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Now Hat we've Seeri 5 e f—’fppﬁcq’ﬁans of (’Ae‘g‘mi-e) m‘i-qgrqls

we will retun fo e problem of  how fo Cormyprate [nfegmals,
Wh'ffh bj Funol Thm Calcwlus means Qan r~deriafives- (a g s

d.e';' l\l'f't.
mftgmlr“)

F;‘am Cale T voe a.lr\e_a-.aly Kino s the fpllow«\g ‘A+egrals
IX alx-,,u,xﬁ{; (n#-1)- fa"a{x-e s

13 % dx = inex) Jsintx)dx = - costx) 4 [costx) dr=sin(x)
(/Oe, also: know -H-ud— #p_ ;‘n-}'—eyraf bt Imecw- ' Sease thet

foc £00) + X 3(&) dx = f_fCK)AY + 5]}0:) Ax d,,a €R,
This [ets as comprse many m.-/-djm(s but far jf-'am al),

C

- A“f‘ end. of CQ(QI we lea_rn.u»\ w- was‘f +..._&- en
Aechnigue For comp Utng- ini—e_gzr‘mls |

IS()CCX)) £it) s f&t‘-&) du
where y = f(x) and du = f'cx) dx .

The u-Sfub S‘fu-{uf‘fb'\ -lechﬂ?‘ive lefs uc c‘om;ou..-‘&
. P_j', . J_ X8O ) = "‘.-;-: COTCX?'.) + C
(fealce H:‘-KZ‘SD du, & 2 Ax )

'ﬂ’le L- Sabstofution fechnigve wes NS |
“’G’Vﬂbgc jerof e C‘ﬂa-f\n. rq,\-?- ~for ovisatre N |

We can j(.naﬂ moe ;/1-]—?"%7'{ techhnr ?u.e,_r '
(\ lokj d0!h7 H~ “o‘oloagl{-e,' O—_f f‘rt«v- Aﬂ-"t\ng_'(‘;}\pg_

vules, ke Prodw of- rale .
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Irl-f-ﬂyr‘u-{—l'o.n ‘Q‘j pour-'i‘s §?| s
Recall the prodvCt rule sayg Fhat
Vel ($009 9(x)) = Sex) g0x) + 9Cx) £'¢x)
{n‘/'aejr‘a.f-ahi— both sidec df +hes e?“aﬁow sney
FCx) 3Cx) = [ flx)g’cx) Ax+/90¢)75[)c)a(x

| R ea.rra{ﬁ_tﬁ s jweg
Lf'ffx)g ‘cx) dx = f(x)j(x) o fyCX)f (x)m

| T%T:FGWOL ) CGLUea( |VH—C'7-Aaf-‘0n by parts
[+ 1S more ofk’n wiTHeN in +he Form:
Lf“ dv= (v “fvdu..]

(whare y = ,C(x) and V= 7(»:) gom«,{— g
da = f'ox)ax and Av= j(x)ahc K =

_-th the U-Sulbo. +€'-d’lﬂt°tu€ wr hee *bma,kc.joocl d’locGL of « |
/n—(ejmﬁén 64/ pParts IS Sy \qu bt~ noer e
have o malee goodk Choites for n anedl Y

[fs eastest 1o See how +hiS woerk S th LXampte § .
E‘? Compute f)(- YANE'P) al>(

Howw 1o choose u 7 Gerored rule of Thuwmb:
Cheose a u.svdh that du 8 Simpler Yhan ¢,

Inthis case, [et’s Heretore Clicose

e, whith [eaves o(v: StnCx) el x L
- A= dx = V=-coscx)

C‘o—j integvating ... )
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So He integratin by parts formula give s

f X SmC)()dX X (-€o5CX)): _ f(—co:(x)) dx
= v ‘u FEVETTTOV T v Zf_f:lJ
This s uSeFul * because J‘wrar)cly is Somefhin
e amjy know |
- >( coSCx) + . ICorcx) ox

———

'LX (o5 (X)) + Sin(x) =+ g | v
- (gosd +o mmuwbv--#.‘-f-f—)

=% sm(x)dx

E.g COM{OM,#C S fn(x')alx
Sinter Ve (lnex)) = Yoo 35 "SMP‘”.‘ +mh \n Cx)

