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IZ_Q\u'\’To\AQ g 3.3
Yo can thine of a relation from one set X
4o another sef Y «S a Chart Hagk vecords how
elements from X are "‘related” fo elemants from V.
For Lxample, we can consicdder a chart Shaf recods
v eochh Sruolent Tn a sches/ He classes They're fakeng:
Student || Clags
B/l = onemiCS
Bl Enjlt.sh
Alexits Englich
Tordrnll Clgnnistery
Na'{'fd?/ +that vnlike 2 FuneHon | eagy Studenk Ceun
+alte Maltiple classes . AlSo, a studemt may e
%k.’\«.ﬂ no classes at all ('4.3.4—&5'& on o (eave of absence )
® | (einera) '

D_e_g_(.'l FOfm“‘j, a" ve lation Q’Q"dm re(-X e ge_f\l)

'S any subset of XxY, e, any serof o

o refare ) Parrs of £orm (*xig,_) w A ’)C‘GX and 9'6 [

(f (X, F)ER +ren we wride = Ry and
_we say K Ts related +o y.f‘

E.a. For +e Studenffelass example, He reltion is
R = Z (BN, Eon ), (BiW, Eng > (Alexis, Eng), (S&dan,(hm)/.,.i

and St Alexds is ‘ﬁ(,{(.?r\a Enymb\ we euld
also wrre Alexie @;‘E\qj \ish,

N_O-{j\({,; PV—_PUU\C,HM _f-':)(—)\l 'S qVQ,V‘g_j
Spectal relection fom X to V3
dve Herr WU Leachy &X'
(S re(atet +o «Q(%C-‘;lj o o € Y,

But relations Can medel ‘r"u\«js +Hhet ;Cuncfﬁd Canf-..
44
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The most tmportant nelafions are whin X=VY:

Defn (F R s areradion from X fo X, we say
(£ 7§ a re\at e O e get ?i‘,

Ea. (£ X= 112,33 then & defves a velatizn on X

T T e have ta is rtated to o™ ifand oaly 1 Ta s b

ﬂ\Q et of orcdkered paxrs v HTs relation s
R = £Cq0), €LY, Cy,3), (22),(2,3), (3,3)8

We Can represent HATS Same dnformation with a digreph:

| 2

2 J/—-§&3

&)
HU‘QMM a “veiex (a dot o) for each QWU\S(‘D@X/‘

and. draw An arrow ae—> oy whenwver a R b,
Notice Hut ¥ a Ra Hen we have a loop £

[+N

De §n The relston R s called reflexive
-7 £ x Rx for all 2 €X.

E_.:ﬂ- "rL‘Q, ,é V'e/(q,{—"“bt/\ on 2](2‘1‘33 IS- ‘\leexm:
weans we lave o o0 p. at Rrary VLR 21
Rt of we consider 4he < relakion dnstead:

)

VA

Hris 55 ot reflex dve (o loop atsall e

Re Sley ?u[lrj CnPdmes e Lelilerency e hveen (
Z ((esS Hhan oF equal 40) and £ (’c{—rrc%\j legs Fan)
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D_Zfb The refation R s called Symnesnic f
whsneies™ X R 7 -’4-0,?\ also 8.- R x foe a\l fx,g,GX

Eq. Te refafion £ on $£(,233 (s achoymmeivic,
Since 1 &2 but 2 £1.
For a §_§jmme“h-fc— re (ation He 0‘:‘:7/'&,0“! looks [ \ce -
Q'QB or rﬁ'w“m“c"b ‘P“QV“? qr‘o'
-'E-y; An example ok a Sbmmy‘h\‘c_ velation 1 7S

= 2Students of Howardg and
X (e o
x £3 mecinl X hus a class weth Y-

ThS ¢S Symmetric Sine # (Rrson X haf & clars
3 Rrson 4, ten Rrsin g has class wdh Persen X !

