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Paf&md—r?c Equaﬁws S lo.}

The (5f half of He Senesfer for Calc ED@M&( on l?_’t_’%@f—_j?:\ .

ln 2" bhatlf e p,xplom ofrer 10PCS Shovting o THA Chapler (0
SN Parg mefric @._7r/c\,sh‘?:7\_‘; Pe P lar c_oarcﬂ,u\fuf:d-es,

WP unt| nc;.w we hape consldered Curves of Fhe
form Y =§Cx) (o more el fix,Y)=0),

A Pavramiebqeized cu}qe. 'S o!-e:f':mw&-b? fwo equatizas;

X = £(£} and ‘j——:jC{-)
K»Mé IS an au)(i//)ary var falgle . O053en we thinlk of- €
As FIme |, P Yre uive clsades mohon of-a particle
where af +ime £ particle is at poSiton (f£(£),9(¢));

. *(s),9(5) ‘
({(“,‘5"))( : (£(ey,9(2)) & tn +uig picture +ie (
_ _ arrows ~2—~ Shoe wo

. J N rovemit of b eNele ouer himg
(£01),9( - :
(56, 57

i

Tq. Considu pammetzed curve [X = €41 i 47~ 2¢)
W can malke o chart with varous values oF €
t[x]Y o
2 -ilg t=-2 ~ plot of podats
-t lol3 B & (04, 4(H)) For |
o 11 }o = €t~ - i fe=,000, ..., H
V2|t — Lok like o Pare ol
2 {3)0 t
2z [4]3 =
[n 4ni$ case, we Can Rliwmhate e vuible £
X =t = € =Xy (

2t*-2¢ P Y= (x-1) - 2-1) 2 2 $x+3

9
SO '“\U pa,mme-fm’ft:eJ CKV‘VE ‘s "j usk Ltj = X?‘- Q’X +3
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o s N
. .‘;(:u.\ © ) 'fi."’_"‘.l‘:.‘ e
m‘:‘:_‘\ ‘s U;@ln D f2Cmimi
X a b ! Pol‘h‘\":s
Eﬂ,‘ Consider e PAlamefrc Cuvve \‘ / (f(x), 902

X = o5 (€) gy=Ssn(t) Hfor O£ ¢ £ 2p
H oW Can we visual;3e Facs Cvzm/&_?
Neotice Fhat X 4yt 2 cos*(¢)+ St(e) =,
So TS Pargmedr 2es a concle x"--e‘y"-zl )

CCo5 (€), Sin(t)) heve € =
. . angie Cin vradiens) b
_ XYy of podnt (co5(£), sS4} on Cincle .

E-?_; What absut x= cos (2¢), 3:&?0(24:)1 Cces 2w ”?
Notice we s+iIl hame x>, y>_ cos?(ze) + s (2t)=1,
So 'f'N’, P~ a mp-frffeo( Carve STitll traces e« Circle:

But now dha parmmetsi 228 curve

& AaceS Ha cvele tatee:

once. S 0 £+4 & @
and_ong o TS5 £ € 2T

Can +hnk &f fhis [rticle as moving Frgted! than the laglong
We see Same cuvve can be paramedrzed o dHferent- btegs [

Eg: Consior He cnwve YscosCt), Y= Sincae)

[+5 possible o elimdete € 1o get- y>s Hx?- ¢x¥

Lt %\ﬁ/‘_ egqua fin s hard 1o visyalize .

Ins fead | gruph XK= £ (€) and 4= (€) Sepeaudely .
x 5 Y

\ 1 X = cos C'e) ! Y= S'm(24.-)
o < +
el
Then ompini L 2 3 4 §
e BERR G

Into 00 Picture
Showiny (L1 o(0)) ;-

‘, ¢ ANg “Shapjh,p}l "
o€ He pavcle
df;¥'ffq¢,c5 + 1 Yad
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Calewlus with Paf‘a.n"e;f'ﬁw OV VS $loz

MU of what we have done with tanef of foom y=§Fx)
in cal(uws Can also be dove Jor Perametrized, urvwes -