Mallas _flg,epfe_ 4o Chco se du=Intx) . dv= ' dx

L) —D du = Vx dx | -y
[ ¢ =1 g (XIN i

-_> j k x} dv . .___.ln(_?c) B == f X /x alx

> SV '-'v

=% lnCx) —jolx LI”Q‘) - X + C] /

o

ﬁ-yoaa( rat(c oF 'H’MMb when prd'cr_}j U in rh-r‘dj:&?’v);.,

by 774.1"1‘! AT, “+olleco Fhe ordew—:

; Gt /0qu:j—hm ( 1nCX) ) — u:ﬁf:‘;t::mi
T -linverse +riy (10 QrcsCK))’ gk e wisl S con. .’
A - algebrarc (ke P“?”""‘*"‘S %2 S x-)

T — “frig fanctions (like SCkS, cof(K). )

E— .e_xpa/\e,n'h-tl; (&K )

’77"9- e.al"frel /G,WS ™ L/fH_E m be,-H-M choce s Q-QUL
. gD]OI_L_L’;' b{"‘h’lCX) oVerv— . u_xl
5 Gkl = X > Qe 4 -I:’h(x)
and ik = Sntx) over U=e ej-c 8
(+hese chof s Wi\ make b “Spacpler ™)
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Let's See some mure examples of tiegdion by posts:
Eg. COM wie f e dX.

,Fouowwg Lrn—Te,wePfctc U= x" “dv = e A
= dus2dx , V=™

— —{~ Z x : 2 x
_-')fxe‘Ax“—‘Xe'j.eZXolx?-kex-foe’ch‘
But hocy do we Fntsh ? | Je ook tn £oel  (x o< dK o0e
To Qo this, let T Use Fn&jmf;’bn by (Peits gﬂq:
'fi@x‘;x = ég -—fe"o(x = xel-e%*
u dv n v S M
:-bfk?'e"alx = x%e¥ -2 (xeXdx =, xte® -2 (xe*-ex)
= ]X ZoX -2xeX -@-‘?_ex{c\\/
E‘ Comp’wﬁa fsrncx\ e XX,
Foi wM-] L|H'T‘E cheose W= Shexy '_.ah?‘:_-;e,x‘al}c -
: [+ = 0(.!& = wff&)o\x’ V=%
T [smoa X dx = sineX, - Lex rosto atx
Wwe vieed 1 ; x#eyr»&e lay parts qﬁar\ﬁ,ﬂ %‘q
j coer:)c dx (x)
= cos ] e¥. e_ sinesey )l x
| “‘ d\( L__T v f C" Ay P .

::co:cx)e" + fg sinex) dx

=) fSt’th)e\cd.’( = 5rn(x)e’<_fc;050§)c‘calk

=M (X)X - cos(x)e” -fe"‘gm) Jk.l
Looks e we Aidn?t pmale REFESS "—\—:‘
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S 'Z.. gs‘nl‘x)g_ ol>< = Sin(x) e’ —costx)e™

wever : : |
.H" T wheb T e mave a([- He fsmcx) “dx to ore Sile

=) f SR o ¥ Ax =\-‘i 3 (sf\-\tx\ r-lt-'_oSCx.)) +c| v’
’h‘f HCIC TS offen -use fu Sormicgretrg Hedgs ud—h sth /cos,

De}mrqe. lvx"fﬁjmls ~ .

To compuie. Olp-f“f\c-%-e_ .w-lrejm)s ql‘uo\.:j S

O Forgt f!-u]y COYMJ?M,FC- the adefinite 1Mt€omal,
(@) Than Pluy in ounds at end, Usmg Fund Thm. (o lewlug,

@ Doing it 1A this Order @nsares yew geb nlylt answer |

'd-_.wjt iy

EC} Compu-(—ﬂ .f S;nCKL)c:ﬂx
@ LASrnj ut—'Sq.\aS“l—-.—t-uh"*on we 3:81—
"b -

|
Sx s'“nt.x"'-)clx - _—‘- CoS c><"> + C

Cos‘(‘l‘[‘)-{-—- o5 (v)

- _—!-." -l-_-- .|._: i_i-—ra <

t: > b Compau‘e fﬂ_x smcx)alx
0 M.St)\.j rn~f-e7ro|,+|on by pArts, we gef

['x sin o) die = = x cosax) + smun+ C

N

‘ @ W u_‘S\n:'j FTC— we 9’61— ‘ g

T x smex) ola = [2xtosex) ¥ St ex) [o
= (~Wecos(w)+ Smt‘ﬂ')) -(-0-co5(0)+ Sm(o)) il § P | _E
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T}}‘gona metic f"‘wﬁ' § ThHE rec@w

[nfegrution by Parts can et us Compute. infe mir o’F/ Hats
Powers of 10y yﬁvun.c:hms) e ceS =0k) | ('cosog))'l-

E‘i’ COMPM{ S cos? Cx) dx .

