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Sλ ⊗ Sµ = ⊕ν⊢nS
⊕g(λ,µ,ν)
ν

Kronecker coefficients: g(λ, µ, ν) – multiplicity of Sν in Sλ ⊗ Sµ

Plethysm: Compositions of GL-representations.

Sd (SnV ) = ⊕λ⊢dnV
aλ(d [n])
λ
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Via Schur functions and Sn characters

sλ(x , y) =
∑
µ,ν

cλµνsµ(x)sν(y) ⇐⇒ sλ/µ(x) =
∑
ν

cλµ,νsν(x)

sλ[x .y ] =
∑
µ,ν

g(λ, µ, ν)sµ(x)sν(y) ⇐⇒
∑
λ,µ,ν

g(λ, µ, ν)sλ(x)sµ(y)sν(z) =
∏
i,j,k

1

1− xiyjzk

hd [hn(x)] =
∑
λ

aλ(d [n])sλ(x)

Via the irreducible characters χλ of Sλ:

g(λ, µ, ν) =
1

n!

∑
w∈Sn

χλ(w)χµ(w)χν(w)

Theorem [Littlewood-Richardson, 1934] cνλµ is equal to the number of LR tableaux

of shape ν/µ and type λ.

1 1 1
1 2 2

2 3 3

1 1 1
2 2 2

1 3 3

( c
(6,4,3)
(3,1)(4,3,2)

= 2)
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Combinatorics I

Problem (Murnaghan 1938, Stanley)
Find a positive combinatorial interpretation for g(λ, µ, ν), i.e. a family of
combinatorial objects Oλ,µ,ν , s.t. g(λ, µ, ν) = #Oλ,µ,ν .
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Combinatorics I

Problem (Murnaghan 1938, Stanley)
Find a positive combinatorial interpretation for g(λ, µ, ν), i.e. a family of
combinatorial objects Oλ,µ,ν , s.t. g(λ, µ, ν) = #Oλ,µ,ν .

Theorem [Murnaghan] If |λ|+ |µ| = |ν| and n > |ν|, then

g((n + |µ|, λ), (n + |λ|, µ), (n, ν)) = cνλµ.
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Combinatorics I

Problem (Murnaghan 1938, Stanley)
Find a positive combinatorial interpretation for g(λ, µ, ν), i.e. a family of
combinatorial objects Oλ,µ,ν , s.t. g(λ, µ, ν) = #Oλ,µ,ν .

Theorem [Murnaghan] If |λ|+ |µ| = |ν| and n > |ν|, then

g((n + |µ|, λ), (n + |λ|, µ), (n, ν)) = cνλµ.

Combinatorial formulas for g(λ, µ, ν), when:

• µ and ν are hooks ( ), [Remmel, 1989]

• ν = (n − k, k) ( ) and λ1 ≥ 2k − 1, [Ballantine–Orellana, 2006]

• ν = (n − k, k), λ = (n − r , r) [Remmel–Whitehead, 1994;
Blasiak–Mulmuley–Sohoni,2013]

• ν = (n − k, 1k ) ( ), [Blasiak 2012, Blasiak-Liu 2014]

• Other special cases [Colmenarejo-Rosas, Ikenmeyer-Mulmuley-Walter,
Pak-Panova, Mishna-Rosas-Sundaram].
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Combinatorics I

Problem (Murnaghan 1938, Stanley)
Find a positive combinatorial interpretation for g(λ, µ, ν), i.e. a family of
combinatorial objects Oλ,µ,ν , s.t. g(λ, µ, ν) = #Oλ,µ,ν .

g(λ, µ, ν)
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Computational Complexity in a Nutshell

Input: I , size(I ) = n (bits)
Problem: C(I )

Decision problems: is there...

... an object X , s.t. X ∈ C(I ) ?
Is C(I ) ̸= ∅?

Compute |C(I )| =?

P : yes/no answer in time O(nd ) FP : |C(I )| in O(nd ) time.

NP : “yes” can be verified in O(nd ):

Is X ∈ C(I )? Answer in O(nd ).

#P : |C(I )| for C ∈ NP.