Tangent vectors « Let (x,4) = (£(6),§(€)) be a cavve.
’ﬂ\e/l, atfime_t, Hre Slope oF fargent vecter 5 g\en by

al = dyte _ gE) (P F()+0)
X A dxzdte  F(v)

chain yute
(§ dy/de =0 (and Xt £ 0) = hotTzental targent-

(5 Adx/u+ =0 (ond dydt = 0) =D Verticatl trngent

r::_'?_; Consider cwve xzt% y=t*-2¢ .
First, notce t+hat when ¢ = iJ’; we heve

X =t> =23 and 9= ¢e3-3¢2€(t"-38) =0 (

S6 Curve Passes thru (3,0) at Fw® +mmes €2J2 and t= -J3

We ftren Compute -H\q-f-'
dyg = Axde 3oz 7 3 - AJF =~J5 at =3

et —7—? ~ 2643 = J3 at b= J3
So two fangent s, of Slopes 203, Ror carve at (3,0

Whan 15 He fangent horzontal ? Win 494z 3€%-3 = 0
W [ for L2t | at ponts CL2) and (2,-2)
Whenrs e tangent vertical 7 When PXut =240
bo\md;\ is f,,r(:—o at P°'\’1+ (0, D),

Pw++i>7 all of %rf
informatvon fosedter
Wl can f’fvséuce_

a ,4{'&#7 o d %
S¥etech oé?—waQ curve
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Are lengths 1 WE Suw cevermt Fimes hocn Fo Sl
[2ng4hs of Cnvies by breaicing Mmin Line Segments:

& recall LﬁH\ o eacih  Sruaqy( Serment
= J@X) >4 (ays™>
Fora paramelr’ded Carve (x,94) = (F0€),9 (1) wih KEtER
U*ﬂ- ot ] .ﬁ’ = p 2 ™ - p ’ T f 2
e tonrt = [ () = [ S E k.

E’xercﬁe L Usng ParometriZation X=co (€), y:gmet-l/ Oste 21

Show Cﬁi&mﬁ&c& o€ unk- civcle = 210 MSDf thie fornde, .

_':::“-3' The cyclotd Ts +he pPath a Pont on und Clrcle
T fraces cog Fhe circle rollf:

X
ex0 B2t & Hawk of TUIT a5 an anmation
of « r*o\l\\rj avcle, whithh petnt ¢ mavke d\
w ey C\V\Q\L e = “H\{P\Q_“

Tl Cyc(oid' s POLMMP(M b
X= O-sinb, 4= I-c5s® Hor 02052
Q* LWtk 75 Fhe arcleng i o e cyc,loral?
é\'_"_ b\)e, (,Dmpt-d-ea %‘_: (-cog 6, dﬁg}_c: S™ B b that

@ (Shey: = [(estYs 6mey* = f2 1 -coro)
using triy identiHy, = JHsa*(&2)

Yo /(1 -~ 05 2x) = St X 2. 3in (6/2)

=~ 2 X 2
= lwc’;hdo;ao = fa /55) *(jg/z Ae o 2T
o =£2VZSM(%)0/G:F({ ol (3 )Z
= (Y -)=(4 ) = §-

74
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PO ar CDOfaLM}eg §103 ¢

We ore wsed te wt:fta\r\7 wih He "Cav {estan " COOmQMz,&-Q
SjSieM tohare & Poing aa tha P(-cu\q_,\t (epremrq‘ved l97 (X j)
J—Ll\Mj “s bay far to mwe adpng froo
. °f""‘\07.—>n&; oxes to reach = pom,

j_l"?/ Po[ouf‘ (,OOPJ/VMI-Q 5\/5&2 TS o &cﬁﬁrw wcxj
O vepresent poiats o’ the plare by a pad (7, O

% (v, 8) Here wt hakt 4 fixed axrs rcﬁ
eviaret W or“g'\nD
O 5 A
o

ond e veacln o pPotnt (e, B) b)’
Making an angle of © vevclic g 5
a.VLA 98c\'\-+ owt «&?va\,r\_% O‘p (ﬁ -
Eﬁ;m point (X,9) = (1, \} Fo Carfesian coorel's  (
TS the Same as (1, 8) = ({2, TT) ™~ Eelav csordl’s
' lenyth of hy o0 teimge :
=JiFaz = J%

T oy

ot
N JOtie There are maltiple WAy 1 mpm Gy 201\t

/N fPolar 600/‘0“ be cavpe we Cant add 2m te & .
@C(‘ ©) = (J2.™4) same ¢ @)z (Y2, 20+ W)

s, Aleo . com add T +o ©
27T+ Wy and repPlace by —

ﬁnfl‘fls E“/‘f = (7 p)= (NZ, %) same ac 6)=(z, 74 ey

X
¥
(3
{*
QF
é_)i-;
,5*
L
-
Lom
fom
Lo
£
L=
fopm
-
Eom
Com
o
L
S
‘_ﬁ___.‘.
sl
T
Lt
L
-
'L_,.T