“Our only real chel@ s . W= osX), L du= cosOd dx
dus= -stncx)a!x vV = STnCX)

= jcas €x) AX = CoSk) SMIX) = § SMXD (=S Incx)) dhx
"ECesx) STNXY ¢ T 32 exyax

How do we deal with HC :m W< cotaldh
’h"‘-/ r\”\.“-éj/bﬂ"a\bn b-7 P&V‘H a}q\\) l?u.“f— won 4— P\O,\P

| lns{-e;ul, recdl Pj'l-\'@garew'\ ldcw}'\) lZos 0Q ¢ SIR*C0) = 7(
WAl Can a\so be weitten gmz'ch = \—cos®(x)

= [ cos2(x) dy = CosCx smCx) + fanrixy e 5
= o5 0x) Sinlx) + S'((-Cof‘()a))Ax
= (05(x) Sntx) + S lddx ~ (cos=(xddx
= (05 (x) STIX) + x — [cosZ(x)dx
Now wee do San ik of ﬂwy Joos?ex)dy ediny fo one e

=) 2feog>ixyhx = Co8tx) sk + X

=> [ co520x) Ax < L'i. (C“C")S“‘Qﬂ +x) <+ C .

P—
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Exevase . ( Covmpui-e SS"\"ZCK) Ax St\u\q_w((j

A itlerent approachty Hponiolgg ~ poniios
0# .fn:; jE.Lqu—a"orL; 1S u_m,ﬁ U. 9%99‘[‘*10«:(’*6*\ lngk‘tol
_-_--"'""'-—-—...
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L Eq Compude fCo<:3Cx> dx,

WQ, use U-sub,, t,up]—\q W = SINCX) -—\ dM oS C><) clk
The trick 7s 7‘9074'\“ use [Py, {Aen‘n-kj €25%xX) = | -sin?Cx),

> fcogi*a)a\x = jcos-?ac) cos(x)dx - fu ~Sin(x)) Lo (x) Ax
u\o in < — | 3-{- |
gamldw\M> wj(l u)a\u\ = 30\ G

= [Sans 0 -_' sin>.(x) -(ra \/

an _uen M\X powers of sin L cos Hars ot
Eg. Compate [ smdix) cosix) dx.

We have sTnS 0 oc?a) = (s‘n“'-(x)) o5 (xy S7n0x)

| (l cag‘cxs)zcosu) Sk
SO le H'»*nj u = (oscx‘g S ‘A = -Sm(x) AX  Wwe jed-

S‘gmgoc) cocE(xy AX = S‘Cl—cos:‘zcx)) CoS‘ cx) ST <) dx

= f(l— 7‘)1&»\2"(:-6190 —EH -2t +u® A
¢z -(‘L?--Z“; LA ] s =

,__..-—-—-u.._.-"-_"'
\ ?Cos 3x) 4 < cossbt:) = q_Cos?‘(x\ +(‘_J N~

a—
—

- From Hege excaunples Loe See oLy goal 'S 3> Mmalce
Oexqc{—l7 ore Fuctor of SM&K) o Cos (x) NeX+ 1o dx
(D evergthing else it derms of “"PF"S'*&“ 50> or £inCx )

wW$7gy py% ldew 13 cos'te +gin2Lx) =]

r 3 50 You sex- 4= T and or o5 Cx) oy,

This f’f”qf#eycy will e+ Yo Crapude S 5in™cx) cos0r) A x
wWwWener e at least o 6F Mern is odd P
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PQCQ([ Hee two othes iy Funcfing ‘I”QHOC) and Sec(X)
'f'an( e SO SECCX) = COSOC)
CoSCx)
Las+ Semester we Saws, us™My qustreni rule, that

SIn0X)
\ Fax (fant) = & iy = 520 |ax eetn) = MO"

We also can divide +Hre Py. (M(—¢3r7 bj cos™(X) 4o geti
Lge&cm = I+ (xﬂ

W Can Jhon mpuie. (Fan™ ) m”(x)dx ashﬁ a
ﬂ @SiMijay U-Sulo. Strategy

‘:__?_. Cmp"";&.‘fh&v\c"fx ) sec ' (x) A¥X.
We Wave "I’a,h(“fx) 5o () = tanlec) se(x) Sec*¢x)
S0 Hud with u= -hu«&h 4’““6(5()((1‘1"‘“2&)) SecFEx)
AU S ety T