N

Relations % are “oppesFe” from SYmmetri., SO
Qe $'n Relation R vt Cﬂl(ﬁ(&___&_@_ﬁfsgmw‘r‘«’i_
# whoreer xRy ad g R fhen x=g,
o all x g eX.
Eo. Tre retetion © (on X=E1231 o KeZo X, ) |
1S anfl —_Symmﬁr?c_ SnCe #f xeyY cnd Y&k
Hen we mott Nawe o = Y.
Te relatfon £ (S aleo ant-Symne e :
there are o x, g at all with %2 @ and g<2,

Tor an q.’LHISV"“ netri C ref{atyon oQ(}r«,oh P

MO Q’¢. b b"l‘f— (ooros ? oW \/

—
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There ©s ore more mporimat property of &
Des'n A relstion Ron X 15 called Fransiive
Im all ’/t,y,_':ze)(, wherever we have

x 2? andd 2.22 W%mvtf'(- h“,"_"’ X QZ!

x e, & Muct Newg the
LN AbHed arcow
Y o—be 2

Té'fj Tho refctiomn & (or <) 'S Frars ve Yoo cau S
T ifas b and b= < Hen Certainly A sc.

“ s relation “has a class with “on Students frane fHve ¢

: 7}_‘3\‘ /V\a;,’be B\ ag Englich clase witly Ak&xf&f

and Alexis has Riolegy class with Lole, (
_b‘-&‘f‘ I3l has no class w\rk—\_/\ (o\e .

Tes'n A retation R sn X Hat is:
o reflexive
d mth—S\jMM-e,’ﬁ/‘?C_)
e e\ Tvans (\‘f'\\he,,]
(s called o Pertial orcher On X

> 10

E_:cj_‘ S s a pa v el order on )(25(12'3%
(o @n X = any $&fof numke, ¢ )
Fortral srders bolhave 1ke < ey
lef ng "Compare™ Mgy oa X,
But ver partial ordevs dan F r\ecac&w.\j (
[et ws com pare VY paic of Llments
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5-7,‘ Consicr & (st of foncks You must do o mwmplle o prayett-

Moy bo-the Projeld 15 “mace « PBL T Sandusion ™
and He Hdesks are
L. Toast hwo Stis of bread.
2. Spft'\A Pelanut putter on ore Slice.
3. spre_q_a{ jt((\j on te other SUica_.
, 4 Put He twwo S-S o getinao. o
Sorve 6F e fasts moct be done before ofars (1mz )
Sp we can dlefine « relotion € onte setof sk s
CR G IF C2j or Fask & must be oo before tas |
The Aigrupn For IS rRladion Tt _
@ |
2.0 - re$lexive v~
= . anti-symrsric
\./% Trenstve v’
3 . '
Thert art ro arrews befween 2 gnd 3 Sira
FThese +wo tmsics Can be dore M Rdher ondor

Notie: we et a pz,r-f-raf( oroler © n Hee F= Sk |
'F ]Q,‘gaparﬁdlordafo/\xw X,gexl ' |
W Say X and Ly ore Cmparole ¥ x Ry sr g Rx,
Ard s they are inComparble otror wice .

Ewo. lan PRLT example, tacks 2 and 3 are
- f/\(‘gmpumb (e CCan ke dae in e e o287),

The pactial order R op K is culed a fodal dvoler
ey o X,y eX ¢ oupartle,

B9 Relation S on ary sef of #5 (1 o fota| ol
bat Yo o bafone " velotion on fosles is aet o Jotal dedect




(
Cq_\q%skms of relations and Mwerse refattons §33
Now we cedura “+» dc'ICtLSS‘Ma. refaqon S Qf@mx-p‘o Y

¥ ' : al such relation
Reconll that a Funchion fix>Y IS a spec= )
and we Can goverslie o velatfons te |»Wd:~n+
;Qtr\d(‘ona( netions of Coupos Hion and inversion

D@—S'«\ Let re; bhe a reflation ‘From X"‘}'D \(// andl Qz. o relation
T Srom YV Z. The cmposiion Ry o R, IS a rletian
From K 1o Z wrent o x € X anl 2 €T we bave
K (R0 R Z ¥ and-only 1F tHhare 'S 3,6\(
with X Q‘ ‘3,_ e d

Lé_ ez_ 2=
O =& @ﬁ@;) @lﬁi_@

VS Lek R aa avelatson From X Yo Y. The muerse (
_vac\,ﬁ—\'ov\_g" 'Y a relation Hour Y o X :
whare R0 = Fly,x): (%, 9)€RF
: “renerse” {ﬁwt’ srdered peir ta R
Note® Fo rfunchion F:1X—> Y, He mvarse I 7YX
'S defored only whan F it a kijechtion

-—

Bcd--f-ke, rwwerse. ve(~tion R," 'Y atwccyc alai’}:q‘l,

_l-g R ¢ a relaton on X (f‘le-Dg'd""\X“f?X)
‘Hen He A/:ij—ﬁ ol R~ s o v reied fran, v‘t}"»fh’oi"-g
by reveveing e Avectvn o' < (] arrowS:

Sr—

20—-—-——?oq 2o o
Ce = C"./ %
'<>03 R { \ 3 R—\ ‘
@__" What &3 thuerce of 47 é' > |

X
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® BEvivalence Rolatfions & 3.4

Qury x€X belongs b ook one swoted Tn

.8 With He alopue padhipn, Yo digeepin of

Q¥

Trayuy Relativn R Aefirad $r0m o purtition Sot X
e refexve .
¢ Symunehric
e and fransdve .

