Combinatorial problems Geometric Complexity Theory Asymptotics
000000 00000 000000000

Structure constants: complexity and asymptotics

Greta Panova

University of Southern California

OPAC May 2022

Greta Panova 1



Combinatorial problems Geometric Complexity Theory Asymptotics
@00000 00000 000000000

Structure constants
Sp — irreducible representations: the Specht modules Sy for A - n.

GLy—irreducible [polynomial] representations: the Weyl modules V,, for £(A\) < N.

Greta Panova 2



Combinatorial problems Geometric Complexity Theory Asymptotics
00000 00000 000000000

Structure constants

Sp — irreducible representations: the Specht modules Sy for A - n.

GLy—irreducible [polynomial] representations: the Weyl modules V,, for £(A\) < N.
Littlewood-Richardson coefficients CKHZ

ok,
VAV, =@V,
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Structure constants
Sp — irreducible representations: the Specht modules Sy for A - n.

GLy—irreducible [polynomial] representations: the Weyl modules V,, for £(A\) < N.
Littlewood-Richardson coefficients CKHZ

EBUL
VAV, =@V,

Sh tensor products decomposition (diagonal action):

SA®S, = @DHSGVBg(A,N,,y)

Kronecker coefficients: g(\, i1, ) — multiplicity of S, in Sy ® S,
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Structure constants
Sp — irreducible representations: the Specht modules Sy for A - n.

GLy—irreducible [polynomial] representations: the Weyl modules V,, for £(A\) < N.
Littlewood-Richardson coefficients CKHZ

EBUL
VAV, =@V,

Sh tensor products decomposition (diagonal action):

SA®S, = @DHSGVBg(A,N,,y)
Kronecker coefficients: g(\, i1, ) — multiplicity of S, in Sy ® S,

Plethysm: Compositions of GL-representations.

SY(S"V) = @rr-an V;X(d[n])
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Via Schur functions and S,, characters
(x,y)= chsu )s(y) = siu(x) =Dk s(x)

1
1—x,yjzk

syl = g u)su(Xsu(y) <= D> g mv)s(x)su(v)su(z) =[]

Asp,v ik

halhn(x)] =D ax(d[n])sx(x)
A
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Via Schur functions and S,, characters

X y) ZC/,LVSH

> g v)su(x)su(y)

)suly) = su() =D chusu(x)

= 2 s )n(X)su(y)si(2) = |

A,V

halhn(x)] =D ax(d[n])sx(x)
A

Via the irreducible characters x* of Sy:
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Via Schur functions and S,, characters

sa(x,y) = chsu )suly) = su() =D chusu(x)

aboyl =S g m s ()5 0) = 3 g0 m s (s ()s(2) = [ ————

AoV ik

halhn(x)] =D ax(d[n])sx(x)
A

Via the irreducible characters x* of Sy:

g\ pv) = E X (w)xH (w)x” (w)

! wES,

Theorem [Littlewood-Richardson, 1934] ¢, is equal to the number of LR tableaux
of shape v/u and type A.
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Via Schur functions and S,, characters

sa(x,y) = chsu )suly) = su() =D chusu(x)

sl =Yg m s s ) = Y el mns)s(s(2) = [[ ———

AoV ik

halhn(x)] =D ax(d[n])sx(x)
A

Via the irreducible characters x* of Sy:

g\ pv) = E X (w)xH (w)x” (w)

! wES,

Theorem [Littlewood-Richardson, 1934] ¢, is equal to the number of LR tableaux

I11] 111]1]
12 212
‘é

of shape v/u and type A.

(5643
3,1
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)
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Combinatorics |

Problem (Murnaghan 1938, Stanley)

Find a positive combinatorial interpretation for g(\, u,v), i.e. a family of

combinatorial objects Oy ,, ., s.t. g(A, p,v) = #Ox 0
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Combinatorics |
Problem (Murnaghan 1938, Stanley)

Find a positive combinatorial interpretation for g(\, u,v), i.e. a family of
combinatorial objects Oy ,, ., s.t. g(A, p,v) = #Ox 0

Theorem [Murnaghan] If || + || = |v| and n > |v|, then

g((n+ ‘:U"?A)?(n‘i‘ ‘>‘|7N)7(n7 V)) = CK,u'
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Combinatorics |

Problem (Murnaghan 1938, Stanley)

Find a positive combinatorial interpretation for g(\, u,v), i.e. a family of
combinatorial objects Oy ,, ., s.t. g(A, p,v) = #Ox 0

Theorem [Murnaghan] If || + || = |v| and n > |v|, then

g((”"’ ‘:U"?A)?(n‘i' ‘>‘|7N)7(n7 V)) = CK,u'

Combinatorial formulas for g(\, i, ), when:

® 4 and v are hooks ( EﬁEEEEEI) [Remmel, 1989

® v=(n—k,k) EEEEBI[D) and A1 > 2k — 1, [Ballantine-Orellana, 2006]
® v=(n—k,k), x=(n—r,r) [Remmel-Whitehead, 1994;
Blasiak—Mulmuley—Sohoni,2013]

v = (n — k,1%) (goom), [Blasiak 2012, Blasiak-Liu 2014

® Other special cases [Colmenarejo-Rosas, lkenmeyer-Mulmuley-Walter,
Pak-Panova, Mishna-Rosas-Sundaram].
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Combinatorics |

Problem (Murnaghan 1938, Stanley)

Find a positive combinatorial interpretation for g(\, u,v), i.e. a family of

combinatorial objects Oy ,, ., s.t. g(A, p,v) = #Ox 0
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Input: /, size(/) = n (bits)
Problem: C(/)
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Computational Complexity in a Nutshell
Input: /, size(/) = n (bits)

1 output
Problem: C(/) )
A A
1 ) 1
a ()
N A A
0 0 L
X X N\
A (a) =)
\/ e /
puts 71 P !