W get @ ) sec 00 dy = §uned) ([« “an>(x) ) s€C*C0) Jy
fq@(l+q1) Au = Juls uBdu
e

: V};‘ 4 C = /?_Jm,\’%(x} « /q tun () +a[/
Exemce Compude § Jau > (x) ge ¥ () dx ms\j Fais ﬁx,y%,
= ot -{—a_‘,\s U 3082L T Cx) = rhmaa @) sect (x) tanlx) Soc x)

—-C,s“éc(x)»-l) sect(x) fanx) ¢ (
! ec%
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(ffﬂomméf‘}‘f y4 “’L\O S"-Hrw‘n on ~§' .3
.H' (S often posSub\L +c> commire m+e3mls Imwlwr:j Ca"’ x%)
Lo here O\GWL_ byzwahing., X = o Sia(u) So that

(a5 =3%2) = (q' ‘~a? sin*(4))
S>= a? (1 -/8ih LUO) q’— cos(wn)

E"j L-Q_"’S compate r\r___alx -H'u_g-wm(d

33334333 %

=
L\_)m{-e X ='3Mlaf =N dx = (05 (w) A4 S +hat
ﬂ‘kﬁ“ Aol : tos(u\olu.. f c
Nins fr—. Y S J—s‘m Bt

:: 5 fcasctn ws(w) du = fd% = * <

___,;’ 771‘5 I'S -H«o. Mswu‘m-\-uvn% o@ u\‘wﬁ.mwwx answer
— ® Stna. xX = Sin Cq_) "") u = Gt.i"c Srn(x_) (qts,_-, ._,.,,,‘.ch st “Lx)j
—9 %s)(f'd___alx—arcmncx\-v C_w _

L Recall s arcsin is e tnverse ok the A R fEF o -
— o}'— oSN LX) &y sm(g\--x j‘w "“7 xﬂ‘{
9 *J-av-csmck) ‘
e '-,-=>_‘

—% C§lip dver y=x)

X fn

3. sinCe sinC /40 =1 we have ovesm (1) =2
‘5tn<.n_. -‘-Hf\ ( /(p) 2 V) we hae avcstn PRy > Ve, k...

Nb’re- w,-f*h FWA S -l-ed/lmq ve ofF '}‘ffg S‘HI:?S"H%‘WHH

we oo, o W= ?ul\ag—h:}whdn) but itis &

Ve ver se ! u- Sub sttty wwhse we wiv he

- Mi= ) fAStead of u = £ .

This (s DKa,y ag long as you: do dx = f'(u) Au..

Also comefives we use £ mcleacl a8 W.
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T 9 S Stution 15 wfeful whan workt\f\j oo
Eg Let's conpute He area of cvcle of rading r Wit an m{-gnxl

‘T]"Q QQVa:han of +nrss Ch\CLe__ 1S X —’u\:’q' &l

AT

So aveq &t

cvrde of rattus TL =20 f J?-‘-'-'T{L 0\)»: whitn Wt?“%“&'\_’-j '{‘hj sib,

~ Sitne. we e rP-x? e Set x= V- sw\(e\ = o\w 0 cas(e)de

"'> fJ r"_x"d)f = f\[‘-z G Sm"(aj “rcos (9) o‘-e
""f Cos (e)-cos(®) AQ

(Coste) sm(e) + & N
s re (‘i:c.u we -foun,ol ICOS"'UG) d)( b.e-;f-ooe.-‘ ‘

‘fr\ll-sm'-(o) r (og(g)ﬂ olB
=c? (cos?(e)df = r?.

Pidure of | |
rR\attoaship & v  stn(e)=
between X £6 . Aﬁ ces (s) =

[V

J‘-l -Kt

>Eri A %
GﬂarcS‘;\n(?)

- :_.')fr—.—'r" . ‘lk‘-.. r-: ('JX‘-.r!--Z:T.* ‘“‘CSMCK ))

Py N

| = £+ T arcsm(E)
=) 3 artaof _ I‘ I dor [' JrE X
cintle -% ZIrT-x* + -—-a.wcs\‘\q( )

, i (o+ l:f k\"CS.\\cn) (01- ...... Qzl"(_.ﬂt\{\ (:])) =

‘59 We can fined area of an ‘E‘-“\Ps‘t ue.m:j S,

M/;‘/T/

ElWpse equation.

|°Lv~ [

*mm?