™

Do Any relatien R on a set X Hhat cs

o __9‘0/\”"0—'17"11
e and MI\IA-I\/Q

MR IS called an @qutwwcam on X,

PR3 ML LRBBLRRLREERRRLLLLLTY

’ ; eleents of X can ke “He Seme

] %:\—Q & ((onpare 4o Azf.oﬁpvh’«(ara&vj

LetX ke a et and vecaltl $had a pPertyYon of X
is o colleetSon S of Cnonempty) subsets of X Suck fect-

S.

€3 For X=512,34,5F one purkhinn 5 S= £513,47 | §2,53 3
A partiXion S is awoy of \%nechMJ X Mg g rowPs - T
ans we cen use SH4o defre a reletion Ron X whare
x?; iF ancl oy\\'(a 2 xw\j-aleﬁ\ Same sukget tn S

Q‘E\':

o
(s

PE Al propecthes are ety o check drechly
Leflexive : % is M fe Same suoset of J as Fself.
§7”4""€—“""h P 0F x h Same Jubgel as Y, 'H'lén Ve —~erTee,

Thans. . i x s same Sabosef QF 4, ard Yas T, then S2m Kv’x«lza

P pguivlence velubion on X 15 & whe Fhect |
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E‘%J. Relation Ron R wohare ’an_ F XU s ah guiV. relation .,
E.q- Let wn beayu,} Poscrive Mtegen, \3; dofive re\cdton <
on & whue x 2‘9» F ’76-2. iSa mulrioe of N,
Exertisfe : This T8 an equive b relcton on Z.

A'Pa/'(’f'hfbnS give us equielence m(ﬂﬁ?ﬂas) and onversely |
/f-b_ﬁ lef R be MQQUN. relaton on X, Let a € X be a
e\lement and dofre Tale= §x€X: x Ra$ (*’\_{:35;&*?%).
Tren S= §LaTiaeX i a prkhsn of X
ﬁf Need ts show every Qcé)(lwlmqg s 2oty one Sulaset-n S,
By reflexd iy of R, have 1€ [x1. S0 suppse x €Ty,
Want o Shetv Fren that [xT1=LY]. So let z€ [XT.
Then 2 Rx, and sine 2Ry, hawe 2Ry by Iramtchvu Gy,
ie. have ZELYT, By syrmetry hawe YR, o Be
any 2€LyT have 2 eDx] by sawe argumestt: Thus, Cxl=y T,

@ ¢
Dd’_._i’_‘. The Sets [a] a%qu)(%wﬂe ravions fhe oo |

are called Ha Egvalen clesses of He eyuﬂ/_. relefing, B,
Bige With R bedy equiv. relativn on R ke xRy & %

pauivelence. classes eume £a,-af o a &R,
le., each amiaec i's 7mpa( wlk 35 Qg < fAE

71

Egy g (52 Whod Gt Cqilalence clagoe
BrAhe xRy F XY 3 arultpe of o
B aqu.velenee relatfon 6a e "\"-"!'e?'m Z?

H_i&j"« Consrder podvlar ardN et pod n.
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3/3
@ Combodptsric s Basic Comr\-l—‘\r\j /0_/_/_% Sal

We ove strtng o now dropler (owv last of Ho Sowesfer) -
Cl/\apﬂ’/@ on conbMetorics , &« 9Co«nc,7 word for ok

Wl fearn many Hechniques Jor cunting Fmide CO[LQC!*;U\S‘
Wie Sfrvé w”rh sope lpasic Canting Proncdpas -

Eg__ Sy peose et Hor a meal You mwogtr choose !