Decision problems: is there...

... an object X, s.t. X € C(I)?
Is C(1) # 0?
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Computational Complexity in a Nutshell

Input: /, size(/) = n (bits)
Problem: C(/)

Decision problems: is there...

... an object X, s.t. X € C(I)?
Is C(1) # 0?

E : yes/no answer in time O(n?)

: “yes" can be verified in O(n?):
Is X € C(I)? Answer in O(n9).
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Computational Complexity in a Nutshell

Input: /, size(/) = n (bits)
Problem: C(/)

Counting problems:
Decision problems: is there... gp

... an object X, s.t. X € C(I)? Compute |C(1)| =7
Is C(1) # 0?
E : yes/no answer in time O(n?) 2 |C(1)] in O(n?) time.

. "yes" can be verified in O(n9): . |C(1)| for C € NP.
Is X € C(I)? Answer in O(n9).
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Computational Complexity in a Nutshell

Input: /, size(/) = n (bits)
Problem: C(/)

NP

easy to check
hard to solve

Counting problems:
Decision problems: is there... gp

... an object X, s.t. X € C(I)? Compute |C(1)| =?
Is C(1) # 0?
E : yes/no answer in time O(n?) 2 |C(1)] in O(n?) time.

: “yes" can be verified in O(n?): 1 |C(I)| for C € NP.
Is X € C(I)? Answer in O(n9).

Millennium Problem: Is P = NP ?

Greta Panova
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Combinatorial interpretations vs Computational Complexity

Littlewood-Richardson:

LR: Input: A\, p, v Output: cﬁ‘l,
LRpros: Input: A\, p,v Output: Is c‘i‘u > 07

LR rule =- LR € #P
[Knutson-Tao’01]: LRpPOs € P.
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Combinatorial interpretations vs Computational Complexity

Littlewood-Richardson:

LR: Input: A\, p, v Output: cﬁ‘l,
LRpros: Input: A\, p,v Output: Is c;‘l, > 07

LR rule =- LR € #P
[Knutson-Tao’01]: LRpPOs € P.

Characters:
CHAR: Input: n, X\, a - n (unary) Output: Is x*[a] # 07
[Pak-P]: CHAR € NP-c .
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Combinatorial interpretations vs Computational Complexity

Littlewood-Richardson:

LR: Input: A\, p, v Output: cﬁ‘l,
LRpros: Input: A\, p,v Output: Is c;‘l, > 07

LR rule =- LR € #P
[Knutson-Tao’01]: LRpPOs € P.

Characters:
CHAR: Input: n, X\, a - n (unary) Output: Is x*[a] # 07
[Pak-P]: CHAR € NP-c .

Kronecker:

KRoN: Input: A\, pu, v Output: g(A, u, v)
KrONPOS: Input: A, p,v Output: Is g(\, p,v) > 0?
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Combinatorial interpretations vs Computational Complexity

Littlewood-Richardson:

LR: Input: A\, p, v Output: Cﬁ‘,j
LRpros: Input: A\, p,v Output: Is C;i\u > 07

LR rule =- LR € #P
[Knutson-Tao’01]: LRpPOs € P.

Characters:
CHAR: Input: n, X\, a - n (unary) Output: Is x*[a] # 07
[Pak-P]: CHAR € NP-c .

Kronecker:

KRoN: Input: A\, pu, v Output: g(A, p, v)
KrONPOS: Input: A, p,v Output: Is g(\, p,v) > 0?

[Biirgisser-lkenmeyer, Pak-P]: KRON € GapP.
[lkenmeyer-Mulmuley-Walter]: KRONPOS is [strongly] NP-hard.
Question[Pak-P]: is KRON € #P?
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Positivity

Conjecture (Tensor square, Sax|'12)

For every n > 9 there is an irreducible S, representations, Sy, such that S\ ® Sy
contains every irreducible representation. le. g(A, A, 1) > 0 for every = n. Saxl
conjecture: for n = (;) such partition is A =6, = (k—1,...,1) @3}

Note: X = ).
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Positivity

Conjecture (Tensor square, Sax|'12)

For every n > 9 there is an irreducible S, representations, Sy, such that S\ ® Sy
contains every irreducible representation. le. g(A, A, 1) > 0 for every = n. Saxl

conjecture: for n = (;) such partition is A =6, = (k—1,...,1) @3}
Note: X = ).

