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Now that we've Seert many app lications of (defialie) integeals
| w:\w»bl retwn fo 'Hn(?_ problem of . how fo Corpoufe_ Trifegrals B
_w— ich bj Rud. Thm. Calewlus means a_n_f,‘-dw‘mﬁ‘var (f{‘.‘.:f":';:n'.u)
INtHeyralst
Froom Cale T we alma_dy Kino o e -Fa([ooox\g FAtegnls,

{ n+t

Fxrdx = == x""' (az-)  [eXdx=e”

J —',; dx = n(x) fsin(xjdx':'-cor(x) L fmgmdx=s;nc)<) |

(/\)é‘, also know that the Mmfeégral /s linear /n Sense Hhet .
fo(-ococ) + P.j(x) dlx = ff&k)o(x + ﬁfy(x) A x ';ng em,[}

This fets as compete many indegrals, but far from all. |

( [

T At end of Cale T e leavned w= substitution - 1

techinigue Sovr Comp ou‘—f‘ng— i‘n-/-egffm(S‘i |

[ ge0). fexy dx = J guo du R

where y = () and du = f£'ex) dx . |

The wu-Cub Q(‘f-fu'('TbJ"\ lechnlgue [efs url Corn p i }

eg- f X Sin(<?) dx = --;: cos(x?) + C
(falce U=x¢ So du = 2x Ix)

'€

The H-gubﬁ'?'f—u-{-?ovm fechnigve wes L0
\ onogcr_’_a" of te Cratn r_(,_h_&e_ o doviatie S

We can j[.‘naQ Mo }/1-}-(»'7%%”0\4 fechnigues '
¢ lo\j dofn7 H~e “0,0;0057{-&" o otve  dasdative

vules, rire prvoiud~ rale ..
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Recall the product rule says that
Ve ($¢x) 9¢x)) = Six) gx) + 9(x) f'ex)
/n'—fe/wa g both sides of this eguation gnes
| £Cx) gCx) = [ f) g'cx) dx ¢ [ ooc) £ dx
f&earraﬁ:& this gives:
Mf(x)j’(xﬁ dx = f(x)j(x) ~ fjcx)f’(x)m
They Formude it Calleck integration by parts
[+ 1S more afttn wriHen in the form:

Lf“ dv= uv ‘fvdq]

where U= £0x) and vﬁjCk)J So Hm-f‘ ¢
Adu = f'ox)qx and Av= J'tx) dx, '

T e U-Swlo, tedinique, ue had 1o male j‘”"l chotc of ¢
/n - egrectron by parrs /3 Shlar, bt~ noes e

have +o malee gosd choltes fo- e and v/

[fs eastest To See how thiX werk < mm LXampte §.
E? Camp%-l-a f)(- SnCx) 0()(‘

Howv 7o choose U’ Gernoel rule of Tthuwmb:
Choose a u svch that ou & Simpler Yhan o,

In+hrs case, [et’s tHherefore ClicoSe

= ¥ whith (eaves clv= SenCx) ol x ‘
= A = dx =) V' =-~coscx)

Cly.j inteyrating ... )

S ol ol ol o o o o ol i B o D O D O O A A ol el
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So He integrection by parts Sformula gies
j K SlnCX)dx X ("CO_YCX)) _ f(—(of(x‘)) dx
K Tdv = v =
7_[’1(§ (S MSC‘}M, l’)ECQUSe fcorCK)clK lf SOme.f—hr
> | e ahea_jy ‘Chow'
T fx SMOC)alx - CoSCx) + [ corex) olx |
= X cosen) « siney « S 1
(gosd tv mmew‘-ﬂu-f—C]
F:"q Compu,a’—t f In Cx) Ax - :
Since Ay (lacx)) = Ve 1S “SMPW_‘ Fren tnCX),
Malles Sense 4o Choeose U =Ink) | Av = dx
) ' = du = Vx dx V=X
jln(kldx -:‘( B \ \
) - el
Y “2‘::‘5\7‘ X e

— % lnlx) -jolx =ﬁ<;lnc>c)—x + L

ﬁgooa( rufe of thamb when prckry U (n ntegreti,
'oq pqr‘f-j Fr +o fofloww +he ordes—:

