCUmTSyYkB0PKcIoJ01NNSOdSBIUeoy0vVEt7bcfiFRU8Hs9jkgvRANOA4qRNlQ/f+lyQblPuIaJ6wWwIYWRhrBSmsC6eIRaQPKkJcIaFmt9l5mffVS87ecLdsmeFVwFzgIUwKIa/fy36wsch2YRZkiprmNHupcgqSlmZJJzY0UihEdoQLoGchQS1Utm/ibwzDA+DIQ0zxw6Y38rEhQqNQ49MxkiPVTLvZT8r9eNdXDVSyiPYk04ni8KYpa6TsOCPpUEazY2AGFJza0QD1Gahok0Z0Jwli2vgla55FyUru/KherNIo4sOAGn4Bw4oAKqoA4aoAkweAav4B18WC/Wm/Vpfc1HM9ZCcwz+lDX9Afvzoao=</latexit>

<latexit sha1_base64="VYKTzImhe+yKfOPrDXFnHHx2Azs="></latexit>

Problem 8 Is there a “canonical” set of reduced 3-webs associated to a given
3-web?



 

det K̃(A) =
X

i,j�0

Ci,jTr(A)iTr(A�1)j

<latexit sha1_base64="Ud6YjVnTzNE7gfneKOSx510JHVA="></latexit>

Example. On an annulus, every reduced 3-multiweb is a union of topologically

nontrivial oriented loops

<latexit sha1_base64="9+je+aMjS73OPqdcl2o6A6z8JLc=">AAACW3icbVHfaxNBEN67qk1jtVHpky+DqeCDhrsqqOBDQQp9s4JpC0kIc3tz6dK93WV/VEPoP+mTPviviJM0D9o67MLHN/PN7HxbOa1CLIqfWb5x5+69zc5W9/72g4c7vUePT4JNXtJQWm39WYWBtDI0jCpqOnOesK00nVYXH5f500vyQVnzJc4dTVqcGdUoiZGpac+PjVWmJhPh8Bu2TtMAPhnA5TFJp/ASiPVz8FQnSTXsvd 571SYd1VeqQAVASIY7gW0gWsfzZtxb6zkYa6JXlwo1WK94AIu1tS5Me/1iUKwCboNyDfpiHcfT3vdxbWVquYfUGMKoLFycLNBHJTVddccpkEN5gTMaMTTYUpgsVt5cwXNmamis58tLrti/FQtsQ5i3FVe2GM/DzdyS/F9ulGLzbrJQxqVIRl4PapJmF2BpNNTKk4xsRK1QesVvBXmOHmXk7+iyCeXNlW+Dk/1B+Wbw/vN+/+DD2o6OeCqeiReiFG/FgTgSx2IopPghfmebWSf7lW/k3Xz7ujTP1pon4p/Id/8AH3C1Hg==</latexit>

Prop:

<latexit sha1_base64="UGNCUaeX9pLYAqYb0/8p/gHwrd8=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqswUwQcuCm5cVrAP6JSSSTNtaCYJSUYoQ3/DjQtF3Poz7vwb03YW2nrgwuGce7n3nkhxZqzvf3uFtfWNza3idmlnd2//oHx41DIy1YQ2ieRSdyJsKGeCNi2znHaUpjiJOG1H47uZ336i2jApHu1E0V6Ch4LFjGDrpDALoxg1tFQ3U9QvV/yqPwdaJUFOKpCj0S9/hQNJ0oQKSzg2phv4yvYyrC0jnE5LYWqowmSMh7TrqMAJNb1sfvMUnTllgGKpXQmL5urviQwnxkySyHUm2I7MsjcT//O6qY2vehkTKrVUkMWiOOXISjQLAA2YpsTyiSOYaOZuRWSENSbWxVRyIQTLL6+SVq0aXFSvH2qV+m0eRxFO4BTOIYBLqMM9NKAJBBQ8wyu8ean34r17H4vWgpfPHMMfeJ8/RFORLQ==</latexit>

For an n⇥m grid on a cylinder, as n,m ! 1 with n/m ! ⌧ ,

<latexit sha1_base64="kMU4/ht/4fpgBfY/BanjfWdyXDc="></latexit>

where q = e�⇡n/m.