Partial results:

[Pak-P-Vallejo'13]: for w - 2-row, hook, hook + boxes etc

[PPV'13],[PP'16]  g(A, A ) > [x*(2A1 — 1,200 — 3,...)] for A =\
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Complexity Theory

Positivity

Conjecture (Tensor square, Sax|'12)

For every n > 9 there is an irreducible S, representations, Sy, such that S\ ® Sy
contains every irreducible representation. le. g(A, A, 1) > 0 for every = n. Saxl

conjecture: for n = (;) such partition is A =6, = (k—1,...,1) @3}
Note: A = .
Partial results:
[Pak-P-Vallejo'13]: for w - 2-row, hook, hook + boxes etc
[PPV'13],[PP'16] g A p) > [xM(2A — 1,200 = 3,..)| for A=\
[lkenmeyer'15]: g(dy, ok, i) > 0 if u <6, (dominance order)
[Luo-Sellke'15]: g(dk, ok, ) > 0 for (1 — o(1)) many u's.
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Positivity

Conjecture (Tensor square, Sax|'12)

For every n > 9 there is an irreducible S, representations, Sy, such that S\ ® Sy
contains every irreducible representation. le. g(A, A, 1) > 0 for every = n. Saxl

conjecture: for n = (;) such partition is A =6, = (k—1,...,1) @3}
Note: A = ).
Partial results:

[Pak-P-Vallejo'13]: for w - 2-row, hook, hook + boxes etc
[PPV'13],[PP'16]  g(A, A ) > [x*(2A1 — 1,200 — 3,...)] for A =\

[lkenmeyer'15]: g(dy, ok, i) > 0 if u <6, (dominance order)
[Luo-Sellke'15]: g(dk, ok, ) > 0 for (1 — o(1)) many u's.

Other positivity results:

[lkenmeyer-P,'16]:
g((N — ab, aP), (N — ab, a®), (N — |y|,7)) > 0 for large N and almost all y, a, b (with
some restrictions), related to Geometric Complexity Theory.

— NEXT
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Algebraic P vs NP: VP vs VNP

Arithmetic Circuits:
3 X X,

VAN
y = 3x1 + x1x2 @i /®

D

v
y

Xi,...,Xn and constants from [.
nodes are +, —, X, + gates.
Polynomial y = f, € F[X1, ..., Xal.
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Algebraic P vs NP: VP vs VNP

Arithmetic Circuits:

3 X X,
Xy
Yy =3x1 + x1x2 /
@
v

Y

Xi,...,Xn and constants from [.
nodes are +, —, X, + gates.
Polynomial y = f, € F[X1, ..., Xal.

Class VP (Valliant's P): Class VNP (Valliant’s NP ):

polynomials that can be computed with  polynomials f,, s.t. 3g, € VP with

circuits with poly(n) nodes f, = Z gn(X1, ..., Xn, b1,...,bn).
be{0,1}"
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Algebraic P vs NP: VP vs VNP

Arithmetic Circuits:

3 X X,
Xy
Yy =3x1 + x1x2 /
@
v

Y

Xi,...,Xn and constants from [.
nodes are +, —, X, + gates.
Polynomial y = f, € F[X1, ..., Xal.

Class VP (Valliant's P): Class VNP (Valliant’s NP ):

polynomials that can be computed with  polynomials f,, s.t. 3g, € VP with

circuits with poly(n) nodes f, = Z gn(X1, ..., Xn, b1,...,bn).
be{0,1}"

Theorem[Biirgisser]:
If VP = VNP over finite F or Generalized Riemann Hypothesis holds, then P = NP.

Greta Panova
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Geometric Complexity Theory in a Nutshell

VP vs VNP : permanent vs determinant

det, := Z sgn(a‘)Hxi’U(i) per,, := Z Hx,-,d(,-)

€S, i=1 GESm i=1

Greta Panova
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Geometric Complexity Theory in a Nutshell
VP vs VNP : permanent vs determinant
det, = Z sgn(o‘)Hx,—ya(,-) per,, == Z HX",U(")
€S, i=1 €Sy i=1

Conjecture [Valiant’78]:
The (normalized) permanent x{; "per,, # deta[Ax"] (n x n determinant of affine
linear forms in {x;}"._;) for n = poly(m). (and thus VP 7 VNP)
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Geometric Complexity Theory in a Nutshell
VP vs VNP : permanent vs determinant
det, = Z sgn(o‘)Hx,—ya(,-) per,, == Z Hx,-,a(,-)
€S, i=1 €Sy i=1

Conjecture [Valiant’78]:
The (normalized) permanent x{; "per,, # deta[Ax"] (n x n determinant of affine
linear forms in {x;}"._;) for n = poly(m). (and thus VP 7 VNP)

X Mper,,, = det,[Ax"] = GL2x]; "per,, C GL adet,

GCT program (Mulmuley and Sohoni): If C[GL,2perf,]q C C[GL 2det,]q, show that
n > poly(m).

