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1/5 P@//‘%L‘?l%ﬁ‘oms qmo! Com &NJ%AS $6.2 (

Des'n A permumtetion of n Arstnet elenwtks Xy X, .. X p
1S an order Mg of the Llenents, e, a list of
the 2levvents whove 2ach X; cppears QXac,Hy once.

_E.q_;Ma&@PO{mw&-qu{\S Q#VA,B,C
prgc ACR RAC BCLA cCARB CRBA

A\SO ales Qecal( ot - a lmyﬁﬂm i)'z+‘e}.e/‘ N2\ e defred V\‘F\C’"W

( -
*adeff“ﬁ—% as N/ = nx(-1) x h=2) % oo x 3x 2x\

@ ,M The # of WMM;&_%M of Nelewants 7s !
P-f Create apefmu/'ﬂﬁhb*\ by C"IOOW)}.? [ °F 2 lwewt th NT(-)
tren 2™ L down fo n?. There we nehoras for | S+ (

“Then Hhere are (n—l) choles -'QTZ*“* Csme | Sk net-ayafabl
(n-2) choitesfir 374, etcC. down o L cheice far pt,

”87 mu(+, /oﬁha)ate 9t\/e; nx(n Nx(n-2)x--xt=n) fotat, /z

wecan alss do o S’/:/A~H7 n10/e ?-Qro/q( "B«\My
Defn An r- Per‘mbt‘f‘aj»an of Xisny X i5q /8'37797 r (/st

of elenants in %, .-, ko where each appesvr af moct once..
(We reed rzn ’F&r‘ Suc(r\ e ITst +o exist.)

E:g: There ave 12 2-pevmutations of A B, ¢, D"
AB AC AD BA BC BD CA CBE <D DA DR D¢
We use Pn,r):z & of r—pomutations of p off. Sef.

Thm Plyr)= nxti-0x. x (u-rsp) = c:‘_r)J (
V)f Saume ag presf for usyal perme farvons,
Tyt skp after The v stee =

;n\wﬂ.MJHHH‘HLTUTHMHHUT
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M" Rn r-combination of %,,..,Xn /s« length ?" i

Eg. There ane (6 2-ombvuting of #, B, C, T

We offen want 1o contvt wio refeed coffoctions of siven S |

vmov“a&r\a( colection of eleneutt in ’)q, Y ;
(., a Sizer Stdo.S‘e{— of ?X,, ,,g

14,83 fAc3 1A} {BcF $BD3 Jo,DF
LQ+ CCn, vr)= & r-mbatisns of N elment Set
(. common potation (V) =read 'n choose v ' - USed foo ... )
How o Gve a Formaly Fo- CCa,v) 7
L\')QC;LV\ Create an r—pevmutsdion of X,y oes X as ﬁ’“d‘*‘s‘. :
i— Prcle one of e Cln,r) V- Condlo ha;‘—aorls |
Call F {9., . 3.,,}_ IX, .. , Xu¥
2. Choose ore of tre r‘ pesrmutations of Y., ..., Yn
E_9 T Make a Z-—W—F‘;}-{bv\ of A— 4 C, D we

|

Firct pick ore of the G 2—combﬂvc)m'*ov\$‘, andd Han }

chosga one of The 2] = 2 ways 12 permuie. s lefevs, |
§A B3 JA, 3 fADY §f?,cf I8y Z2¢ DY

VRN LN UYN YA VAR |
H)B BA AC CA AP DA Bc QB Bd DR ¢p D¢

g‘f the Mu{ﬁ,a//ca'h’zn pﬂhdpQ theS PeoansS

i:(: o4 wayS Yo Ntz & ways b nale # of emuwtding
Y oper mutatiica = r—combration X of v W)'j
OJ' xtl---/%y\ OF’)‘U""/K“\ S’

(e, Poa,v) = Clhe)x !

= Theortrm Cenppy 2 PO 10 0!

) T n-O)) e |



/% (
Fa WLJW»memGQcambwms@pﬂ@Cb
MI'Q ch 2)= CTET q;ﬁt:.:: = 6. v

We witl have a (of wmore to Sey abow{-— ;'f“-Q.So_ CCnyr)
th a lithe bt Heve IS Jugk a taste

Exercise Show S Clnr) = 27

y=>o

HE_" < ij,m Cmog)\r‘ﬁ’ an arbla_’ﬂfj Jm‘(’ VO‘F %‘lzl
T b, first cheesig @5 SR |

s

Fq A Standard deck of cucls Mas 52 cads ik
- Hore ave Y Suits : Spades @, hearts O clubs s <Y dlamumLS?
. thart are 13 parks '\ 2-10 and JT& kKA
for adfotal of 4x13= 52 Adifferent cvels.
A poKerv hawel Consitts of 5o trese 52 cards,