Millennium Problem: Is P = NP ?
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Combinatorial interpretations vs Computational Complexity

Littlewood-Richardson:

LR: Input: λ, µ, ν Output: cλµν

LRpos: Input: λ, µ, ν Output: Is cλµν > 0?

LR rule =⇒ LR ∈ #P

[Knutson-Tao’01]: LRpos ∈ P.

Characters:

Char: Input: n, λ, α ⊢ n (unary) Output: Is χλ[α] ̸= 0?

[Pak-P]: Char ∈ NP-c .

Kronecker:

Kron: Input: λ, µ, ν Output: g(λ, µ, ν)

KronPos: Input: λ, µ, ν Output: Is g(λ, µ, ν) > 0?

[Bürgisser-Ikenmeyer, Pak-P]: Kron ∈ GapP.

[Ikenmeyer-Mulmuley-Walter]: KronPos is [strongly] NP-hard.

Question[Pak-P]: is Kron ∈ #P?
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Positivity

Conjecture (Tensor square, Saxl’12)
For every n ≥ 9 there is an irreducible Sn representations, Sλ, such that Sλ ⊗ Sλ

contains every irreducible representation. I.e. g(λ, λ, µ) > 0 for every µ ⊢ n. Saxl

conjecture: for n =
(k
2

)
such partition is λ = δk = (k − 1, . . . , 1)

Note: λ = λ′.

Partial results:

[Pak-P-Vallejo’13]: for µ - 2-row, hook, hook + boxes etc

[PPV’13],[PP’16] g(λ, λ, µ) ≥ |χµ(2λ1 − 1, 2λ2 − 3, . . .)| for λ = λ′

[Ikenmeyer’15]: g(δk , δk , µ) > 0 if µ ≻≺ δk (dominance order)

[Luo-Sellke’15]: g(δk , δk , µ) > 0 for (1− o(1)) many µ’s.

Other positivity results:

[Ikenmeyer-P,’16]:
g((N − ab, ab), (N − ab, ab), (N − |γ|, γ)) > 0 for large N and almost all γ, a, b (with
some restrictions), related to Geometric Complexity Theory.

→ NEXT
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Algebraic P vs NP: VP vs VNP

Arithmetic Circuits:

y = 3x1 + x1x2

Input: X1, . . . ,Xn and constants from F.

Circuit: nodes are +,−,×,÷ gates.

Output: Polynomial y = fn ∈ F[X1, . . . ,Xn].

Class VP (Valliant’s P):
polynomials that can be computed with
circuits with poly(n) nodes

Class VNP (Valliant’s NP ):
polynomials fn, s.t. ∃gn ∈ VP with

fn =
∑

b∈{0,1}n
gn(X1, . . . ,Xn, b1, . . . , bn).

Theorem[Bürgisser]:
If VP = VNP over finite F or Generalized Riemann Hypothesis holds, then P = NP.
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Geometric Complexity Theory in a Nutshell

VP vs VNP : permanent vs determinant

detn :=
∑
σ∈Sn

sgn(σ)
n∏

i=1

xi,σ(i) perm :=
∑
σ∈Sm

m∏
i=1

xi,σ(i)

Conjecture [Valiant’78]:
The (normalized) permanent xn−m

11 perm ̸= detn[AxT ] (n × n determinant of affine
linear forms in {xij}mi,j=1) for n = poly(m). (and thus VP ̸= VNP)

xn−m
11 perm = detn[Ax

T ] =⇒ GLn2x
n−m
11 perm ⊂ GLn2detn

GCT program (Mulmuley and Sohoni): If C[GLn2per
n
m]d ⊂ C[GLn2detn]d , show that

n > poly(m).

C[GLn2detn]d ≃
⊕
λ⊢nd

V
⊕δλ,d,n

λ , C[GLn2per
n
m]d ≃

⊕
λ⊢nd

V
⊕γλ,d,n,m

λ ,

Obstructions λ: if δλ,d,n < γλ,d,n,m for n > poly(m) =⇒ VP ̸= VNP.
If also δλ,d,n = 0, then λ is an occurrence obstruction.