Greta Panova
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Geometric Complexity Theory in a Nutshell
VP vs VNP : permanent vs determinant
det, = Z sgn(o‘)Hx,—ya(,-) per,, == Z Hx,-,a(,-)
€S, i=1 0ESm i=1

Conjecture [Valiant’78]:
The (normalized) permanent x{; "per,, # deta[Ax"] (n x n determinant of affine
linear forms in {x;}"._;) for n = poly(m). (and thus VP 7 VNP)

X Mper,,, = det,[Ax"] = GL2x]; "per,, C GL adet,

GCT program (Mulmuley and Sohoni): If C[GL,2perf,]q C C[GL 2det,]q, show that
n > poly(m).

— 5
C[GLpdets]g ~ @D V™", C[GLpperply ~ @ vy ™ amm,
Abnd Abnd

Obstructions \: if 64,0 < Va,d,n,m for n > poly(m) = VP # VNP.
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Geometric Complexity Theory in a Nutshell
VP vs VNP : permanent vs determinant
det, = Z sgn(o‘)Hx,—ya(,-) per,, == Z Hx,-,a(,-)
€S, i=1 0ESm i=1

Conjecture [Valiant’78]:
The (normalized) permanent x{; "per,, # deta[Ax"] (n x n determinant of affine
linear forms in {x;}"._;) for n = poly(m). (and thus VP 7 VNP)

X Mper,,, = det,[Ax"] = GL2x]; "per,, C GL adet,

GCT program (Mulmuley and Sohoni): If C[GL,2perf,]q C C[GL 2det,]q, show that
n > poly(m).

C[CLpdetaly = @D V™", C[CLpperply ~ @D vy o
Abnd Ab-nd
Obstructions \: if 64,0 < Va,d,n,m for n > poly(m) = VP # VNP.
If also d),4,» = 0, then X is an occurrence obstruction.
Conjecture (Mulmuley and Sohoni)

There exist occurrence obstructions that show n > poly(m).

Greta Panova 9
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Geometric Complexity Theory in a Nutshell
VP vs VNP : permanent vs determinant
det, = Z sgn(o‘)Hx,—ya(,-) per,, == Z Hx,-,a(,-)
€S, i=1 0ESm i=1

Conjecture [Valiant’78]:
The (normalized) permanent x{; "per,, # deta[Ax"] (n x n determinant of affine
linear forms in {x;}"._;) for n = poly(m). (and thus VP 7 VNP)

X Mper,,, = det,[Ax"] = GL2x]; "per,, C GL adet,

GCT program (Mulmuley and Sohoni): If C[GL,2perf,]q C C[GL 2det,]q, show that
n > poly(m).

C[CLpdetaly = @D V™", C[CLpperply ~ @D vy o
Abnd Ab-nd
Obstructions \: if 64,0 < Va,d,n,m for n > poly(m) = VP # VNP.
If also d),4,» = 0, then X is an occurrence obstruction.
Conjecture (Mulmuley and Sohoni)

There exist occurrence obstructions that show n > poly(m).

Theorem (Blirgisser-lkenmeyer-P)
This Conjecture is false. There are no such occurrence obstructions for n > m?®

Greta Panova 9
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Kronecker coefficients and GCT
VP vs VNP

C[GL 2 detn]y =~ @ Vieé%d'"7 C[GL2pern]y ~ @ Veaﬂ/A dmm
AFnd AFnd

Obstructions X: if §x 4.n < Yx,d,n,m for n > poly(m) = VP # VNP.

Sxn.d,n < g(X, n, n?) Ia,d,nm < ax(d[n])

Greta Panova
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Kronecker coefficients and GCT
VP vs VNP

C[GL 2 detn]y =~ @ Vf)(s*’d'", C[GL2pern]y ~ @ Veaﬂ/A dmm
AFnd AFnd

Obstructions X: if §x 4.n < Yx,d,n,m for n > poly(m) = VP # VNP.
Sxn.dn < &8(A, 09, nY) Ixd,nm < ax(d[n])

Conjecture (GCT, Mulmuley and Sohoni)
There exist \, s.t. g(\,n?,n?) =0 and Yx,d,n,m > 0 for some n > poly(m).

Theorem (lkenmeyer-P )
Let n>3m*, A nd. If g(\,n?, n?) = 0(so multyC[GL,2det,] = 0), then
multy(C[GL 2pern] = 0.

Theorem (lkenmeyer-P)

For every partition p, let n > |p|, d > 2, X\ := (nd — |p|, p). Then
g\, n?,n%) > ax(d[n)).

Greta Panova 10
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No occurrence obstructions: positive Kroneckers

Theorem (lkenmeyer-Panova)
Let n>3m* Ak nd. If g(\,nx d,nx d) =0 (so mult\C[GL,.dety]y = 0), then
multy (C[GL,2perf]a = 0.

Greta Panova

Asymptotics
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No occurrence obstructions: positive Kroneckers

Theorem (lkenmeyer-Panova)

Let n>3m* Ak nd. If g(\,nx d,nx d) =0 (so mult\C[GL,.dety]y = 0), then
mult (C[GL,2 perii]q = 0.

Proof ingredients:

Theorem (Kadish-Landsberg)

If mult\C[GL,2perl]q > 0, then A1 > nd — md and £(\) < m?.