Xt b L. :
R e

1 : . a .
DGR <, AT dx
2,518}/ b
> el e ax) = (A8

2

=)

qh'rr

"""--.__

(a;08)

18, -%)

daxe x-asmd €
“dXx =~ acos&de

And oo Same Stegx

"""""J I“‘le'

ag in orde 2x ample.
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S ometimes We See expressions of 1re form (A% x*) in our i‘/\.-}ﬂyﬂd-

(n that caJe, we +ake X=a tan(d) S dx = a sec*(0) 4O
because of identity |17+ +an®co) = sec* (o)

Eg. Lets Coupute j'ltz Ax s woay.

We et xatan(8) =5 dx = Sec?(®) dB so thect
\ |

ENET it BTET WG

. l _ —

*Im S‘ecz(a)dg_ faﬂe' = O -L.C
iavtd sce x=tan (8) = 6 = arc taen (x| (;“";{:f_ ﬁ:ﬁoﬂ
| (

® :b{j ?T;*"Lx = avc tan (<) 4 o.l
\ A\ .
E-q. Now lets compule fm"ly WE & A B
thnm} let x =tan(p) = ox = sec*(8) d& 5o Fhet
: _.'_'-1. . T . 3 = { z
|f({+x1jdk "‘-fcl'ﬁ'f"ﬁ"‘-{e))t Sec Cﬁ) JG' f (___—-Sec‘(a))‘— sec (9‘) A‘e
| f:tlc’-(m aa 2. fcogzcg) do = 3 (s@sm@® +6) + L
- A ur US4 Sasu - -
ik, (e g,
relation SWP = ~
et ° xgo: A%< s (@) == 5:arthan (X)
= ———
@S (o) =
! l X .=
(‘ -."._-> I{:Tx_;)t dx: 2 Srexe Yz v -\-—QV'C:"““()U) =




WA 2.4 p
In +egeetion &£ rodioned functions by Pavtzd frmctiong
A rationak fnction iS5 £ox) = PO rery PO, Qlx) polyremials,

_ =T
i&re, 'S & procedunt for solVing %C’c‘_‘z)d)o :

©) Tre degnee of a polynomial s e ignask pawess
of x ;;P(x\: R.q. dej(PUO}-_x ey (?(x\:..zx?’-Bx +4,
| £ deq(Pex)) 2 deg (R(X)) Hen we can use lony division
fo wenre P = SO L pox) wiene dleg (S0x))< deg (RO,

Eﬁcx-) EE Ox)
E9. 2‘}63-\1 D 2x + |
Xt x % ~ |

, -H"S easy fo integrmie polynomials So we mw assume deg (P()M@lgCQOd_)_

| | : @ Frst Sq‘o‘gosé—Hq dg,_mm?m‘-or‘ Qx\ I‘:Fﬁcf'{'Wf. info distinct lonear +rms,

' E o s PO e D4l 2x+) adigtinct ¢
-— 3_ / QC)‘) x-;__l (x_“)(x_‘) / l..nmr ':FflC'\'fJ(‘S'
e POOUxe = T A a1 48 ) i v~
Tren we wre i 8*0\-*' =72 H e TS
Fogs 2wl 1T A e —for—sbme (I BEIE
(Ve =1)7] 7 x*\ 7l 7 we vug + Solve for
mu\g‘iti\'}"l__? 2% 4| = ACx=\) 4 BOx+()
Y 2x+| = (A+B) x + (-FA+B) |
equ«:’ri A+ RB=2 and 13"_4 = |
CoetS'S A+ B @Yo Baitfh
| , 2As1=HA3 DB =3
S‘ 2x+ | : \/a. - /2 L we c«.n‘;;\{egm-d_e_-pug.
© (x+1)Cx—=1) ?C""‘" . I i) e/ HS\\A} LOJMS'!

(v
2x % ( d - f‘/n. ._,,'f - |
’rhw’/ E(muu-ﬂ) . X4 dx'. X=1 oAx:

[= Vo InOct) + &2 In Ox=1) +

Note: (n general;

e —

1N (N B e e (B o'\ R uin e e i ' 1 N A N N A N W A A A W A A A

dx = In (x+a) (easy u-saub,)

—

|
Xx+a
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@L-F a[x\ !’lﬂf rppg;.\_,(-e_‘o \,w J.nc_;\-ws) wf:ql _-fmc.ﬁnn.;

1S SUgRtIY wmone comr,)t?(cc{-f_.;l © leA’s See an example

&CK) CX ‘)z ./ —facﬁ-ors‘ . ‘
2x+\ .. A - > tn gé.m.ru.\ we have P:"“"‘@” of-(x~a | |
CK=\2 L R=D) =) T R o e mukﬁpltuf—y in QCx)