Conjecture (Mulmuley and Sohoni)
There exist occurrence obstructions that show n > poly(m).

Theorem (Bürgisser-Ikenmeyer-P)
This Conjecture is false. There are no such occurrence obstructions for n > m25.
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Kronecker coefficients and GCT

VP vs VNP

C[GLn2detn]d ≃
⊕
λ⊢nd

V
⊕δλ,d,n

λ , C[GLn2per
n
m]d ≃

⊕
λ⊢nd

V
⊕γλ,d,n,m

λ ,

Obstructions λ: if δλ,d,n < γλ,d,n,m for n > poly(m) =⇒ VP ̸= VNP.

δλ,d,n ≤ g(λ, nd , nd ) γλ,d,n,m ≤ aλ(d [n])

Conjecture (GCT, Mulmuley and Sohoni)
There exist λ, s.t. g(λ, nd , nd ) = 0 and γλ,d,n,m > 0 for some n > poly(m).

Theorem (Ikenmeyer-P )
Let n > 3m4, λ ⊢ nd . If g(λ, nd , nd ) = 0(so multλC[GLn2detn] = 0), then

multλ(C[GLn2per
n
m] = 0.

Theorem (Ikenmeyer-P)
For every partition ρ, let n ≥ |ρ|, d ≥ 2, λ := (nd − |ρ|, ρ). Then
g(λ, nd , nd ) ≥ aλ(d [n]).
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No occurrence obstructions: positive Kroneckers

Theorem (Ikenmeyer-Panova)
Let n > 3m4, λ ⊢ nd . If g(λ, n × d , n × d) = 0 (so multλC[GLn2detn]d = 0), then

multλ(C[GLn2per
n
m]d = 0.

Proof ingredients:

Theorem (Kadish-Landsberg)
If multλC[GLn2per

n
m]d > 0, then λ1 ≥ nd −md and ℓ(λ) ≤ m2.

Theorem (Degree lower bound, [IP] )
If λ1 ≥ nd −md with γλ,d,n,m > g(λ, n × d , n × d), then d > n

m
.

Theorem (Kronecker positivity, [IP] )
If ℓ(λ) ≤ m2, λ1 ≥ nd −md , d > 3m3, and n > 3m4, then g(λ, n × d , n × d) > 0,
except for 6 special cases.

Proof uses semigroup property, symmetries, positivity for squares.
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Multiplicity obstructions in GCT

C[GLn2detn]d ≃
⊕
λ⊢nd

V
⊕δλ,d,n

λ , C[GLn2per
n
m]d ≃

⊕
λ⊢nd

V
⊕γλ,d,n,m

λ ,

[GCT paradigm] : There exist multiplicity obstructions that show n > poly(m), so
VP ̸= VNP, i.e. there is some λ and n,m with n > poly(m), s.t. δλ,d,n < γλ,d,n,m

Other models: Matrix power vs permanent, Iterated Matrix Multiplication vs
permanent. (multiplicities for the orbits express in terms of LR, Kron, plethysms)

Toy problem: Factor ℓn1 + · · ·+ ℓnk into linear forms? (k > 2)
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VP ̸= VNP, i.e. there is some λ and n,m with n > poly(m), s.t. δλ,d,n < γλ,d,n,m
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Multiplicity obstructions in GCT
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λ⊢nd

V
⊕δλ,d,n
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m]d ≃
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λ⊢nd

V
⊕γλ,d,n,m

λ ,

[GCT paradigm] : There exist multiplicity obstructions that show n > poly(m), so
VP ̸= VNP, i.e. there is some λ and n,m with n > poly(m), s.t. δλ,d,n < γλ,d,n,m

Other models: Matrix power vs permanent, Iterated Matrix Multiplication vs
permanent. (multiplicities for the orbits express in terms of LR, Kron, plethysms)

Toy problem: Factor ℓn1 + · · ·+ ℓnk into linear forms? (k > 2)

Chnm := {ℓ1 · · · ℓn | ℓi ∈ V } vs Psnm,k := {ℓn1 + · · ·+ ℓnk | ℓi ∈ V },

Theorem (Dörfler–Ikenmeyer-P’20)
Let m ≥ 3, n ≥ 2. We have multλ(C[Ch

n
m]n+1) < multλ(C[Ps

n
m,n+1]n+1) for

λ = (n2 − 2, n, 2), i.e., λ is a multiplicity obstruction that shows Pn
m,n+1 ̸⊆ Chnm.