Theorem (Degree lower bound, [IP])
If \1 > nd — md with yx d,n,m > (X, n x d,n x d), thend > .

Greta Panova 11
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No occurrence obstructions: positive Kroneckers

Theorem (lkenmeyer-Panova)

Let n>3m* Ak nd. If g(\,nx d,nx d) =0 (so mult\C[GL,.dety]y = 0), then
mult (C[GL,2 perii]q = 0.

Proof ingredients:

Theorem (Kadish-Landsberg)

If mult\C[GL,2perl]q > 0, then A1 > nd — md and £(\) < m?.

Theorem (Degree lower bound, [IP])
If \1 > nd — md with yx d,n,m > (X, n x d,n x d), thend > .

Theorem (Kronecker positivity, [IP] )

If6(\) < m?, A1 > nd —md, d >3m?, and n > 3m*, then g(A\,n x d,n x d) >0,
except for 6 special cases.

Proof uses semigroup property, symmetries, positivity for squares.

Greta Panova 11
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Multiplicity obstructions in GCT

6 n Ta R R n,m
C[GL 2 detn]g =~ @ VED Adn C[GL,2pern]q ~ @ VSB'Y’\"" m
Arnd AFnd

[GCT paradigm] : There exist multiplicity obstructions that show n > poly(m), so
VP # VNP, i.e. there is some A and n, m with n > poly(m), s.t. dx,d,n < Vx,d,n,m

Other models: Matrix power vs permanent, Iterated Matrix Multiplication vs
permanent. (multiplicities for the orbits express in terms of LR, Kron, plethysms)

Greta Panova
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Multiplicity obstructions in GCT

6 n Ta R R n,m
C[GL 2 detn]g =~ @ VED Adn C[GL,2pern]q ~ @ VSB'Y’\"" m
Arnd AFnd

[GCT paradigm] : There exist multiplicity obstructions that show n > poly(m), so
VP # VNP, i.e. there is some A and n, m with n > poly(m), s.t. dx,d,n < Vx,d,n,m

Other models: Matrix power vs permanent, Iterated Matrix Multiplication vs
permanent. (multiplicities for the orbits express in terms of LR, Kron, plethysms)

Toy problem: Factor £{ 4 --- + £} into linear forms? (k > 2)

Chli={b1-tn| i€V} vs Pl :={00+ -+ [feV],
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Multiplicity obstructions in GCT

6 n Ta R R n,m
C[GL 2 detn]g =~ @ VED Adn C[GL,2pern]q ~ @ VSB'Y’\"" m
Arnd AFnd

[GCT paradigm] : There exist multiplicity obstructions that show n > poly(m), so
VP # VNP, i.e. there is some A and n, m with n > poly(m), s.t. dx d.n < Yr,d,n,m

Other models: Matrix power vs permanent, lterated Matrix Multiplication vs
permanent. (multiplicities for the orbits express in terms of LR, Kron, plethysms)

Toy problem: Factor £ + --- + £} into linear forms? (k > 2)

Chp = {l1--- 4| L; € V} vs Psmik =10+ -+, | i € V],

Theorem (Dérfler—lkenmeyer-P'20)

Let m >3, n > 2. We have mult(C[Ch7]nt1) < multx(C[Psp, , 1]nt1) for
A= (n?>—2,n,2), ie., X is a multiplicity obstruction that shows Ph a1 & Ch],.
No occurrence obstructions, for explicit values of k, n, m.

[BIP'16] multy (C[Ps), ,]a) = ax(d[n]) for k > d.

[Landsberg] multy (C[Ch]]4) < ax(n[d])

Explicit plethysm formula: a(,2_5 , 5)((n+ 1)[n]) = 1+ a2 _5 5 2y(nln + 1])

Greta Panova 12
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Tight asymptotics
pn(l, m) == #{\F n; X C (m")}

> pnttima” = |71 ‘L

k>0
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Tight asymptotics
pn(l, m) == #{\F n; X C (m")}

> palt,m)q” = {m;eL

k>0

Theorem (Pak-P'15)

Forallm>/¢>8and2<k<{¢m/2, let s=min{2k, ¢?}. We have:

g(m®, m* (mf — k, k)) = pr(£, m) — px_1(£, m) > 0.004

Greta Panova
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Tight asymptotics

m
pn(l, m) == #{\F n; X C (m")} T
H A
. m+ 0 T
> palt,m)g” = [T l
k>0 q
Theorem (Pak-P'15)
Forallm>/¢>8and2<k<{¢m/2, let s=min{2k, ¢?}. We have:
¢ 0 2v%
g(m*, m", (ml — k, k)) = px(¢, m) — px_1(¢, m) > 0.004 e
Theorem (Melczer-P-Pemantle’19)
Let A:= é B := ”m;; Let c, d be solutions of [a system of integral equations]

m[cA+2dB—log(1—e =~ %)]