L Then weSolve Jor A, Be R as before"

x4l = ACX- t)+ B. /H- 2 and "FPtB-_\'

C—FH-B) ‘e B = |+A
T Y e ST G i3 |
T Thws zx-e-l f |
[« = s {X I)?- 06 — ‘)Glx -+ f& ')‘l L/. ;

= 2 \n [)(._\) = 3(X—I)" o ) f‘i‘OlnMjm-f't
Cx

|
® So jm( We-?ef -/-e./‘mg 1TKe TR )

Incx-a) and (x-a) ", R

@ 1 Qx) mg |rpeolutcbt~e c-‘{uaclrcd—cL -J-‘ad-ors “han
partial. {mchanr won? Work . wSteadl , needd fv rig sulb.

“.g. For = '.-- cdx Ctannot write (x 24) = (x~a) (x-b)

- é ?f ‘f X ek ~Sor real #%S a,b Since

- ' would neeck V2 of neg th'g
MH{“ e ﬁx = 2 sec2p d6

—7’ .rxa_,q _"’x . ftfmtew 25ece . A o
= 0y o oyl
5 e = %.I_.. f —Jur:ze .f@f-ze 6[9 | zf_ga:ze S?ZCzGOIQ
.?-'- fﬂle = l/'2. 6 =G

. a;_?-'- . 4
5."'23“9 = =25 avctan (3) + C.
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Smmmaufy of Strategies. f2- ?":}iﬂj‘:"iﬂiﬂ 8§75
bWe have new (e vined oy Mﬂgra}\"m M%u@.&
Whet W see eun Mdegnn) ) It G be fricky to decide what to de !
Here ot gome gerem _guidelines: |

@l(n.ow and recogniie bosic integrals divce <0
andx s J J‘.:;. dx= a0 § eW=e* fsint)dx = -coscx) 5

1
S cesexrdy = sialX) f"'_.lﬁd"‘: ms'in()(\) S"I-;'x'-'- :Md‘am(.)()) i

@ lS- t_-,bu& see bath a Lunckon £ and its dertuative £x)
n an ;n'{-‘?ﬁmdd/ 'H‘y 5-83‘05'1’-1%*'73‘1_ W‘*'h “us £,
i (QSPQCJ“\Lj: a. polynsudiad tines anexporential of 'h’ﬁj MM)
I vy integreton oy pParts, . |
|ear e of_t..x,obiekr-ﬁ +he :‘Mh‘l'f-j ,g‘nzx +cos%x = | ] _
_ ?m‘iluly‘ o f‘f'\-hnx ™ x Ax. wse L € tan® x ‘-‘-Qgc,z)c_-l .
_ @ If you See - a%~x3, Hrg a 175, sub. with x=a sin @

. . T dk=-4.cb'3‘@d.e
f-f You 3@(__6‘;2'4-)(1! tro atrg Sub with x = q'l‘iu\(;)

= dxzasec?(p) db
- } s (20x)
© For arsdions! fumehion 22y e decnique

(00 0 0 0 A W R R

Of partial finctions: PO~ A 7 SRS
| . il JC e Qcx) ,'K‘.-c\* x—_'i;* ) X~2
1 ’ . y |

< —
or evan appPly naultiple A fornt Steps!

Pt auein wlegats That (90, smillav cun eegone. o efennr-

-'ltcylniqf_il“

T




LTI TS T TR S L A A AT aaaddddsas

q p o
L‘ei.s C-Or\«%ldu "HrQLQ, —Hn,fe,e_, g.nv[;]q,f...lwl(dy ;h-‘?M(g &

bt L
) § “fc,w 9 fma w
@ Fovr o o‘x -5 beSt 1o UuSe U~ SUD
Q'h —the x ey > dl-b\- Zxakx
| LA X _J ,-'._— I {
=> I.x’w—t alx ~ \[‘ zdu. =

-+t

—-lv\(U\\*-Cl‘-‘-- (x5 4) + <

.For- )c" dx W& neec.l Q, 4-0&7@/;{- '\—r‘uj 5;4,\9 .
—ﬁ'“" (e) = olx 2 S‘ec’-(Q) olQ

J.