Q1) How many Pokesr hands coe ave ?
T 2) Hovs rany peker hoardls e cards of
all e Sarp Sui i+ (hixis ealled a Flash*) 7
A ) Sz = poter hod ox an wndndored) Supet- of Size 5

from G2 elenents, Pere are C(52,5) = 2,598, 960
diflerent Poker Il s

2) To make afesh, Lorct pitic tre it of all e culs,
Wen Solock G of po (3 ranks £ $he el

= Hx 6(13,5) = Y x(28F = 598 Fluskes. (

JY\;

%l\g means XX 0.2% of hands are $lusler (very rare ! )/

AT T TTTYTTTIeTIerTeIfIeOEfIOITITrrevreyey



r)siiéai%ala\%%%A&lt%ltxl«ll«llll_l]‘l_ﬂf
)

® 94 Gereveli 268 Rormutations $G6.3

There are n' pPermusetions of n distincd  feters:
ABC ACcR BAC BCA CARBR CRA

Butr what abowt recrrangenents of a word witHh vepesded leHers”

B How man wagy s ard thare to Ravrange o teHers in

MISSISSL PP T
Sona of ‘e " Perm{-a'(‘TMS wil “be the qu‘;
S6 Yhe anstver 75 Semething- less Hran LT,

——

Lets start with Serethime Qasier:
ho w +o count rearcang, ments of AAA BB BB,

A mafmnge:?un+ rs 8 leHers, 3of frem A's, & B,

ey, S— e p— - a— — m— ——

OF +the 8Pos('+:0ns-f'z‘x ([et4ers, we can sefect ansy 3 Sfor A-’s)
and Hen +he 5 85 Mf‘/—go inthe offer positions:!

8 5 A e A = A
We awre c,\r\ocsm 3 spots out of 3 wnich 9*~/&S
C(g,3) =8 /f(3'-58!) =356 -kﬁ-q( r'earm,ba,wmﬂ

or M/sszsg/pp/, we can do Simiarly, but i more i,

We have 11 spots, choose “ of tem For +he T's:
! R N c(1Z,4)

— e — e—

Then from nema,mz)qz- ?Spoh c,koosse 0 fwsmcsé ; ¢ )
-_— /

q--_,.--_..-—u—-—v___._..-—-...-.—-——- a—

remainng 3 spots, chosse 2 For the P's
m_ff_ﬂm _’i} s s P S c(3,2)

/Le, M 30@3 N N;W\aln;r\a_ SPoT N Cl(l,i) “—’qj—?.
Alto gether, thee are C(12,4)- C(74).C(3,2).CA 1)

- W » 21 AL
4137 " grgr oz et T Widlatn

= 34, Lo reay v angerents oFf MISSISSLPPL, J

|
L



(
“Theorem For a word which has m different kind< of leters
with Ny of the (St leHer; N, of the 20 [eHeq ...
and Ny, of Hre mt leHer | So n= N, + Nyt o+ Ny tofal (etters,
He | of rearrangonents = Nl ng o)t )
E-)_f“ Same as what we just explamad! . -

Eg. M(SSISSLPPI= n=tl n=HTs n,2H4Ps5 ny= 28k ny=lm
So thwat H# reamangunaents = W\ /cgqial 20 (1)
Notie that ifall leHers ar Attwek, <o n,:v;;:-—»:nm—;|J
we get usual AYLdr- ) = nl Permutations,

ond +he more repecctect ledders we have, +fie moe
we huune o divide n! by to acount For He repent.

- fact  anotrer way fo Fhink about e Jormufa !
[+ we put+ SubSeripts (or ‘Glovs') on repeen fed (etters tilee
M. I, 8,5, T, S¢Sy T: R R I,
Hen all Hese lefders pocone ‘'distinct’ go Fhaie
Hat ace n! (=111 diffFerent pormatations
BF the Sub scrip e lethar s, And Hen. ..

Given Any rearrangs wen f- 'CW/?‘hauf‘sué’an‘p'-fg ),
e are A, nay ! - nM', (=L" 4021 11) wag (
S pat sub seripts on all +he repoated fe He. g

So dc‘w‘d@c\\j nt by ntnz! gl gives w

the Mumboer oF WS of rearangds, He (effers  (

(sime (ar +2 hows oﬂc\/}‘oﬂy P(n,v) bj r! gave CC"MV‘)).
V4

1 Wl W W W VU W W Y e e W 1 A W MR O A W W W G R (B G G SR
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(. /1 Grenera i zed (ombnatons § G.3

Lact class we saw how daxl wih repeats i /Der*%k'j’d'l\wL
What about combmativng whene we allow vePests?