27m3vD

de

d
pn(€, m) — pp—1(£, m) ~ ;Pnfl(& m) ~

Greta Panova 13
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Tight asymptotics

m
pn(l, m) == #{\F n; X C (m")} T
H A
. m+ 0 T
> palt,m)g” = [T l
k>0 q
Theorem (Pak-P'15)
Forallm>/¢>8and2<k<{¢m/2, let s=min{2k, ¢?}. We have:
¢ 0 2v%
g(m*,m",(ml — k, k)) = px(¢, m) — px—1(¢, m) > 0.004 e
Theorem (Melczer-P-Pemantle’19)
Let A:= é B := ”m;; Let c, d be solutions of [a system of integral equations]

m[cA+2dB—log(1—e~ )]

2rm3vD

P de

g’ " (mt—n, ) =pa(t; m)=pn-1(;m) ~ & py_1(6,m) ~

Greta Panova 13



Combinatorial problems Geometric Complexity Theory
000000 00000

Maximal multiplicities

Theorem [Stanley]

maxmaxmax g(\, u,v) = Vale=O0WVA) |

AEn pbn vbn

max maxmax max c‘i‘,, = 2n/2-0(Vn),
0<k<n AFn pkk vEn—k ’

Greta Panova
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Theorem [Stanley]

Geometric Complexity Theory
00000

Maximal multiplicities

maxmaxmax g(\, u,v) = Vale=O0WVA) |
AEn pbn vbn

max maxmax max C;‘V — 2n/2=0(Vn),
0<k<n AFn pkk vEn—k ’

Question: [Stanley] For which A, i, v are these maxima achieved?

Greta Panova
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Stat mech motivation: lozenge tilings

>\1+4 lim s)\"(Xlz"'vxkvlnik)
n—oo 5>\n(1")

[Gorin-P'15] effective asymptotics giving GUE near boundary, also in

X,+3

>\3+2 [Novak, Petrov] etc, subsequently used for LLN and CLT for trapezoidal
domains [Bufetov-Gorin, Aggarwal-Gorin] etc

N+l

As

Greta Panova
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Stat mech motivation: lozenge tilings

x1+4

X2+3
x3+2

N+l

Greta Panova

sxan(xt, ..., xg, 177K)

lim
n—oo 5>\n(1")

[Gorin-P'15] effective asymptotics giving GUE near boundary, also in

[Novak, Petrov] etc, subsequently used for LLN and CLT for trapezoidal

domains [Bufetov-Gorin, Aggarwal-Gorin] etc

Question: What about nontrapezoidal domains, can we ana-

S)\/,’L(Xl7 ceey Xy lnik)
SA/u(ln)

Question: Asymptotics of KA//M,, cﬁy etc as A, u, v grow..?

lyze asymptotically ?
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Largest Kroneckers

Inequalities
S e = Nz an =,
A,p,vbn abn
where zo, = 1™ m12™mp! ... when o = (1™M2™M2 ),
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Largest Kroneckers

Inequalities
S e = Nz an =,
A,p,vbn abn
where zo, = 1™ m12™mp! ... when o = (1™M2™M2 ),

Theorem (Pak-Panova-Yeliussizov'18)
Let {0 = n}, {u™ = n}, {v07) - n} be three partition sequences, such that

(%) g()\(")7 pm, V(")) — Ve O(Vn)
Then XM () (") are Plancherel (i.e. VKLS shape). Conversely, for every two

Plancherel sequences {\(") \- n} and {u{" F n}, there exists a Plancherel partition
sequence {v(" F n}, s.t. (*) holds.

Greta Panova
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Largest Kroneckers

Inequalities
S e = Nz an =,
A,p,vbn abn
where zo, = 1™ m12™mp! ... when o = (1™M2™M2 ),

Theorem (Pak-Panova-Yeliussizov'18)
Let {0 = n}, {u™ = n}, {v07) - n} be three partition sequences, such that

(%) g()\(")7 pm, y(")) — Ve O(Vn)
Then XM () (") are Plancherel (i.e. VKLS shape). Conversely, for every two

Plancherel sequences {\(") \- n} and {u{" F n}, there exists a Plancherel partition
sequence {V("  n}, s.t. (*) holds.

D(n) := max f
()= e
Theorem[PPY]: Let p, v+ n, sit. f#, f¥ > D(n)/a for some a > 1. Then there exist

A on, s.t. n) D(n)
n n
A o(7) and g(\p,v) > 2p(n)

)

A >

Greta Panova 16
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Littlewood-Richardson

Theorem (PPY'18)

There exists a constant d > 0, s.t. foralln> k > 1:

n
(k) e=dVn < max max max ) < (

Abn pkk vbn—k Moy —

Greta Panova
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Littlewood-Richardson

Theorem (PPY'18)
There exists a constant d > 0, s.t. foralln> k > 1:

mn n
( )e 4V < max max max cﬁu < ( )
k Aen pbk vbn—k H

Theorem (PPY’18)
Fix 0 < 0 <1 and let k, := |0n]|. Then:

1. for every Plancherel partition sequence {/\(") F n}, there exist Plancherel partition
sequences {u(" + k} and {v\") - n — ky}, s.t.

s

A rn\Y2 _o(ym)
(%%) Com ) = (kn) e

2. for all Plancherel partition sequences {u{"™ & kp} and {™ & n — k,}, there exists
a Plancherel partition sequence {\") I~ n}, s.t. (xx) holds,