%@b value of ~ rmeans '
9° cbwardls that Jirunce along vy
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) 4 ) ‘ .
4_1\1‘ we See +is poiat (g q+r\d
= Tr
P S angle O a

Q:.uhcﬂ* How, 12 conmrt betuean quk&amf lar oords?
Le;f"s dreew a nighdt friewng 2 o help ULS

< =E0) & From +his pictune W2 See thet
)
o

9 Q T L-—rcose and 4 = ¢ sSind
L Sednich g ine s XY} ™ Rrms oF (;8)
wQ_Q\So hoave e+
. 7 \r = X +~9* and tan B = ﬂ
w\moh gMes ws (G 8) A teraas of OGP
SPQ(.I‘QY ce-g\.\t.j (‘:‘_W cunih (—_')«ar*c,'i-&.n(ﬂ )

X

E'q. Find 7re polar cosrdivodes oF CX, 9 = (-3,0),

il ' radonas v = 3
Checle: 3% 2 = xZ2a g2 = DA (o)™
andd @ = +‘¢—V\ (6) —‘-z-:z_- = :9

Could Vave also Srasen (¢, 0) = -(-3,0) M

F'D'\oo ‘H—Q_ ’Caf‘-lesl‘«n (:_oo-ro\-o\'\a"e-_i of Cr‘ o= (= ’ E"; ).

HUP_WL have X = o5 © = 2 cos (V)= ZJ‘-:_::@
ahdg-f'f';/\e_ZSl\f\(ﬂ/(,)mz_‘li:_ |
Car\ also dvaw the /‘17{4”' triaryle '/'o check:
(J—3 l)—[xt‘f‘ '
' é‘- PQCQ_,U _!_M 6 /6 Palcl\a.vts
= 30°

Co'f‘f*&&pdmls To - gpeu\q,l
30 GO0~ C{O 'f""q’ylv&
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Polew 2quatitng and Grves: ’
Fust e we dmw curves F59Y1=0 in Carfestan Cbordsl

W can vy carvesl £C 8) =0 mMm Polar €oore s |

TR Y v= 2 gwes drcle of radiug 2
gj_'ﬂ{ ecquntion gt ccck_g ra a&i g

& cirde = all pots at radial diTtane 2
€rerme o TgMm O -

-E,_-g_; 24 vertion &=/ 3 9 tves fne Ia'+ 4';’]\-9- e +hu ara‘Ji‘n‘,

v/ ¢'_ ‘ln“r\lae_. 'Hrv*ux o{‘ljt\n
= a\l po™ty at ghven angle

E. W"‘“’(’ OLlOobcf‘ equa'h“m F =~ 2 cos &6 ?
— e . / .
Here 115 eouiast 15 St o Covtesian orcel 5 ; ¢

multiply g rT = 2r cos B
r 81\/‘63 2 -~ 2
& KTy * = X
& (x-\)yF4y4y? = |
PPN a ind ol rorchdny 1 cendered at (x, 4= (), 0):

7

TTTTTTTITTITTITITTITI T TR eenes

b (x-VY4y™ o (5

e .a, = 2 CoC 6O
0o 5 X a.lk.a, v ‘__
E'.?. W et @‘eOWF v-= |+ SM(G)? :—__:
Firstlets plot v as a funlhon o O (wm Carfesian o) . P

r

2; & Thows ws houo i
md\'vxs of 'p?zw ‘____,
/. W 3w am S/ crang ed wiyn ‘&ﬂ&{'&. -
scardiod " = %“t “’?‘({e O=0, c= i ( e

-——__.-_. Y @Q ﬂﬂyee;'ﬂkz =2
thes “hae g dgmpﬁpom- SO W e purie +hispunt &
Curve 7S ¢ W‘f—[ Par 6= back 4 ¢a —
v = L+ Sn 0) v@“*’a:s{'mtji“’Sh:)‘_l?h\”:D f_
[ Y —
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Caflculas in /oo/a,/ Coordonates $(0. Y4
We Can do all 4ypes of calCalas SmfC i polar wordt too..