* an QPPQJ—: 2er: e ohay Soup of Sa Lﬁtc}\

L Mebn (oursSe: chicken pCrsb\ or r;a_c-f«:\‘

« A dessert: eithor iCe C?’Qa.M br\ rie.
R How nmany AifCeront meels & T+ pescNole o e g 7
AL W can represent allthe clhiptces Tiha “deciSiontree

7

Sowp
chideen g / \ 7
(Q e S A cRicq M- ~Stn,
' Des,2 oW \, &« JFrn
e C/\’c_ s c u-lY'-{ “C[\se“i\ L. \l:)c
Csoup, ( Seup, ¢ sSalad,
chicken, chfr-kaq ) P s¥u

ticoy Ple) Pién
We See et Wroare are {2 = 2 x3Sx ¢ total masdg
TWe mstl HRYY Ha chotay at tach SRA +o got todal
Thn (Ml +1p0 catlon Prncipte for (ounting )
SUPEPSSL. W2 make an oorect Vi o Sevies of Sleps,

Wwhere. we hswve Ik, chmtu.ﬁx-sw.p |, ke Ongias for Sep2,
doo.)r\-)‘-o Ko chotes for Step mi. Then +he ~+otfal ¥
5F objects e Can make /s K, x Ky x -+ K ben, |

Peew ke : We saw hofire Yhet for prodoct K2 Xox--x X,

“h 05’)’2%’8 X\,X')_,.. Xn\ Wh“CL!‘"‘cj'}u}C u_Q'/]_q,u',Q.-

£ 0K ot oon o) A x W o 0,
NI is baSicatt, +ho same ac e mulhiplcatin prindpe.

L -
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Lat's spo Shre more examples of e multiplcdion prirdple ;
Eg- A US felephore # has 10 digits, & Fsk digd camef ke O,

Q' How many Helephone H /s are thawa?

&‘: We hwe 4 pesstoiidier fu-Hre ISJ’JL%{-\-I and 10 Fer

= ecacdhist the 1 others So by nld, pprmcipl

a4 Ay

» ﬂ - i) ~
Q% 0x10%---xip = Ax 0 = q blllcon fm

—

Ej" We Saw befork Wat He # oF Subgsets of
set E0,2,3, ..., n rg 2 "

Iy 2. ohdas)
T +, we decide . ¢ lackde [ or no¥?7 (
o Male a Subset, . lnclude 2 ornob? (2 diokes)

Steps - o lnclude nor not? CZc)utn.s)
s cloomee ; W HN 2 chol@s at each Step, so o
This S h / fep F

« . n {ime
malt prirciple, # possibi\ANy = Sxzx w2 =20 S
g‘f_’ C:) Ho v WUW\j reladians on X=34,2,0 r\'g e Haone ¢
a" Bor ecda pair COO",j)GXx X) wr Can choese
Yo nclucle (x(4) in our re (e Yon /Q_o,\ X, ¢r nof,
Thut are #X « %X = N% Hfogs! paiys of
the foran (%, 9>, So Ve il cvelaATon [,
N2 sepS, w2 cholces at each Sep,

N e 2
This geves Zﬁ’z_ :@possﬂo?\f}m&_
(o also juust say fhat 4 relatim R Y 2y o

Subocel of X"X, a et &F STe nz) <o
again  §+ 7" suda saleseds

ST W0 W W W U W GO B A o o ol ol o oK W W o S S SR SR Y
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EKQ/C('S? Hows mam; Symrmj'nc relatons on 112 —yn
xne Hrene ¢ et about f‘e-FCLxM?

—

Fgs Let X= 11,2, -+, nl as bufre.
62 Howo mand 0 orcdored patrs (A, B) ob Sobsets o X
Setisfymg ASBEX ar Fhere 7

A7 [+ s ke lpSul fo draw a Venn d?ﬂgmm of tur sctvatzon

we See e+

[ . 7 & TR Vann diagreua
has 3 regians

o“f—VL\njg ,,\A_

e 5T M B\ A,
) ¢ Prange s on X\g
5o 7o make. an ordered peir (48> of dopived $ocm

We Can ghoose Jor eacd L0, o, A whidh ?
oF the Three reg ons fo place ¢ intet,
« Put (:n A, LA, or X \R T (3 chetcay) |
. Fmt 2 7. A g\,q, or X\B? (3 cl«e\cﬂ.g) \i

CPat . ih A, B\A,or X \B7 (3 Koo

7}“*5: WL (heve N\ SHeps with T cliies afench glop ;
So fotal E of possibilithes = 3x3x - x 3 :@