<latexit sha1_base64="1tz3gf6eriKuV5JF69nLuQtMZ9Q=">AAACAHicbVA9SwNBEN3zM8avqIWFzWIi2BjvgqCCQsDGMoL5gOQMe5tJsmRv79zdU8JxjX/FxkIRW3+Gnf/GTXKFJj4YeLw3w8w8L+RMadv+tubmFxaXljMr2dW19Y3N3NZ2TQWRpFClAQ9kwyMKOBNQ1UxzaIQSiO9xqHuDq5FffwCpWCBu9TAE1yc9wbqMEm2kdm73sQ8ScOH+Eu7io1bIsDj2k0KxncvbRXsMPEuclORRiko799XqBDTyQWjKiVJNxw61GxOpGeWQZFuRgpDQAelB01BBfFBuPH4gwQdG6eBuIE0Jjcfq74mY+EoNfc90+kT31bQ3Ev/zmpHunrkxE2GkQdDJom7EsQ7wKA3cYRKo5kNDCJXM3Ippn0hCtcksa0Jwpl+eJbVS0Tkpnt+U8uWLNI4M2kP76BA56BSV0TWqoCqiKEHP6BW9WU/Wi/VufUxa56x0Zgf9gfX5A8kYlTs=</latexit>

X

i,j�0

Ci,ju
ivj = C 0

1Y

j=1

(1 + uqj + vq2j + q3j)(1 + vqj + uq2j + q3j)

<latexit sha1_base64="i7KTGjhxofXfvgeKXS6u17OFK0I="></latexit>

u = Tr(A), v = Tr(A�1)

<latexit sha1_base64="FyqYhUd0TzKbZ5DclURcoNUmccc=">AAAB/nicbZDLSgMxFIYz9VbrbVRc6SJYhBa0zIiggkLFjcsKvQjtWDJppg3NZIYkUyhDwTfoM7hxoYhb1z6COx/Evem0C239IfDxn3M4J78bMiqVZX0Zqbn5hcWl9HJmZXVtfcPc3KrKIBKYVHDAAnHnIkkY5aSiqGLkLhQE+S4jNbd7ParXekRIGvCy6ofE8VGbU49ipLTVNHeiy7LIXeUPYS+B+/jIHuSbZtYqWIngLNgTyBb3ho3c98ew1DQ/G60ARz7hCjMkZd22QuXESCiKGRlkGpEkIcJd1CZ1jRz5RDpxcv4AHminBb1A6McVTNzfEzHypez7ru70kerI6drI/K9Wj5R35sSUh5EiHI8XeRGDKoCjLGCLCoIV62tAWFB9K8QdJBBWOrGMDsGe/vIsVI8L9knh/FancQHGSoNdsA9ywAanoAhuQAlUAAYxeATP4MV4MJ6MV+Nt3JoyJjPb4I+M9x/8xZdJ</latexit>