3. for all Plancherel partition sequences {\(") - n} and {u(") & k,}, there exists a
partition sequence {y(”) Fn—kp}, s.t.

n 2/3 n ny\1/2 2/3
P ale— 0 P logn) 4y CA((n; = ( ) O3 1ogn)
), v kn

Greta Panova 17
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Littlewood-Richardson

Theorem (PPY'18)
There exists a constant d > 0, s.t. foralln> k > 1:

mn n
( )e 4V < max max max cﬁu < ( )
k Aen pbk vbn—k H

Theorem (PPY’18)
Fix 0 < 0 <1 and let k, := |0n]|. Then:

1. for every Plancherel partition sequence {/\(") F n}, there exist Plancherel partition
sequences {u(" + k} and {v\") - n — ky}, s.t.

s

A rn\Y2 _o(ym)
(%%) Com ) = (kn) e

2. for all Plancherel partition sequences {u{"™ & kp} and {™ & n — k,}, there exists
a Plancherel partition sequence {\") I~ n}, s.t. (xx) holds,

3. for all Plancherel partition sequences {\(") - n} and {u(") & k,}, there exists a
partition sequence {y(”) Fn—kp}, s.t.

n 2/3 n ny\1/2 2/3
P ale— 0 P logn) 4y CA((n; = ( ) O3 1ogn)
), v kn

[Belinschi-Guionnet-Huang'20+]: General upper bounds on ¢\

n
via elliptical [random matrix] integrals.
Greta Panova 17

,, for “nice measures”



Combinatorial problems Geometric Complexity Theory
000000 00000

Small number of rows

Theorem (Pak-P'20)
Let A\, i, v F n such that £(X\) = ¢, ¢(u) = m, and £(v) = r. Then:

¢ n 4
e mv) < <1+ ﬂ) (1+ =)™
n Lmr

Corollary: Let A = (£2), where £ = /n, then

g(M A, \) <4n

Greta Panova
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Small number of rows

Theorem (Pak-P'20)
Let A\, i, v F n such that £(X\) = ¢, ¢(u) = m, and £(v) = r. Then:

¢ n tmr
g(h ) < <1+ﬂ) <1+L) .
n

Imr
Corollary: Let \ = (¢2)*, where ¢ = /n, then
g(A A A) <47,
Proof via contingency arrays:
m,r O,r Z,m
T\ p,v) =#{(Xijk) € Zg’&' : E Xijk = Ais Z Xijk = 1), Z Xijk =i},
j=1,k=1 i=1,k=1 i=1,j=1

ST e mr) i) su)s(z) = Y T(a,B7)x*yP 27

A v B,y

=g\ mv) < T pv),

Greta Panova
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Small number of rows

Theorem (Pak-P'20)
Let A\, i, v F n such that £(X\) = ¢, ¢(u) = m, and £(v) = r. Then:

¢ n emr
g(h ) < <1+ﬂ) <1+ n )mA
n Imr

Corollary: Let \ = (¢2)*, where ¢ = /n, then

g(M A, \) <4n

Proof via contingency arrays:

m,r O,r Z,m
T\ p,v) =#{(Xijk) € sz’ : Z Xijk = Ais Z Xijk = Hjs Z Xijk =Vk},
i=1,k=1

Jj=1,k=1 i=1,j=1

ST e mr) i) su)s(z) = Y T(a,B7)x*yP 27

A v B,y

=g\ pv) < T\ pv),
[Barvinok]: The number of 3d contingency tables with marginals («, 3,7) is

< exp e glg)é Z(Z’Jk + 1) log(Zjk + 1) — Zjji log(Zjjk)
BN
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Combinatorial problems
000000

Greta Panova

Geometric Complexity Theory
00000

The elusive lower bound

[Bessenrodt-Behns] :  g(A\, A\, A) > 1 for A=\
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The elusive lower bound

[Bessenrodt-Behns] :  g(A\, A\, A) > 1 for A=\

Pyr(a, 8,7) := # of pyramids (3d partitions) with marginals o, 3, 7.

Theorem [Manivel, Vallejo]

g\ u,v) > Pyr(N,p/ V")

Greta Panova
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The elusive lower bound

[Bessenrodt-Behns] :  g(A\, A\, A) > 1 for A=\

Pyr(a, 8,7) := # of pyramids (3d partitions) with marginals o, 3, 7.
Theorem [Manivel, Vallejo]

g\ ) = Pyr(N, i/, v')
Proposition For some «, 3,7 F n we have

Pyr(a, 8,7) = exp @(n2/3).

Greta Panova 19
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The elusive lower bound

[Bessenrodt-Behns] :  g(A\, A\, A) > 1 for A=\

Pyr(a, 8,7) := # of pyramids (3d partitions) with marginals o, 3, 7.

Theorem [Manivel, Vallejo]

g\ p,v) > Pyr(N, 1/, 1)
Proposition For some «, 3,7 F n we have

Pyr(a, 8,7) = exp @(n2/3).