L 18garha (In0a) o e et b (e
I - inver/e +riy (10e QrcSMEK)Y  lguriwr witl Seon. .
A - 4(7¢brm‘c (7 p2lyrunials x"-f-S x )

T - frig Sfunctons (likke SMCkS, cof(K), ---)

E - exponentls (%)

The eariier (edders o LIATE are beter chwces of w
o SO pick 'y =z ntx) over M:xl
- bq—f— U = X * oVev~- '“ff'th)
dnd = Shix) over U= SRS e_%c.
[+hese cholces v\ watle “Smpler )

l\y\bhhkkﬁltkk&&{&i%111114111»»—,\-, PO
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Let's see some rmare. examples of Mmiegredian by parts,
Eg. COMP.WI—& fx"exa(\b - |
PollowoMmy LIATE, we pPicke U= X™, dv=e dx

| = dus2dx , V=™
— ’ Ll x
= fxterax XTe" - feXaxdx = x?eX -2 fxefdx,
Bw(— howd do we Fntsh? e need v fandd (xe~dX...
TS Qo this, let s use infesratdn by Pavts again

x _ %
”r._’f.@. dx = xe’ = feXdx
u dv w v ; A
=> Jx®e¥dx = x%eX -2 (xeNdx = X" -2 (xe - e")
=]><7'e"-2xe"'+ Zex,‘c\\/‘
E‘j" Compufe ISMCX\ Q_Kol)(. ¢
Fo lObuM-] L'IH-T‘E)- oge W= _SMCK)/ vz e Fdx

I . = du = 5t dx, vz 3
= fsmmm"_dx = sin) eX - [TeX o500) A
Wwa YULEA +2 l\m‘{—&‘?h’uﬁﬂ Qy Far(‘f’ Qﬁad\"ﬁ,\ \_‘,_1,‘ &c ‘I

- xe’(-—e_x

X )
j (o500 e” dx = ¢os &I QL: - f&f C—S:‘n(x))'olk
“u dv T u v o v A -

= cosCx) X + [o X simix) dx
=5 J-St'\ka)e\ch = 5rn(x)e’<_f(_',os”cx) e¥ A

< Sh (K)o - cos ) ™ - [ Xgn00 di ¢

l\/‘ we. ' 1 q—_\t
Looks \dze Adnt yale P"_‘?ﬁ'_‘&”) betase 5f- 4y ferim
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oweler, . |
However... et 5 L0 mave gl the [ smcx) o ¥dx to ore. §Je:

= Z Ssmo,qe_ dx = Sin0) e’ - costx)e
= f ST OXY Qx AX :'\5_ 2" (shoxy '-.c,oSCx.)) + L] v~

ThTs 4rrcd TS offen Use fiu | ﬁrm{-cyr,hj %oy; with Sth /cos,

—

De}m.-k (n+egm| s |
To Compw&-e ot-Q)(ﬂr\c—\—-z_ ;Vl"fjmls Qhuc«.:j S
O Forst fl-(,”y compu e +he nrm(rzjﬁ'-.‘m_ Mtegral, |
@T]mx\ Plug i ounds at 2l Usmg Rand. Thm. (o lewlug L
& ) .'Dotny A TS Ordes @nsunes yeu et h@ki‘&h&w@,«-f_
Eg: Compute f“m'x'""sinc'x‘)&x B
@ U\_S(Y\j UL"SO\,\aS‘H-i—u.‘h‘on we 3>€+~
Sx sW'\sz)alx -_-_ "—~ cos Cx") + C
@ Them us mj FTC, Loe geh
j"r— 2)dx = [ "¢ Cor(x") =
X sinCx 7( < = -cog(*n-)-(- COS('D)

= _..-\ _*__.|,.__m

13 :9. (ompww‘e f X sincx) olx,
G) \/\,5(?\7 infegratfion 1:77 fh.f‘f’g we gef
fx sin(x) dx = —Xx cofcx) + Sr“htx)+ C
* @D Then wst ng FTC, we get .
J’rx smex) ol = [=Xx tosex) + 5”'“7]“
= (~Wecos(m) t Sin()) ~(~0-co5(0)+ Se)) = =TT o~ :D