Eq. Ata bq;e/ shop #Hey hue JoHr Flavors of
Dagels s Plam, sesane, Wy%ay , & cinnamon rai<in
How nanny way s ant Haore T2 Ao HHats ?
{-F we had Jo Pr\ok 13 disfmct :Flaovors e ‘Orxge (S,
Hats would ke a Cln k) covmdomeNons prolbam.
Bu+t of cowirge Wl Can W jﬁ[lu/ovg s ,0"‘-'51"4;‘1.

There (5 a very nite tyiek _,C,,, ansp_ L@MS of
Pvololans called ™Stare and ars ™, wherg

we V\L(OMS-Q/L‘(“ a lo«.?,e,( mrckqm by,.‘_
pictirt Hrat looks bike +ais.

M¥x | *¥¥ | kexx¥| ¥
P\ﬂl\r\ Sesame Rvevy thing ¢ nnamon (] (S1n

@

ThiTs nusng fhat we bqa_ %p\m‘n) 2 sesawme )7

S 2y Hm\\xa,.) and 3 Cinna won wf»\Sc\\ bagels,

Am.‘ pattrn &t 1R x‘s (Stnrs’) qud 3 s Clomingt)
92\4; usg a bqg.el parchace He X's P rosenm I~

+e LQ?,,K‘M,M +He (g S VMg e ‘A viders!
Letweein biNS mpmse,vvh\a7 e 4 flavars,

So to tcunt bage\ puvchases, we jasf reed
~tS cannt patierns of /3 X’S and R I's.
But This s &x ey The Word neavrevigemant—

\ov‘oloww‘,' Whe e SV fHre  aNS wer 1Y
C(lb\3) = '@/ 21 2 560,

?




lV\ gu\Q/h(, we hawe dhe -fo[(owgg\ :R)/MMLQ o

C,owx\,«—mﬁ co m Lo DS W repeatr allsweds
Theovrena The numlaer O:f—wnu,jg 4o Select k ‘H'u»\.? ¢ Frowq

W options, allowny celectng an ophd /M multole timey

s Clkem=1,k) = Clktmel, mot) = (et}
o me)) WS

[UOHCL Huat we alwa,jg have CCnK) C(_ﬁ, n-l) . ]

Eq: Yo have W ddontical candies Yo ghve +w

3 children, How maney di¥ferent way <
can  on Atiftribadte He canelies?

.I.i.e"f_“ Nepreservh A Candy dtnbatien e (
Y canckies ) 2 candias S candies
XX ¥ | X% [ ¥¥ ¥\
Cronild 27 dehid 0 3% chalidd

TWYE  Stnry and bars' ek Shows i€ He sang
as He !gajp,{ ’arob_l,um\,' and So Hrere au~

C Cll +2,11) = '37('/(“'-2\. = 18 wa.yg +03NQ C‘ay\AJ\LS'
\ _ -

Q' What 7 we are requied fv ghe eaoly
child at leact ore candy 7.
/ﬁ\:‘ F.\r{-ﬁ—’ﬁ?\/\& each child o candy, Thic
leaves (L1=3)= 8 endies which can
be LS tviouded arbitrarty a4 (

e (¥+2,8)= %4 20 = 45 ways,

4
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We start with ay algebra exercise:
(a+b)" = Catb) Cat b)) Ca+tb)
= aaa + aab + aba + abb
+t Vaa «+ babk « bba « bbb
=_a%+ 3a2b s 3ab?® r_ b3
whet a and b can be any numbers (or varicdoles))
Wt s fre Signficana of this Sequene 1,3, 3 17
NF we expandod ©
(atb)t= . =a%c4ah¢ 6ab + faqb® 4 b
we'd get +he coefSicient sequence |, %, G, %, .
Anal i qu_/ we have ...
M (Bn‘v\omza\ ’l?«.aofe/w\) '
T
Cat+b)= S Clnk) a" ™= b~
kK=-o
Y M‘, " :
Pi 1m47/h_2 ‘Q'XPQ Vg’ (q+b) e termg
(atb) (at) - - - (atb) Th et
If we want Fo Make a frn of a™ " b& From
these nultipli cafions, we have fo chioa se_
He b pav ¥ frong exctly K of The (a¥tl) s
and the “a Pt £rom He n-Ik aHa- (a+i) ’s.
Thus, He N ber of ways 1o do #nig is
e #of ways fo chscse K /0657(“2"0*4; Sy n,
w hiclh Yog Ao f e is Cln k) = N 2
_ ! Cn—<))
MNete! |, Hace context, alse use Noteation (Q): ¢ (k)
" " 1 "~ ’
for e N Clhosse K muMWy.;ng’o(E)q Kpk_ (416}"

“The (%) are also called braomcal coefSicnts,

i
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M@“’Iﬁ “H/'a, b)xoMm( ‘H’QJYW, NE A ?(\/Q S borH p«‘oo%s
oF Some Jdentiyies we've already’ seen, lite:

g0 rewt 2 Cln, k) = 21
Pfi B, ’ﬂ«m Saygs ?3_ Clage) = (atbd ™
let o= and be| é comp) 17K = (rag) M
= _%ﬁ C(;mk-)- =2

va

—

W[/\px"‘ DLL?OLOJ— —+he at/kf’na,‘{'ts'lj Sam of the C,Cn,k) )s ?

