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o 20 Nested quantifrers $1.6

wast&u‘ a Ctedeomont ke !

For ey real numioer X, YHere i1 a real puniee ‘3—

+hat iy SHRHy Jreatfer Houm x "
We can represent Fhic spofement using vested quantifiers:

V)( 3\3 PC)‘,*‘\) MPC%j)'L”UbX“
HQPQ. P(Y,\j) ‘S &),oropoSﬁi‘onq_l Sorrniu e npolv
7L?__U__q Varialbles X C_iVloLLﬂ‘ ¢ done n ofdfrmqrg.&
Sthe gel R IR o€ pairs Cx,9) of real nuuafaeys |

W(;OV‘GV“O‘*S' L ain ol mixed exigtental £ Unmere |
Auantd¥rers, We can alss Wit mulliple of o
Sane lend of 7Uo»n+_f\ﬂ~¢./‘ wHh - &"72-/6;«%)‘ /T
The St of +08 posive real namlaers i P2 S e
leq’_} Can o t«)fu'HeV\‘ Sy M‘Ob\f(,ﬂ.\(\j as
Vx Vy (x>0)Aly>e) —>xey>0o)
wlhate the dovmat of ATfcourse S agatr (R x (K.

WARK (N6-; Whin we do mix Vand T it 11 vevy Moo ctant—
+o raice Sune The vrelov g_-F‘ZU“\r\*I-F(IWS s ccwwz_c:[-l

By ¥xdy 4>x ic TRUE 1 1+ expresses e
1Aea et FHroue TS no LTgge st ves\ nuwm ks,
Bat- Fy Vx Y>x s FALSE: Hat wod be saging

et s e real numlans biggae Han @ver, al nadais
B Whet doey v ' " ? (D= |
&) es Vx S'y (x+«j=o) Mean | (D—RK‘IEA&O\?A\

é_l' FOr Q\/% eal numloer X, +Hrove s a real vyavd her v
Such Hrm.—(—)({-zy =0 This I3 4rve becav se
We Can ke y=-X and Hen x ¢ (-x) = O,

e L .-



(
@—“"P?__“QW previous example w/ "33 ¥ x Cx+tj) =0
whtch 15 FALCE « thare 3 not a strgle mal nuawloar y
Hagok Sums 4o O VERTTVN vy ree\ iuamtaa, - X |
Key aTblerance Yetween Vx Iy Py and 3y ¥x Poxg):
N CHA Vx37 Pxc9): He yis qllowed fo Sepend on X,
Dt wita Ty ¥ x Plxg) He y Cannot depend on .
(C‘W\«\SO Hdle W devm ( o f “aduersertal jam“-‘ See loosK)
Q: s dy ¥ (x29=x) frue?
A Les trice Y=o so Phat x£9q=Xxt0 =k W«

—

e cay; also o;ﬁe. (resded) {ww{’cﬂq;fi +o clefing 7]0_(6@@5_?1_\3_5.
Congider IO-‘C"P@;"“ o formule " Plal wie i
Pl) = “Jmez Jpez em> 1) ACp>I) A(mp:h()‘.“
For example, G P(L) we have “Fmpe2?

A WSy Stwfepmant s Yrewe sn(e we Con fmie

m=22Zand p=3 50 Fhat mp = G . Bud on e st
hand P(2) false S wWe Cannot worfre

AS a pridwet ef ‘s integors Fudare sivietly g redorfhey, 4

W&caAS’e,a‘J"!’u'/-vQ\r—o\aneer ns 2, |
Llny express #e proceety “a Compos e <
fe) “nis et e pPrime "‘%&""’T‘

- ,(.‘

/V\vw\c/ l“m,)aonﬂﬁﬂu-(' pOprLy tiesr of meothopa tfay( objcts

are gypreSled 1l Hai§ tag g restecl g vantifrens,
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Sovetfmaec vue give s‘(.zecfa/

Pros$s (Cnapder 2 of Jextholk)

We are fmall moving b¢9M e \5F daprer of W losaic.
)V\ C‘f\‘\p}-er 2-] we WAL u&e,-\w.\cgk,u\ \‘W\7‘-\.°~7£, we have
A 1o +alk abont vnathomatical prosfs,

and learn seveval ditfecont IRinds of prosf Hchnigues.

Mathormati A SyShemns cnd direct procts §2, /
Proofs occur (uithin madematscal Sy siemng

)

whidh are madde wp of axisms, dofmions, and 6}2_0&*{1_‘*1 ferms,

FEKQX'U’V"IO&, +heHeoy o U P\_&V\W Ewc\to\zmn 3@0?\"@"1‘7(

(S o mathematical SYs . Ore of (5 aaxrmomg i€

o G-iven +wo distnct PsThis, thee is exactly
ora e Fhat @ntane ot of THen.