74
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[afesrution by parts can f us Compute. integls of /s .
Poners of 10y Fuanctions, like coS Cxy . (’:Wom))z

E-9 Compure S cos?exy dix .
Our Onkf reed chosie 5 . W= toS) , AV = Cor.'\Oq) dx
du= st dx, Vv = SinX)

2 JosPx) dx = cost) smix) = § sMO (SO A X
= ¢ oSCX) srnwnz ¢x) Ax |

How) do we . deal widkhh Hrde devr, 7 e conld

’h"‘f t\f\.-(-&j/bd‘a\bn_ !bv, [Pev s _g’}g__c\n) bt .won’-(f I'na,\p. .

[nstend s vecall Pytragerean ldentty [cosiaesineo= (]

i cdn Can als © bz weitten g:'nth) = | ~cos3(x)

= SC°52C><\ dx = Cos(x) s‘.q.(x)“-g Jamrixy dx 5
= €08 (x) St\fl(,)(\ + f(‘-—cosﬁ_()q) )Jx

= 05(x) Smix) + J ldx ~ (coszOxddx
= (05 (x) STh(X) 4 X - _fCo_vz_Cx) e x
NDow e do sane i of rrovny Joosex)dyx ey Yo ot Crde

=) Zfﬁoglbc)akx' = CoSix)Shix) + X
=5 f cosTCx) dx 2 L%_ ( to50x) Smex) +x) 4 C

S
LS T S e e s W Y W W T T A A A A W W

———

Exesuse Comppute S SMZCx) A 5\\'V\1\q_v~(<j .

A dferent approach o 1'”47f‘°t+'1’\g Joweing
of Aoy functions 1S Uiy U-SbSERoHTan ingfead .. .

TTTYRNRNVN LD
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o
Eq- Compule [ cos3cxy dx,

We uge u-sub,, with U= Sinx) =D du = cos €x) dik.

The trick s fp aym\n use. Pydn, (denﬂ«kj CoSEX) = | ~$in2(x),
= fco 53(x)a\x - fcoc"‘ac) Cos(x)dX = [(1-Sin0x)) « Los(x) Ax
culo. i - -u? cu-tudsc |

YR _Y(l us)duw = U~ LU
= [S10 () - & sin30x) + [ v

Can rven WX pounrS of sTn & Cof Hals oay
Eqg. Compate fsm (x) cos?x) ol X,
We hawve sihsSo0 20 = (Su\n"’-(x))?'wg(x) St alX)

o= (U= costexy) P ros txy SO
- S0 'Q”"‘Ft\j_ U = (05Cx) = A = -Sintx) Ax  we j_g;}_
fS’Tns(x) cos2exy dx = §(1-ces%ex))? cos2exy shix) dx
= (- uZEdn) = - Fu? -2t +u® dw |
= -[ud ws  uF o

e ——————

A z T~
=\'—;; cos3 x) 4 %—cossbﬂ ~ 7 (o5 T IX) ’*CJ

-

a—
‘r——

" From Hege exXamples We Sge. HAL goal (¢ J2 Mmalkce
@Q)(ccd-l? ore fuctor of SK) o~ Cos (x) ne X+ o Ax
@Qverc,-}kmj 1Se i1 $erms OF 'Oppositet es(x) ar S in( )

WSTng P Yth. ldem +1\ ) Cos'ha) £in(x) = |

¢ (B0 youser U= T an or o5 Cq) olx.

Ths Strategy will let Jot Crpute J$in"ex) o5 x) A xc
' wWenes e ot leagt oL of Morn is odd. P
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k,a

Qem(l Hee two othe iy Functiong -hmocj and Sec(X) ! -

tan (x) = S'C:SCZC:) Sec(X) = Caso<) g

Last Samester o Saws, u,g\\nj we Haat- -

L Fox Cran) = 2z, =seco0)] [ Gectn) = S53 = bt

U\JQ/(?\lGO Can civide He Pb (Aot }‘7 bj cos*(x) +ajej— k
\Seczm = L+t (o)

W Can Jhon ompuie (+an™ ) sec“Cx)dx usMg o
@ SIMi jar U-Suls, Stategy

E:9: Compete [ tan® i) sec (xy dx.
Wo Wave tanlix)sect (= tanloo) setx) Sec™x)
Co ok with U= tan GON = Fan@ o) (142 Sec(x,
D dy = Se*) ¥
W 7ot [Hané 60 sect 00 dx = Stane) ([«hr™00)seci0d dy €
= yq@(lw\z) du= JuliuBdu
.