No occurrence obstructions, for explicit values of k, n,m.

[BIP’16] multλ(C[Ps
n
m,k ]d ) = aλ(d [n]) for k ≥ d .

[Landsberg] multλ(C[Ch
n
m]d ) ≤ aλ(n[d ])

Explicit plethysm formula: a(n2−2,n,2)((n + 1)[n]) = 1 + a(n2−2,n,2)(n[n + 1])
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Tight asymptotics

pn(ℓ,m) := #{λ ⊢ n; λ ⊂ (mℓ)}

∑
k≥0

pn(ℓ,m)qn =

[
m + ℓ
m

]
q

m

ℓ
λ

Theorem (Pak-P’15)
For all m ≥ ℓ ≥ 8 and 2 ≤ k ≤ ℓm/2, let s = min{2k, ℓ2}. We have:

g(mℓ,mℓ, (mℓ− k, k)) = pk (ℓ,m) − pk−1(ℓ,m) > 0.004
2
√

s

s9/4
.
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g(mℓ,mℓ, (mℓ− k, k)) = pk (ℓ,m) − pk−1(ℓ,m) > 0.004
2
√
s

s9/4
.

Theorem (Melczer-P-Pemantle’19)
Let A := ℓ

m
B := n−1

m2 . Let c, d be solutions of [a system of integral equations]

pn(ℓ,m)− pn−1(ℓ,m) ∼
d

m
pn−1(ℓ,m) ∼

d e
m
[
cA+2dB−log(1−e−c−d )

]
2πm3

√
D

.
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Maximal multiplicities

Theorem [Stanley]

max
λ⊢n

max
µ⊢n

max
ν⊢n

g(λ, µ, ν) =
√
n! e−O(

√
n) ,

max
0≤k≤n

max
λ⊢n

max
µ⊢k

max
ν⊢n−k

cλµ,ν = 2n/2−O(
√
n).

Question: [Stanley] For which λ, µ, ν are these maxima achieved?

Greta Panova 14



Combinatorial problems Geometric Complexity Theory Asymptotics

Maximal multiplicities

Theorem [Stanley]

max
λ⊢n

max
µ⊢n

max
ν⊢n

g(λ, µ, ν) =
√
n! e−O(

√
n) ,

max
0≤k≤n

max
λ⊢n

max
µ⊢k

max
ν⊢n−k

cλµ,ν = 2n/2−O(
√
n).

Question: [Stanley] For which λ, µ, ν are these maxima achieved?

Greta Panova 14



Combinatorial problems Geometric Complexity Theory Asymptotics

Stat mech motivation: lozenge tilings

3 +2

+1

5

1

2 +3

4

+4
lim

n→∞

sλn (x1, . . . , xk , 1
n−k )

sλn (1n)

[Gorin-P’15] effective asymptotics giving GUE near boundary, also in

[Novak, Petrov] etc, subsequently used for LLN and CLT for trapezoidal

domains [Bufetov-Gorin, Aggarwal-Gorin] etc

Question: What about nontrapezoidal domains, can we ana-

lyze asymptotically
sλ/µ(x1, . . . , xk , 1

n−k )

sλ/µ(1n)
?

Question: Asymptotics of Kλ/µ,ν , c
λ
µν etc as λ, µ, ν grow..?
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Largest Kroneckers

Inequalities ∑
λ,µ,ν⊢n

g(λ, µ, ν)2 =
∑
α⊢n

zα ≥ z1n = n!,

where zα = 1m1m1!2m2m2! · · · when α = (1m12m2 . . .),
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Largest Kroneckers

Inequalities ∑
λ,µ,ν⊢n

g(λ, µ, ν)2 =
∑
α⊢n

zα ≥ z1n = n!,

where zα = 1m1m1!2m2m2! · · · when α = (1m12m2 . . .),

Theorem (Pak-Panova-Yeliussizov’18)
Let {λ(n) ⊢ n}, {µ(n) ⊢ n}, {ν(n) ⊢ n} be three partition sequences, such that

(∗) g
(
λ(n), µ(n), ν(n)

)
=

√
n! e−O(

√
n) .