A“Feﬁg ! HOW o COM'OU\J-L m |/\S( 'aOlkr CO\.V‘\/‘& v bf(e)?
— where 449 €

m'po(a;,» Cavve looks .samej—hhrig_ ITee tlhig:

r2#(p)
b.;\‘) e,,‘\

o

For a small d/ldﬂ?e, a{e n § wfayef—rauyhlcj a “‘pge ¢l

areg = TTr? ‘ie. ¢ d6 -
— zm =D + c< F(O)
= 3 (#la))* A&
AS usaal, bren Kchg “p area into ynany Srmall pie si'as

@ aﬂol Sumvming. up area: _9mo_s an nteyred] ta AT

aveq iaside U —-(QC(B))kAgl

Pow oAV e

@

E.gq: Lets fook af the cavve vz C05(28) ﬁor 0464 27

":FO'-Lf ‘Cﬂf‘ = ws(26)
clover " = (L) #
. Sheapl e’

What s area ingide tWiT cwrve ! ("F’h’? Faﬁm"‘ RS
- 2. T _ atr
Ares = _f; _.?"“:(3”"2[9 = f; 7 Cos?20 d6

WEVE Soopy Lodore ynt [ os%x Ak = 4 (x+ sh0X) cos(x))
‘usvﬂtal’ b7 ﬂn/h}

50 W/agc}n{ﬂg U-Sub fgcos zeﬂe - zf 6 +

" ,

Thms, :fzt" cos 20 g = [q 9*"5‘:71{29)(05( 6)7

l/}
L DEA o

= ((Gam e gn;,mcorﬁfrl) (4048 ‘W“”"))) = m

SW\CZGH 5 (28)
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C |

l_,__"c’ lM " Hows o compuile leredin of polar cuvve r=£(6)°
AS befor, Forn X= rcos @ and g= v SM B we get
%ﬁz % COSH ~rsn and gl_{g: %s%&&rco&é
4 o +Hraa b
A X oA |
(%7%_)7-4_ [zg)z': (ggjzcosZG —Zr‘:zlgcosasme “0E6n20
4 (%)"s-‘nle +2r% GnQ @050 + o5t 6
= A |
1)
(-_F we 'H'V\ﬂ-goﬁ (X,‘j) als pammev‘nZecl .1:07 G, Hhen
{ +H b Av
e::\zcuw‘ve = .L, ‘/f%)t“'(a%;) J@
® whiclh ¢ +ernnd ol v and 6 Tr than

o - L g - e

E.9. For acircle v= m centeredk at origm .
= — /

+his formale - 2, o N arwre ’
94'\«1&3 S /WH‘ f; '/'” + ;('—;} o’g—l\/m +0 c:l@
v
‘“L rmdf = 2T v
Whida Ny corre o Cfftnm}pm(g_!'

E9_ We Saw befoe that v=2050, Oz <o
3;./6; a circle oOF /Zw(r“uf Z cendered at (_Ki‘j):(j/o)

2
-+ (wusc SMLE+ CosTO =\ )

Here doyiy - ~2stn6 | So e fBrmmaly gives -

v L |
arc LCh‘?//h:fo ﬂzm;&}ﬁ-{—z;ms)"- 019 ‘:L 2 dé¢ = 21T, '/
/4
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Tangeats : How to find slipe of fangept to pobar curve 1= £(0) €
Recall x=r cos ® and Y=z r Sh O in CarfeSian Coorel 'S
So M,S'hy the prodvct rule we gef !

dx Crs dy - dr g
o= “dp > %CDSQ r S8 and ﬂg = Zl_eshe-‘r‘co:é

= L _- 0‘5/49 - (dr/de)-st\’\é + r cos B
ek

dx/de (Ade)coso -r sme
E_‘_]; (onsidar He cavelicid r = (+8in O

r=l+e M B
' = d%le cos ©

Here AY . (PVdE) smB+rcos® _ cosBsin B (!+S~‘ﬂ9)°°5$'
olx (87AB)cos 6 -rsm@  cosOces @ ~Cl+SnB)sim

= CsOI+2smB)  coso ((+2sme)
1= 2sm*6 -Sme (t+snB) (1~2sme) |

50 at g= T T get Ay _ cos(Wz) Ut 2 stn(7rz))

DX (e sml72)) (1= 2 Son(72))
€012 C2,%%)

- O(I+71) o e
—— = . ol g0 Ate
(e€£1) (1-2) = 7 tange {_ m A
A 72

Ard o 9:1173 j,d, ;1 - Cos¢W/3y ({42 sMCTvg))
L+ SM(‘Y—”) (l—ZSM(n‘/g))

(72)(1+ 243 N
Ue TN U-2V35)  (wD(F) S5 = 4 ]

‘ ,{-‘;n?uﬁ-ﬂope (/
@ S =hlat 0o

A e ol o N

i