A (
|l _ ‘—’—"‘.-__l—_-fv.k?-%(,: /q_\-w\?(K) @‘LWQ(X +al/‘_

W?*WWT?TTWWXT

EX@fc\CQ Compuér{ S Yo > (x) g2 ¥ (0 dx WShs Kﬁu&%

H:i,_ ' +0J"\S Lx) ge(__?‘c;() 2 ’}‘qmq O() S&L" (X) +CU’2CX) Sec 0<)

= (50 ~1) * 50 ¥ () fan(0) Secci)

TTTTTTY

Mo (secixy)
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Trigonometrie Subcduution §7.3

I+ S of+en possib\e to compate in+e3mls mwlving (22 - x%)
bWhere o € (?s" ‘Dj Wt in X = & Sin(wy so that
(a.‘ - Xl)’:. (a z _-a?‘ Sr\n?'("l))
| = At (L~ sih®(w)) = a* cost(wny,
Evy: Let's compute f;f_\—_i'z-_dx “+hig Luau(].

Weite X =3a(u) = dx = (05(u) 44 Se +hat

-—
—

i 1 1
J——= Ay ———= oS (aYdu= f—— cos(uy d
J‘ | - xz f\h_s-‘hz CK} . _ :r“-Cosa.(q) | .o u\ U‘

_ \ ,‘_ . -
‘fzms,‘”(“’d“ =Jdu = w+c

This 1S +he amswer (nterms of W, out we want Yhe x ansues”

Since X = Sin(a) = U= arcsinlix) (alse wiHen sin” (X))
, : . TS
=arcsin (X)) + C |
Thas, | [ o x = arcst <) r
Q‘QCG,\/\ . ar‘cs‘m.'&‘?m tnverse o@ ‘-\—ke, 30 function
Y= oveSIn X)) & sialy) =x —}w ST e x e T

R
v = qu‘CSFA CX)

}

%

CFlip pver y=x )

eg. sinCe S"“(Tr/L\ =1 welhave ovresm (V) = V2
Sinw Sin (Y/() = ') we hae ayesimn (Y2 = Ve, erc...
'\__'3}_?: Vgt Hals ~}—e.d4n'\c’ ve of Virig subs+itution ™
we do a l«-‘§\{\o§+th'hrdn) but 1+ A
Wrovew st - Sub sE U, okt we wrhe
X = f£(w) FnStad of « = £ ().
Thig (s D_’ia,y as Ionj as you do dx = Flu) du.

Also comefivie S we use e mcleack of W.

1
|

}

S e ————————————————



Ut

VT

=~
b

/I‘n‘j S Stitution 15 wfeful whan wovk‘\r\j with civcles

Eq. Let's conpate He ama of cvde of rading v with an infegral,
Tre e Qvation of 4ni S concle 7S X -'«‘j'-"

=5
Ry ////,, " & areaudi | comi-cirets
So avtaq s&

cvrde of rahius T = 2¢ f_rJF;—x'v- Ak | whith we Selve ushy trq s b,
Sine we e r¥-x we Set x=Y-s5in(B) D Ar=v o3(8)d,
> fJT-Tx‘z dx = f:/,-z_rzsmz ®) " coS (o) A8

;f,m T (08 (6) ole.z 'r"'_r cos (8) cos(e) d o

=r? fCO§1Ce)dG = n%, _?‘_ (cesteysm(e) + &) '
ﬁ—- re ccc\\: we founal f'CoS‘(}() &k b.e—-f—un@ ( (

Pldkure o—Fh - " (6) X o : .
re\attoatni P : | x S =% G = son (X
between ¥ £ 6. b ces (8) = Vrex= Hre (?)
PRk —_—