Conjecture [Pak-P'20]:

Z g(A A A) =exp (%nlogn + O(n)) .

AEn A=\

Greta Panova
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The reduced (but not simpler!) Kronecker coefficients

gla, B,7v) = nimoo g(a[n]MB[n]v’Y[n])» aln] := (n —|al, o1, 02,...), n 2> |a| + o,

g(a, B,7) = ¢g, for |a| = (8] + 1l

Greta Panova 20
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The reduced (but not simpler!) Kronecker coefficients

E(a,ﬁﬁ) = nimoo g(a[n]MB[n]v’Y[n]% a[n] = (n - |OL|,O{1,0¢2, . ')7 nz |a| +ai,
g(a, B,7) = ¢g, for |a| = (8] + 1l

Conjecture (Kirillov, Klyachko)

The reduced Kronecker coefficients satisfy the saturation property:

g(Na, NB,Nvy) >0 forsome N>1 = g(«a,pB,7)>0.

Greta Panova 20
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The reduced (but not simpler!) Kronecker coefficients

E(CY, B:’Y) = nimoo g(a[”]yﬂ["]77[”]), a[n] = (n - |OL|,O{1,0¢2, .. ')7 n> |a| + azx,
e 5,7) = c§, for lal = |8 + b,

Conjecture (Kirillov, Klyachko)

The reduced Kronecker coefficients satisfy the saturation property:
g(Na, NB,Nvy) >0 forsome N>1 = g(«a,pB,7)>0.

Theorem (Pak-P, '20)

For all k > 3, the triple of partitions (1k2_1, 1"2_17 kk_l) is a counterexample to the
Conjecture. For every partition vy s.t. yo > 3, there are infinitely many pairs
(a, b) € N? s.t. (ab,aP,v) is a counterexample.

Greta Panova 20
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The reduced (but not simpler!) Kronecker coefficients

E(CY, B:’Y) = nimoo g(a[”]yﬂ["]ﬁ[”]), a[n] = (n - |Oé|, a1, a2, .. ')7 n> |a| + azx,
(e, 8,7) = g, for |al = I8] + Il

Conjecture (Kirillov, Klyachko)

The reduced Kronecker coefficients satisfy the saturation property:

g(Na, NB,Nvy) >0 forsome N>1 = g(«a,pB,7)>0.

Theorem (Pak-P, '20)

For all k > 3, the triple of partitions (1k2_1, 1"2_17 kk_l) is a counterexample to the
Conjecture. For every partition vy s.t. yo > 3, there are infinitely many pairs
(a, b) € N? s.t. (ab,aP,v) is a counterexample.

Example:
g(1°,1°,(3,3)) = 0, but g(2°,2°,(6,6)) > 0.

Greta Panova 20



Combinatorial problems Geometric Complexity Theory Asymptotics
000000 00000 000000080

The reduced (but not simpler!) Kronecker coefficients

E(CY, B:’Y) = nimoo g(a[”]yﬂ["]77[”]), a[n] = (n - |Oé|, a1, a2, .. ')7 n> |a| + azx,
(e, 8,7) = g, for |al = I8] + Il

Conjecture (Kirillov, Klyachko)

The reduced Kronecker coefficients satisfy the saturation property:

g(Na, NB,Nvy) >0 forsome N>1 = g(«a,pB,7)>0.

Theorem (Pak-P, '20)

For all k > 3, the triple of partitions (1k2_1, 1"2_17 kk_l) is a counterexample to the
Conjecture. For every partition vy s.t. yo > 3, there are infinitely many pairs
(a, b) € N? s.t. (ab,aP,v) is a counterexample.

Theorem (Pak-P’20)

max_ max max max g(a,8,v) = Vn! 2
a+b+c<3n ata pBFb ~tc
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The reduced (but not simpler!) Kronecker coefficients

E(av B?’Y) = nimoo E(a["]yﬁ["]ﬁ[”])’ a[n] = (" - |Oé|, Qap, 2, .. ~)7 n 2 Ial + o,
g(a,B8,7) = ¢z, for ol = (8] + 1,

Conjecture (Kirillov, Klyachko)

The reduced Kronecker coefficients satisfy the saturation property:

g(Na, NB,Ny) >0 forsome N>1 — g(«a,pB,7v)>0.

Theorem (Pak-P, '20)

. L. 2 2 .
For all k > 3, the triple of partitions (1¥"—1,1k"=1 kk=1) s a counterexample to the
Conjecture. For every partition vy s.t. yo > 3, there are infinitely many pairs
(a, b) € N? s.t. (a®,aP,v) is a counterexample.

Theorem (Pak-P'20)

max max max max g(a,S,y) = Vn! Q)
at+b+c<3n ata BFb ~tc

Theorem (Pak-P’20)
Computing the reduced Kronecker coefficients g(co, 3,7) is strongly #P-hard.

Greta Panova 20
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Thank you!
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Statistical Mechanics/
Represéntati

C[X11X99 — X12X21]
Algebrai

S(2,2) (@1, 22, 23) fa3

Algebraic Combinatorics

ability
2.2

2.2

= atad + ofad + aded +alwsws + wi0dey + wiwead

2
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