0

η

ωη

Example. On a pair of pants, every reduced 3-multiweb is a union of topologi-

cally nontrivial oriented loops and possibly one W⌘ component

<latexit sha1_base64="gldcnTMS0Y7SEYEOK0aDj1aFY/k="></latexit>

⌘ = a+ be⇡i/3, a, b 2 Z+

<latexit sha1_base64="j3+JqWZjuC41pegK+0VsG1J7XU8="></latexit>

<latexit sha1_base64="54OOlV6fEdwIBPo/te4w9elXKmk=">AAAB83icbVDJSgNBEO2JW4xb1KMeBoMgCGEmiPEkAS8eI5gFMkPo6dQkTXoZunuEMOQvRBAPinj1Z7z5N3aWgyY+KHi8V0VVvShhVBvP+3ZyK6tr6xv5zcLW9s7uXnH/oKllqgg0iGRStSOsgVEBDUMNg3aiAPOIQSsa3kz81gMoTaW4N6MEQo77gsaUYGOloNXNKueB5NDH426x5JW9Kdxl4s9JqXb8/NhhVVzvFr+CniQpB2EIw1p3fC8xYYaVoYTBuBCkGhJMhrgPHUsF5qDDbHrz2D21Ss+NpbIljDtVf09kmGs94pHt5NgM9KI3Ef/zOqmJr8KMiiQ1IMhsUZwy10h3EoDbowqIYSNLMFHU3uqSAVaYGBtTwYbgL768TJqVsn9ZvrizaVyjGfLoCJ2gM+SjKqqhW1RHDURQgp7QK3pzUufFeXc+Zq05Zz5ziP7A+fwBgUaUSw==</latexit>

W2+!

 



Thank you 
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Magnetic dimer model

<latexit sha1_base64="jOxSbSxUhNVJ91C/mygI/ZvHB8w=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVWaKoIKLghs3QgX7gHYomcydNjSZGZKMUIfir7hxoYhb/8Odf2OmnYW2HgicnHPvTe7xE86Udpxva2l5ZXVtvbRR3tza3tm19/ZbKk4lhSaNeSw7PlHAWQRNzTSHTiKBCJ9D2x9d5377AaRicXSvxwl4ggwiFjJKtJH69uGtuYNmFAdMgMQiDoD37YpTdabAi8QtSAUVaPTtr14Q01RApCknSnVdJ9FeRqQZzGFS7qUKEkJHZABdQyMiQHnZ9PcTfGKUAIexNCfSeKr+7siIUGosfFMpiB6qeS8X//O6qQ4vvIxFSaohorOHwpRjHeM8CrOxBKr52BBCJctDoEMiCdUmsLIJwZ1feZG0alX3rHp5V6vUr4o4SugIHaNT5KJzVEc3qIGaiKJH9Ixe0Zv1ZL1Y79bHrHTJKnoO0B9Ynz8dgJUB</latexit>

We put a line bundle with monodromy q around every face.

<latexit sha1_base64="kqe/oMs3NCql9XCq+HnELPBLTwE="></latexit>

Each loop contributes weight qA + q�A

<latexit sha1_base64="+jBJMK9f2i9S8JERBncTtKPQ0E4=">AAACEnicbVBNSwMxFMzWr1q/qh69BKugiGVXBBU8tIjgsYK1hbqWbJq2odlkTd4qZelv8OJf8eJBEa+evPlvTOse1DoQGGbe42UmiAQ34LqfTmZicmp6Jjubm5tfWFzKL69cGhVryqpUCaXrATFMcMmqwEGweqQZCQPBakHvZOjXbpk2XMkL6EfMD0lH8janBKzUzG+fEtrFQqkIUyVB8yAGZvAd450u4I2b6/LOzXWyWx5sNPMFt+iOgMeJl5ICSlFp5j+uWorGIZNABTGm4bkR+AnRwKlgg9xVbFhEaI90WMNSSUJm/GQUaYA3rdLCbaXtk4BH6s+NhITG9MPAToYEuuavNxT/8xoxtA/9hMvI5pT0+1A7FhgUHvaDW1wzCqJvCaGa279i2iWaULAt5mwJ3t/I4+Ryr+jtF4/O9wql47SOLFpD62gLeegAldAZqqAqougePaJn9OI8OE/Oq/P2PZpx0p1V9AvO+xfMPJzm</latexit>

detK(q) detK(1/q) =
X

dd covers

Y

loops �

(qA(�) + q�A(�))

<latexit sha1_base64="Hj/AByRiJ5ZnZkRpwXb7NXo7rwQ="></latexit>