'r-l ( m‘- i

T

v

‘=:>f~’f"-x1 AXx s  arcsin Ci) )
- . %
= :. 2 -x* + “T—L-QV‘C Sl\'\(\x)
\

=) 7 arta ol _ * .
8 - e [ < S 3 ]

=(0+ % = avcsm(1) ) - (0+-——-arc£t\f\(;‘\)) —.. lr-irj:: e

- 2- 2

‘E"_.g; We Ccoan f\qa\ arla of an ?_-i\ PES_ Ve)"j S'\M\]qw L"j

EWpse equation ot A = q -~
xx+tjcz!ﬁ‘ ///////// qq )"2

h

PTTTTITITTITTTS

'

Tl

—4_;- -:;.L - (-N’_/(“'O)
‘ a (0, -%)
=) /Z. ang a = f .'_9. 2
of ellipse a m A x ke x-q 5O ¢

(f WJX)=;(¥ =(q~zl"}

dx =~ o o3 & A8

and oo Same Steps
as A corde £ ample.
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Sometimes e See expressions of Hre form (A% x?) in owr Fa-!'ejml-
[n Phat caje, we +ake xX=a-tan(8) > dx = a sect(6) 48
be cavse of io(mﬁ-f-7 L‘ + +an?(e) = YQCL(Gﬂ

We led xatan(8) =5 dy = Sec?(®) dB 5o thect
sec®(e) d6

\ (
H-X"dx - fl-e-f-om?'(e)

- { _ _

2l Wovevrs sec(eydo= (de = 6 + C
ond. svce X=4tan (B) = 6 = o tan (x| (inuuie ﬁ':fioq
——b[j x> dx = arc tan O<) 4 C-l

Eq. Now let’s compuke .((‘,:‘;(T)‘;"LY with a Frig cub.
Again, let x =tan(6) = ox = sec®(0) O 5o Fhet
] ¢ T - ( z

ad = fcogZCQ) d6 = %_ (COS(Q\SI\'\CG) +0Y) +C

as wr Juik Sa o -

Pichwe oF B pan (@)=
r2lation SWip ' 4 | sin (6) ;\T::-:K" 8 > ave ban CK-)
{

= .(Etlcz&w

bedween x £© -

+ Q\/'C:‘*“M(N) + L

\

il X
._.-> .r[’ xa)t dX: 2 \Yli-)(?- \!'-{'R'?—
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lvﬁ\__-‘reffm-kovx s reional Dcmc;\—.\ons _l?y Pavtizd fifo\d-?omg

A rational fanckien 15 Fix) = Eé—cf——c:) wrert, PO, Qlag) Pg\ymmtqls.

Hewre is a procedure Hor solWing ’E;C’c%d” :

T"Q de nee of a potujnom‘ia.( P S e igwna sk Powes~
of x ;,?P(x\: Q.4 dej(PLx\\:_x e PUX)N =2x3-Bx +4.
| £ deq(Px)) 2 deg (Q(X)) Hen we can use long Alvision
o weite P o SO + RCx) where o(eﬁ (SOx)Y <L d?y(@(x)}_

R (x) QCx)
E...‘ﬂ.' 2 '7(34\ - 2x + 2x «\
Xte| x® -\

[ts easy +o /ntegrmic polgnomials So we mw assume deg (P(xﬂ@lijQOd).
| ® First suppose-the derominator Qe factovs tnto diskinck o feams,

Foaq.w/ PO - 2x+1 2x -+ distinct (
=L A x -l Cx+1) Oc=1) ' linear Facters
. PG A 3 Z
e —_— = ~_
Tren we wr e eTy © *a e =
By 2x+l . B B g one #IBER
(x+ VD Qx=1) X +\ X~ Twe vuug + Solve for:
‘“"‘\g‘ﬁj:} 2% 4l = A=) 4 BOx+1)
7 2x+1 = (A+B) x + (FA+B) |
60\“"*@ A+BE3=2 ond B-A =1
Coe¥S'S A+B+i=72 B=t+h
 2A=1=A31 D B=I1-L =3
Sy 2x+1 _ \a 2 = . W€ Can ;;\Rj,ﬂqﬂm
© -0 K+ X = «— WSty Lo gavthms!