Then λ(n), µ(n), ν(n) are Plancherel (i.e. VKLS shape). Conversely, for every two
Plancherel sequences {λ(n) ⊢ n} and {µ(n) ⊢ n}, there exists a Plancherel partition
sequence {ν(n) ⊢ n}, s.t. (*) holds.
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√
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Then λ(n), µ(n), ν(n) are Plancherel (i.e. VKLS shape). Conversely, for every two
Plancherel sequences {λ(n) ⊢ n} and {µ(n) ⊢ n}, there exists a Plancherel partition
sequence {ν(n) ⊢ n}, s.t. (*) holds.

D(n) := max
λ⊢n

f λ

Theorem[PPY]: Let µ, ν ⊢ n, s.t. f µ, f ν ≥ D(n)/a for some a ≥ 1. Then there exist
λ ⊢ n, s.t.

f λ ≥
D(n)

a
√

p(n)
and g(λ, µ, ν) ≥

D(n)

a2 p(n)
.
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Littlewood-Richardson

Theorem (PPY’18)
There exists a constant d > 0, s.t. for all n > k ≥ 1:√(n

k

)
e−d

√
n ≤ max

λ⊢n
max
µ⊢k

max
ν⊢n−k

cλµ,ν ≤
√(n

k

)
.

Theorem (PPY’18)
Fix 0 < θ < 1 and let kn := ⌊θn⌋. Then:

1. for every Plancherel partition sequence {λ(n) ⊢ n}, there exist Plancherel partition
sequences {µ(n) ⊢ kn} and {ν(n) ⊢ n − kn}, s.t.

(∗∗) cλ
(n)

µ(n), ν(n) =
( n

kn

)1/2
e−O(

√
n) ,

2. for all Plancherel partition sequences {µ(n) ⊢ kn} and {ν(n) ⊢ n − kn}, there exists
a Plancherel partition sequence {λ(n) ⊢ n}, s.t. (∗∗) holds,
3. for all Plancherel partition sequences {λ(n) ⊢ n} and {µ(n) ⊢ kn}, there exists a
partition sequence {ν(n) ⊢ n − kn}, s.t.

f ν
(n)

=
√
n! e−O(n2/3 log n) and cλ
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Small number of rows

Theorem (Pak-P’20)
Let λ, µ, ν ⊢ n such that ℓ(λ) = ℓ, ℓ(µ) = m, and ℓ(ν) = r . Then:

g(λ, µ, ν) ≤
(
1 +

ℓmr

n

)n (
1 +

n

ℓmr

)ℓmr
.

Corollary: Let λ = (ℓ2)ℓ, where ℓ = 3
√
n, then

g(λ, λ, λ) ≤ 4n.

Proof via contingency arrays:

T (λ, µ, ν) = #{(Xi,j,k ) ∈ Z
ℓmr
≥0 :

m,r∑
j=1,k=1

Xi,j,k = λi ,

ℓ,r∑
i=1,k=1

Xi,j,k = µj ,

ℓ,m∑
i=1,j=1

Xi,j,k = νk},

∑
λ,µ,ν

g(λ, µ, ν) sλ(x)sµ(y)sν(z) =
∑
α,β,γ

T (α, β, γ) xα yβ zγ .