AXFDVVK awve—the besic laws from which odhe—

res wltt cue deduced. Here He Ry ”p&w\‘“am() "“Jire Y

art vgwb;‘wvd Jerms', Hhaiv meanng 3 deferred. From ak oms,

f“(f\ _xarup (L o A deFmiHonin EQ(,(MQW« yeomdyy 5
¢ A 'h"-“aﬂyl& rg equt latera W all 1K sides we Ha Seunt veng

(0 course, “riangle," “side)etc. woud also reed olae SoGirad - )
Even wirhn 0\)(/‘0}"1310(2’@{/\1?-{'&/\3 ) +o vtcd(\-) Mmale o et

Sy s tem wov Hiuide e alse reedt Heoremns : }PeSOLH'S
ot can be dedvced from Hie batic exionts.
A Hreoreun o Euclidoan Wh"j oS

. (fa M“’17Le < e;lw'laJ-em/ Hen 7S equfmfyq,%

nanwel 7LOCW7L“')1 ind<
o f TALorpms: A cor‘olcav’7 ‘s cheduced Hrom =
éfgjw W: while a fermnrg €A helpe— repu {1~

do prove a by pheorern “




Angther math. Sustem 7< e "Heory of Hre real nulaers
[fin oxtom of real numbawrs 1<
» Forany #w0 Nal numbars x,veﬂz, Xey =4-x.
Multlpiicasion of veal numbers s impiitetly defined by
Fhis ¢ commudmiiyitg) and sther axcipang C“Coc:a\f‘w.&-w etc) Aappews in,
We stmiarly Jofme posdivity for real nuimboers 57 0 Ao OIS ...
Atheorein of e real Numbess cowled e
" * For any Meal number xe(R, x*20.

SQQ—‘H"Q ook foc MOJ‘&_ ‘e;ka\,m}ot-o__'s oL )

| Dur yoal s ret 4o olevelop 4 Erj Omp(icated miattermtice |
| Systen, but fo e M Some Simple Lxaimples «hat-
pmv:‘kg--%o%?— looles (TKe. Tharedeae, we it (
LSl Yo fo o Shvuple mata, Sy Sdemng

e Moﬁ_j p__F'-}*_N_ Mqtegm*” and Ha %N__ Y of Sed<
: Whare we W assune sl e Src Frmilrer.d
; v HA e axioms & e ATuAS -

—

' o In fracﬁ’te Mot Fhaorems are of Fhe fovio, »
| | Wk, n i POk, a0 e Qe y
| ,,ﬂfanm-ﬁaﬁ(#\ew% we reed Yo shswr Haoat-
F PCx. ..., x ) r rue Han @(’(u cee ) Xn) (S P
| For all X, oo Xu tn The dovnath of drs cowrce

E"S—-‘ Le-l-’; prowz q#\eoma/\ aloou - r')-ﬂ’-eya«rx) Spec 1o lla
about tvenness/oddnats of degeus !
OF conrse, we all Know what 2ven’ & odd
aye, bat fets ¢ plelbolich a @/_)'LQ( de:f\‘mn*?gv\‘

. ' . )

T CCCR R R R R R R R R R IR R R R R



Ded'a An ‘ntegei~n is eveny 3 ifcan be werbten
o n=2£<F or Sorne ?n‘fﬁg.wk- An nie |
(5 odd, F i Cant ke woriHen =24l for omt nteger |<

/{}\aor\%/\ Tle Sam of an een mv‘%w ard an odd intepr s odd.

Prool: What we woant Jo show (¢ Fhnat:

“Forall integars 0, andny m%;m +n:/jf gif g
} ] i .

6 124 1y and n, e RG0S aind sssane i pobiasis
Oof e “if... than... : tak N, is tuen and Ne s odd
This means Ny = 2K, for sone D’H-Cag.cw* K, and
Ne = 2Ky« far Some mtego Kz Theredove,
nN,+«N, = 2“,-{-2’(?_*\ = 2(,1(‘-\-!;('1\'&(_, whidan shoog
N N4y 7s odd ecause Ki+ke iJ an integer p

l/‘o let’s prove another e, Hirctme albout sets:

“Theorem Forangsebs X fand 2, X N(Y02)=(XnY)V(XxnP),
9_3(:‘: TD‘P'@%%‘F A=<B £r oo sets A cud B, wor needd
+o shsw thet Hhey Mave Y saue damends That it Fhats
@) i€ %€ A Hhan x€B  (Hhis IS Hesame as A & B)’
and (b) if xe B HhanxcA (Huix v He Same as RS A).

Sp £0 prave tHiS Fheoem e most Show Fhat
() € X € XN(YUZ) then x€ (XNYIUIXNZ),
and (b) F € (XAY)V(KNZ) #hen x € X N (YUE)
First let’s prove (). So astume that-2 € XO(YUZ).