J'S.xl ‘ 'ff‘Hu Se&e-c-lgf' ey F‘Tq:'?o T o
| ~=-§5ege Sfcerdo sfag =y
f : Smca Jme-—-'ﬂ = .—— emci—omC ) + G3,
O For S X" y we Qhom.tcl u\ge_ Pa../ff* a;f ‘)Cy,-,\_g-_,i\g
s Jlacocrks 4 A= = BN
T x*E-4q Cx ?_)O(-I—L\ FPL s

UL Aacwn) + GCK—E) A+B=0 ond 2A-26 =/
25, /ﬂ R--B a4 bBi=/
.o,u, 1y —(ﬂ+8)x+(zﬂ wyy 7 | B*‘-";

ﬁfmdxzf./q

= o Yo Iw(.x PYWERYS \ncHzS +C .

Se e —H’\M?In- “'NLSe.. \v‘\'l'fﬁwd- los k SMi\apr‘) -
~Hw_ +ecwma{u.e; we wie to stluve Hew ar Very, da%bcf-)
L and Hre ansarrs we 9ot [0l AR bebend as we,u \

Won in doubt... try several q.;ogrmdu.r’ ﬂmﬂdm‘lﬁw up !
Z




(L r p
ARPProX imate !ﬂkgmh‘on § L. <
Sone times a de;ﬁmfc. m+€7r»( is ddfccaltor :MFOS&‘)&(—L
1o evalvate exacHy , 3o we want an approxination insteadl,

Rem,u how e de Sinite m{-‘ﬁml 15 defined
* wWe break Ca, bl m-x—o N Sulo nfervals [X; 2y
‘ of width ax = (Sox,_a+t,d>c -ﬁrr.r—ol; n)
* for each S%brh}erm( L'X.-‘,XJ we Select q ,oacnf-
XX € Lxi=i; x> (Sonae “have n pots X o al k)
e We et S‘h.ﬁoﬂdx = i ‘Z_—F(X*) AX.

n—> o

=

U\JQ, can Hauns jc& oun approxi matisn Sor Lb:FUC) Ax by
£ xf\'\J a finlye value of 1 and C—"\W‘Sﬁf‘tj par tcalare x*'
| In Cale 1 we used i-w_ left - and right-end polat appmnmmhbns

| bemdx bn= 'z F(xi)AX and [ero dx & Ry = Zv‘C&MH
A b-e'l-hf‘a\o\omx .Mod—t‘u-n 1S o let x*-x‘ ¥.-o4><; be_

——

—+he midpoint of He subieryal 9wmj the: midpeint apprsk.
JbF ) dx & Mo = 2 Fmrax

Eg_ Lets apprex, f X "2?':-!-'f ol x Mf\'g_ -I-W;Mcdpaihd- approX,

with n =12 Svdahw"cuum.lg so Ax = ‘.‘-‘.‘i’:.’.-_ g sl

The sub indesrvals are +han '
-201 , [Co, 2] Ez,q]
Wit m-dp-m&-s N
)(|= ) x._: | X

and f (1) = (- n -;_c-n+q
SRl = (u ~2C1). %9

//////1 £.03)..2 (3)3-2(3) +¥ =2S «

2 SO SOMB:S.Z‘_Z'Z*Z.S.Z:-G@
| : . _ —-._..‘]4/

=3
s
= 3

b J

*TEwwmwmwmwmmwmmmmmwwwvwxvsrvrvpri




ILLLLLOAAAAAAAAIIIITIIIFFI A4+ et

!

(1
Anotrer 3°°J‘ "“op“”( o4 L J-‘car)dk is He Mpezmd m.pprox

b
[2Fxy M T = --(-fc)c.,n-z‘{—-(x‘) AT -tr?.f()fn-l]-(-f(x.n‘)
2 evugwm except Xo andxn
I 5 catled “Hrapezoid * aperex. betavse Walike sthem appro. ‘s
using fﬂﬂhnﬂ les, it- broak s dires undker (uvve info frapezoids:
'E 7o Let’s approx. f¥x3 2x + Y4 alx M-Slnj -f-mpceond apprax
i wd—h n=3 Swb wFGvelst s Gﬁﬂ.—'\r\ Ax = #=CD =2
LR Then f(xp) = §C2) = (2 z(-wz)w-i o
e S e = filo) = (o)i-2 (o) x4 B\
:pcx,,) =4(2) = (2)3 -2(2) +4 =8
CFxpiafd) = ()% 204) +4 = 6O
So T3 = A"(f(xmzmn + 2§0) ffx;))

= 2’(04—24+ 2 8+(po) -~

a.ppnox )S wa much wP. w Adol '{-o 5:4—_( ";Fuc)dx
‘ e_rru.,— = rbffx) ol)c - R,ppm)c MQ\_-H"
Eg we Cawwl—e. thal tre Frue valne of _fq x3- 2x+‘&clx is