=⇒ g(λ, µ, ν) ≤ T (λ, µ, ν),

[Barvinok]: The number of 3d contingency tables with marginals (α, β, γ) is

≤ exp

 max
Z∈P(α,β,γ)

∑
i,j,k

(Zijk + 1) log(Zijk + 1)− Zijk log(Zijk )
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The elusive lower bound

[Bessenrodt-Behns] : g(λ, λ, λ) ≥ 1 for λ = λ′

Greta Panova 19



Combinatorial problems Geometric Complexity Theory Asymptotics

The elusive lower bound

[Bessenrodt-Behns] : g(λ, λ, λ) ≥ 1 for λ = λ′

Pyr(α, β, γ) := # of pyramids (3d partitions) with marginals α, β, γ.
Theorem [Manivel, Vallejo]

g(λ, µ, ν) ≥ Pyr(λ′, µ′, ν′)

Greta Panova 19



Combinatorial problems Geometric Complexity Theory Asymptotics

The elusive lower bound

[Bessenrodt-Behns] : g(λ, λ, λ) ≥ 1 for λ = λ′

Pyr(α, β, γ) := # of pyramids (3d partitions) with marginals α, β, γ.
Theorem [Manivel, Vallejo]

g(λ, µ, ν) ≥ Pyr(λ′, µ′, ν′)

Proposition For some α, β, γ ⊢ n we have

Pyr(α, β, γ) = expΘ(n2/3).

Greta Panova 19



Combinatorial problems Geometric Complexity Theory Asymptotics

The elusive lower bound

[Bessenrodt-Behns] : g(λ, λ, λ) ≥ 1 for λ = λ′

Pyr(α, β, γ) := # of pyramids (3d partitions) with marginals α, β, γ.
Theorem [Manivel, Vallejo]

g(λ, µ, ν) ≥ Pyr(λ′, µ′, ν′)

Proposition For some α, β, γ ⊢ n we have

Pyr(α, β, γ) = expΘ(n2/3).

Conjecture [Pak-P’20]:

∑
λ⊢n,λ=λ′

g(λ, λ, λ) = exp

(
1

2
n log n + O(n)

)
.
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The reduced (but not simpler!) Kronecker coefficients

g(α, β, γ) := lim
n→∞

g
(
α[n], β[n], γ[n]

)
, α[n] := (n − |α|, α1, α2, . . .), n ≥ |α|+ α1,

g(α, β, γ) = cαβγ for |α| = |β| + |γ| ,
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Conjecture (Kirillov, Klyachko)
The reduced Kronecker coefficients satisfy the saturation property:

g(Nα,Nβ,Nγ) > 0 for some N ≥ 1 =⇒ g(α, β, γ) > 0 .
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The reduced Kronecker coefficients satisfy the saturation property:

g(Nα,Nβ,Nγ) > 0 for some N ≥ 1 =⇒ g(α, β, γ) > 0 .

Theorem (Pak-P, ’20)
For all k ≥ 3, the triple of partitions

(
1k

2−1, 1k
2−1, kk−1

)
is a counterexample to the

Conjecture. For every partition γ s.t. γ2 ≥ 3, there are infinitely many pairs
(a, b) ∈ N2 s.t. (ab, ab, γ) is a counterexample.
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Theorem (Pak-P, ’20)
For all k ≥ 3, the triple of partitions

(
1k

2−1, 1k
2−1, kk−1

)
is a counterexample to the

Conjecture. For every partition γ s.t. γ2 ≥ 3, there are infinitely many pairs
(a, b) ∈ N2 s.t. (ab, ab, γ) is a counterexample.

Example:
g(15, 15, (3, 3)) = 0, but g(25, 25, (6, 6)) > 0.
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Conjecture. For every partition γ s.t. γ2 ≥ 3, there are infinitely many pairs
(a, b) ∈ N2 s.t. (ab, ab, γ) is a counterexample.

Theorem (Pak-P’20)

max
a+b+c≤3n

max
α⊢a

max
β⊢b

max
γ⊢c

g(α, β, γ) =
√
n! eO(n)
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(a, b) ∈ N2 s.t. (ab, ab, γ) is a counterexample.
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max
a+b+c≤3n

max
α⊢a

max
β⊢b

max
γ⊢c

g(α, β, γ) =
√
n! eO(n)

Theorem (Pak-P’20)
Computing the reduced Kronecker coefficients g(α, β, γ) is strongly #P-hard.
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Thank you!
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