By cle FHnititn of Miersection, HATS neans Fut:
o XEX and x€ Y UZ . By defnihio, of unlfn,

HATS meens fhat : xéXW (xeYor X 62).
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Thent ave Froo P2 S3 Y re S 4o consthar:
(M) Y xXEY, Honx € X NY (sShe x€Xand x € Y),
So Yhat x € (XY )U(XNZT) as reguiracl.
(2) If xEY, +hen s (xe Yor xe ) e must have xe%J
SO X EXNZ and Hhu~foe x € (XNY)V (XNR).
We see Hhat ne mecter Jhe cnse, x €(XNYIU (XNE),
| and So we hae pr’ov’&ﬂ () 1 we wanded 1o,
. The procF of (k) 75 very similarard /s left-as an oxercise. &

e 7%/"5‘ k‘/?lo{ o/p/baf, where e a;gqmﬂ:ﬁ V}_V(OMI&S‘
| Q/\’) oF+heorerm and use “hem (fogetrar with o ioms, et

Us called a dvact Proof-. e will Aitcuss severs | othar ?
metieds oF proof saon --. _

F?Y‘Jf (@{— wS fecq]/ :{41;.1’- a CWHW-&XW_(_—Q o a bt*u\A.ef:f‘ilfy
G i tevaed Stadement IS5 an Rleneat of e a&wva/hofvlfrm
oo wheieh Fhe Pn‘)/ﬂ-wlﬂ Y f=lge, ComJ&"@Cq-MP(e.s
can &kprome, proposed @njecturos (= stadewants o thmy
By Famd '
—_ “,-'- a CMW%MPQ_'\‘OM ConjecM‘,
For aul nonn%yc.’n\ft hﬂ-eaws ", 2"*"( TS primre.
E:or‘ h<o, (,2-,3, - ge b 2"« = 'Z‘, 3, g, Ci, e -,
)(&V\o& o(:_gxg i's @-pﬂ_\:’%) H n=3 T.Sd(ouhw-mpb‘
Eg; Tre smallest Eunie oXample
H ’%f@l( n?fo) 2?.'\_(.[ (\S PV‘IMQ_ o ‘:
- "
IS n=B wiva 9w 1= RAYICH2497 =44 X 6746 417
S:b cone H\y»-e,s (+ Can bo [’la/vt ‘o _)val a Camv@*’%réhtlg/c(‘

m('(u‘TT‘T‘_IT‘T\\,\\VTTTTTtI'Tt;t\\‘
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Ofken Wt don't lonpw abend sF4ive if a shetement- T frue s
Bg. |F #re shaemnt "For ol sets A, B C,

we have (ﬁnB)UC F}”(BUC) ;r'}-me pProve \'f\
é‘H\uﬁw e, ’9\\3\ a Cowvu(-ev&x&w\,()u_ 1

—

Leds stnet by trying o prove He statenment. o we “d ,
need do Chaw  Vx € (ANRIVC huve x EANCBYC) and cmoly
Thus, let e (ANB) L C, TATS meant Frud

(’X S n Aqn& xS "\,\B)o(‘ (x \S(\’\Q)

We went +5 ghow : X € AN (RLUC), Hot 3o
(X is ™ A—\qnd (x s Tn B ov xis ™M QB

()C X 1S ih A‘&r\:i B -Q,\/quyy {oo e okey
Bot ehat i+ x is mh C7 Then we need s Show
that % is alse m A, Bat doer x hewe +» ba 7
Doesn® seent lnee T+ cloes .. We cuv Sfuwele (h swr

@HWVM Proo s co now we Might 47, fornale a Counteregnge,

Wejé'l’sﬁ/clé mthe prood hen $hae WS en 2lonone
M teo Sod C Mm'—wafmkm A. Ther suggests @
C 2un +er e)Ca_n\,OC?. m(\74.+ locle (iR -

‘@)
€= {7-;3,‘;3
“ ¢= 2453,
/40’2(2&0/ W Con elacic +hat (ANBWC= T2STVEYES= §2.4,53
bu#ﬁﬂ(@uc) 2 51,2,5%n 12,3,4,5% = T2 93, =¥

C(MQ A3 WC¥ an By c), these O, B,C 9Ve a Cowrkrn
Whodh disproues e Steiennent] /

O ——
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(More metheds of proos §2.2

We e S6 Far disussed Hre moth common € ob- praet
o Atk prood of a waMerR\ Statenment ¥ x P X)),
Now wit we ATS i sS Some oHer Ed( of prosd .-

Existence proofs . Sspatines Heovems art of
Ho foran Ix Pxd, To prore, jm——ﬁw} x s PN Itrue,
?3“ Prove "“There TS areal nuumer X £3r Whkth x= ="
PSP We Can justfale x=J2. (o0 x=-82), )
5§ course ¢ TS e m_\)gh ol flostrn - -

B Yo w mag rotite exit{ene ;omoff fowrg SoWlerr Jovn

o ounderexampe;. By TeMovge,'s Law o hewe hedt-
T ¥ x POs) = Fx 1P, so Hhe relatiashiy 1 cloa, (

| gOVV‘Q,‘HW\a& .QJCRW%M& alss Mwolve wndMarsal
QuennatMEieons nested M ke oF The LxiHentin] ?Uq/r/'l\ﬁerj
1?17"_@ Threre exits a Set A such Het AUB=E forall ot B

fF: We tnie A= B o 2imply sod. T& prave ek
AT werkes wr ed o prose Wk BUB= B ¥R
Ve contamment 3 S BUR follows Broan o
Bxentse: Wses AR have BE AUR .

T‘S %‘e%-l" ;z’UBS_E) let €S UER

W Wrew Heot X & for ang, X, cohren
reans thaf ¥ €18, proving e dosired nchy,
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