Pirtray [ ST (6 ) i
| = fo-16+6]) < (44 =8) = [72]
5},1"&@2.{70#& Mg = #2- W:E]Wem’“"c g2 tip F1z3.,
ln geneval grrof of Mn and 'T hare oppoidre S9h_,

“evror of Mnl % L 12ooc of Tal,

- and b°+h | evcor of Mn) aml Jercor of Tal are on Oroleroj. L
nz ,

'THL e,rror‘ oﬁ oLy

WQ/VUIV that - & wr doable suv-value OF 9,

e gnvor gets cut ia fowr]
7




¥

2(le .
lmpropu‘ in-kﬁr\,.,[g §;L ]
Somesimes we want ,CNL Heo argn unclore curve
AaS +the cuvve goes of £ +0. mEfmnity ., -

TS 76 calted an umpmpe.r |V\+¢3 el

o, j Fx) dx = ‘“’“ §:Z :f(x)olx

B9 §¢ maes [-x- ]*"(——--c-m))_ |- =

&>jw_gd;fggnL##Ay~¢g;(<-_,_ho aj

771:‘5 meczn.r area Uhder Y= Vi from ¥=1 +» x=09 ic | :
‘“ _‘/x : "r_ am(f"): |

Eg. onoww f*‘x&x [lncx)]* lh(él lh(l)“h\('é-J‘
Co that [ “iyy o = o (& Ve o i (€)= ['00" 00 D NE,

e
Wsee, Hat [7° £6x) dx need no"f—-&)CsS"r'
S“Mt\w\‘jf we Jdefme J”‘ e ies Liow J. 1 Fw dx

amf 2-sided 'mrfaw g [ o F0 d = _r "‘Jfod dx+ f Yo dx

L— 7= 7-0 cOm{J“—J‘C f ;-ex“l?‘; W‘f‘% f H,c:_ Tk = I /«x o‘x+ /Jux"chr
Wz -n!sld.:(.f?\ﬂx)

— e = = = e

: Qécqll ‘ f,‘Tx;_ Ax < arcian )~y -
Co -Hw-l— : el !
- ( =€ '
L I4x*: Taxr A \M E”*-’f“"‘c")]o 2 é‘\;ﬂp arctan (€)-arctan (D) —hupl

and Sl\‘m{awl? _fm"ﬁ'ﬁﬁlk = 172/ D fﬂ:ﬁ‘;‘iﬁ[}f =W, W/ :@

(

-
|

)

-
\

TT””M”““TTTTTTTYYT\YYYYYVYYTY\T\TT




-
Anstrocdype of Imprper e\ s wihen Iddeqrund T TS Contivunus,

Sappose H(x) iS Contrnuous on (A, b] but d.rsm-h\woug ot X=a,
“Tran we defme  [°£0x) dx = I-m f fex) Ax.

Eq. goﬁ_-JX“i_‘;“o [zJ—] ;g“°+ 2~% =z

CSwYs (N ury e ()=
: é/ CVeA i-NU\j"\ N 3 difcont Mo At x =0
f dx = ‘“"“ f'm (rc)] = hM Inlh= W)= \m - \n(e)
20° <+ o*
=Y ~ v D. N\
.\n.{-\.m*‘?.. //// 4 x L = ——-E..:_\__

® Slm.:/arfy We define f £(x) AK‘(“"" Ia f o) dlx For
an £ x) that s dlSentinuons at rrfn-{— erndpoint- X=b  and
Tf £Cx) IS5 ontinuowS 2K cept at mint ¢ Th Laibl,

ﬂw f b)"'f)f) Ax = f:'-} x) dx + fcbac&) Ax,

Ej Fosr J‘ —4;-_——01,2, we reficg d"‘Sch-\\,uf-(-y at X =0,
X

ﬁ///l% ond wite [ o= [Casrter [ o= 302 (9]

by Symmekvy beth ome Seung .
Eg. For J, wzdx, notie dicommuik, - x =0,
ond weive ° ‘/xtdx f Yoadx + ”/x’-cbc

- lwv\ [' _] _‘_.L-g\o *] 2 Vet a T’ Im

L WA‘QN{N(" I£ You did _( A dx = [~ qu]-; R OET BV
Yeu womlolgu—ou\/‘ony ansower” be cause it
P not notrc e ol cem\-hﬂwd‘?' /f

[Vobbbbbbbbbbbbibdi