2x 4 ( dx = f‘/‘z- .+ f z
Thus, lfmo = s T e
l= o In Oc+l) + 82 In (x=1) + ¢

e ——

ﬁgt_ﬁi (hge,heﬂfd) 5 ' dx = In (x+a) (easy u-sub,)

Xx+Aa

{

a—

Ty ¢y yvy ¥y ¥ ¥yyTrIYLPIYTYTTYTTYTTITYYTYITYTIYTTSSTTTOTS
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f’.
D 15 QXY has repested tmoor feuchors  pavtial fractians

1S sUghtly smone ompiltated ... 1et’s See an eXample:
E9: For PCx) = 2x+ ! repeated o orihe
Qcx> (x-1) 2 ALactors
2x+4\ A 4 B LN 9M\Mhaw.po.uzrro?-(x~a.}
X\ (x=\) (x=1}F 7 Kp 4o e m.u.H-c‘p\‘iLfI—y in Q(x)
Then we -Solve Jfor A, Be R as before
2x+| = ACX- D4+ B - A=2 and H-TE-—\
2x +1 = Ax %C—A-l-B)l /quaw. B = I+A
Coes £ . B =3

: ’n\% 2 x| ' f
: ‘ [x-n‘ (x —i) Ix—yetx Ox—- ')"
o mujm-l-i

= 2 \n (X-\\-SCX—I)" *C] j.
Cx—a)"'

Ax

@ Lo ™M jm( w.?_?e,f- -/-ef‘m.g lTKe o —(r=1) |
-
In(X-a) and (X- “) L Hor 022, by w-sSuh,

@ 1+ Q(x) has \rrecl-uc.nb\ﬁ quadretic £oactorl | +hun
Pﬁ-r“f' al fmChOm; wonf-f wor i tns‘{-e“aL} ne.zJ\{-rj Su..b

CE.g. For j 1‘. dx . tannot write (x*ad) =(x-a)(x~b)
o= XTe -ﬁr real S a,b Since.
: would neect J > oPng-#—'s_

lnfkaol /e‘{' ;i" ZZtnefze AE

e db
= fx?qq A"’" ~ JFarg 2

. - . N = ‘
' =5 J —fu.:zeu £ec*6 46 = 7-.rsecze 226 dO

dfdp = 20 +C

. _%
gln;ﬁy\& 2 = '/2_ av c fan C%) -+ C.
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Surimany o€ Strafcgies for indegredion & %.5 ‘

We have new leavned wamy Miggrdon Hchnlques,
Wheat W See eun e W Can Le fricky to gecide Lohat 1o de !
Here are Some jenem] juio&a [lnes,

@ Know and recognite basic tnregreads lice '
..S-X“d)( - ?\‘Tf x“‘ ; j-;:—- dx = 1a (x) , j‘e_’éx; e® , fs?n(k)dx = =05 Cx)

- ! - . -
Scoscxrdy = SIn(XY, fﬁd}c-m&n&\’ 5’ l+x 2 "‘_"-""d‘ah(.)()) S

@ | § Yo 3ee both a function —,COt) andl its dertuative £ 7ex)
}‘1 an fh‘l'\??ﬂ’-‘tﬂd, +ry 3"3%‘03#‘“—*“‘&1 w;“V\ L= -F\C)c) .

@ ’)C He 7"“"@?"‘“"—‘1 ('S q Pr‘odUCf‘lbf’ five fers

(Q_gl?eda.\Lj, a. pOLtijBa,( +ivves qn&qoow_nﬁql ol 'fraﬁ ﬁ—mohfm)

try integration @y pacts, ¢

@ For dhimgs like [sin"x cos™x dx , nse +he hick we

learred of exphiting He identity [sin?x +cos?x = 1]

Sim'\lwlb’,ﬁ“. f‘f‘“’lnx @™ x dx, wse ’“ £ fan® X :'S-@C'le

I you See a%-x%, try a g, sub. with X =a sih (@
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APProX imafe integration LT
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