-

Exenise (onet about (#RC) wita
AReBReC S i -

Aunek (A, B,C, D) And So oa.-. ? ;

_

)

7
i




6.
Wa  Addition Porcple + Prnclpte. of Inclusion -Exdusin &

SomeFwes we ore -ny? fo @wit™ dgiechs Hhat ave mu (igle “Verels';

E. & Let Xs fa,bs. Howo many SEMK M X:m Hrave
';7— = uhich have ]&\7{»&\ 3 or (M?{-'{/\ Y S s ﬂa;g(gd
&’/’N #‘O:fﬁ"" Yo#/éﬂ?%zm )(":‘Zxe?.:-' 4 f]MM«tPﬂ
T oS Strings e F lengta = Z;X?-x%?_—xéj(zé - 24
shof Shvys of langth 3 or ¢= 20 L2767 2.
_v:JtSee anotirar W‘Wv\? Privcgple. & achoan hore

Thooren (Addition Brmdyole o (ointivng ) VK=
X, Xu ) Xom are disoint sebs (wesniyy Xi 11K
B olh (H#j, 1.2, the sels s o commn (erents )

W &(X( U X‘Z_U"" U Xﬁ'\):ﬁ:x( *#sz_"f ¢ eet #XM .
Can
— disjeint (e daa covt {
WL See Het, as lng ag fre sefs at 2i5)0lnl, ‘
6\&7 yﬂtqoinﬁf sfajgfs J‘u.ﬂ— 67 é(ddr‘)f? foyepes !
Es Q" #of strmor m Ja,p3¥ of Jength Soct o 57
A—“' 23" Zq‘f' 25-, bty He addHbw P\f\\’\c\\@\q_
E"«jf'_ Alexc s, Ben, (ofe, Deavid aud Eviice ave a 5 Persen group,
‘TN/"[ have o 2lect e Pmsr‘(,\.w\:k; Va pm,sc’clm&/ & Treesuves

QR a) Howwwagg are +Hroe 4o do HAIS D
= b) How mans way s ot Hhere - we nequie Heat-
etvhor Adexis or Bon 3 Ho Crestdentd

E}:‘, ) U\LE Can CMooge any of tha § pespl 13- e,

'ﬂe(,\ :ﬁ/‘ VP we Can (Moo se ans o4 Ho Mm\u\g, ﬁ{
And foa- eaS. w can Clavose aing ol ’UI/L«M(‘% 3 :

By the ma (£, prvege gnt gdes : x4 x 3 = 60
. UQQJS'““

e ——— e ———
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[7) ()[Q/QK{X s Prea we have Yx3=12 myghchoozvp-t‘l"@s

4 -fg@'/\ ‘s Pf@& oldo howe Yy 3= ?Zw;qﬂc(/taapt VPATrexs,

- B\jﬂd&(h)/\ Prl'hp(p(.e +Ha tofal # o wWeys = (2412 = ZL{

- Bb\+ what F He @ts ae 12t digioint? Then we use:

: Theoron, Cﬁ‘f\/l@o(e of Inclesion - Ex clusion

-  HXuw) = XY - i:t(xn\/)é_mm,wyﬂ dss

X, aundh
—_ Hea hls fem (T Q_

Tbo See why Pl E. wovky ook af a Venn 0('2‘7”“““

. e_u)haﬂ\ we add #X wd £Y
) We count ingsm XNy B doule,
x

So Vvt Y2 Subfrach ~#(xnY) 4o correcs.

- Eq Z}_ {—(owmm ways Jo prck Prez, VP, £freasures

- = v)P‘QM, W Alescis is Pm.z or B@us \/‘0 (or bq‘}-b\\‘?
- A— Lel X=eleckions wovere Alexic s Prez.

- C)/{,M #X=4g3=(2Z, # of chatces of VP +1reas,

- Let Y = electans whoe Ben 5 VP

- Then #Y = 4x 3 =12, # of cwites ol Prez, «Trag
= we (wen 42 Com'ou:(—c #(XvVVY).

= Ry PLE., wealse need o pansw FE(XNVYYs
- & (Xxny) = 3 sina if Blexis s foz. £ Rer iT \//3

- _— ‘Hmaacfe 3 cholws [@F+ ‘F&V‘Tm_:-f_s

- S0 + 4y —+H( [2+ 123

- V HX+HY - XnY)

- 'FFO( Y\ 2.\ W%fu AHexey {,&\04?

of Bdaﬁ;n\/‘o