G790 3,00 - c3,1) ¢ CC3,21- CC3,3)
= o~ 3 4 3~ =

ov- CL40)~Cl4,1) « L4 2) -y, 3) +
= 1 -4 + b -4 |

Ges)
O >

i Q 0

Thaonem Foy nx=1 Zc—l) Conk) =
Pooof et b =~ qu a2\ M P Biemial Thooes:

‘(Z(-l)kccmk):(l—l) = 0" o, g

NoT & C(OO\— O\\O\ = \' < ¥ov = © we bhoswe
Z (~HX C k) = CCO,0) =1
WU woans e Should mtepnet oo as ( {
m B hal ober thanbhyies He CCMrLc)
whizh can boe quva@ u-sL\,L? e B\hpnuﬁl mvv—w

\\\f
L
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® /21 DPualsb Triangle §6.2

ﬂ‘f @/ﬁom,‘q/ﬁ\éow ()(.(.(j)r\ = 2_ CC“«k)xkjﬂ“C

Kro

SUggests 'H’\Q‘f' we Sheu\d losk et Yo S@ovun e

C',('.V\,o)J CC-\,\)) CCh(‘z_\,/___) CCn N in un,M..
ACﬂtal(j, We Can put all these rows togethos
into an infidite tolangular 2oy

c(o o
cli 0y CCLY)
C(20) C), CC2Z2)
C(3,00 CL31) €(3,2) € C3,3)

Nofi ce haw we pat Lach vew o half ttep - e logri
OF tre 1o above if, so Ho “temders't a e He saug .
F:I[(\\u] e valmes of Hase Cn k) fj?uas:

{
[N |

A
P33 L
I % @ 4 |
i1 5§ 10 (0 5 1
~ | b 15 20 15 (G |

This avray of COnL)'s s called Gscal s triangle ,
Mangy. oF the results awout bBromial coefficients
be've cean betore av vistde tn Puscalls friangle,
62’_L Clnk) =2 means sum of nf vow
- K=o oY'A paS(cz(/S -f-rrcurL?(L i< 2..0\
e CMk) = Clu,nk) weans FPuscal’s thf&rt/r/Q e
SymweT'C atross verfia( AKPC
/pa-H—th oF even v oﬁ entries also very fn{eﬂmhﬁ .
See Hre HW problesn alouf Haos .o )




b/

W%/éw/hj recurence. Jo~ Cnie) s vewy el
Theorem (Pes el s ld@_ﬂﬁ}v)

Cnax) = Cn) ¥ Cnk~1) forcall ke n,

Nate ; ThlS meens Lachh Rntvy Pascal’s hrangle
1S He cunmg of He+two ounfvi€s alkove 4!

R, l § (o 10 5
(o ®F 20 5 6 |

“Togetrer (it CCn o) = CCnn)=( an sutside
RIS [ebs ug rRpeatedly Fill mall of the Hiangle

P—/ o( Pescal's /o&,an’-/'-)g: let’s do a com b heptorial pro of

Cne k) i5sHhe H# of c2€ K Subsefs of £(,2 ,m,sz
Leds show Haat CCAk)+ CCn=1) jg 4lso +L,rg # .

Let S be size ke subset of £0,2, .40, ne 3
Nf n4l € S ,Hen S also a si2e K subye4-

of 2112, , n%, whichare counted k7 Cla ke,

s M(GS) Hen S\ Ena\3 s a gize (k~1)

Subget of {'f,z, vy, n g, (ounted \ay CChyle~t),

Sothare 7S a bijective correspondence. leetwean

Size K subgets of £1,2, ), ntt] (counded by COM, t<))

and Size Kov (K-1) Subrefs o¥ £1(,2 Y ,45?

C counted lo(7 C k) + CC”, k—1) L q&(b\—hm, C
(V‘W\LWL& ‘5

Thug Clni\ i) = Clni)+ Clny ke—t), as Clalved.

&7
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N C‘]‘/’L‘{ //_l’?_ﬁ &‘jeon]nofc Pﬁf_nct\)_o_(__@ 56.8

@

So far wR Ve congideced He problem aof ca«m He
numoey of Aisorefe ol ecks 5q{—rg-Cj?v\7 ceftan wnddieas.
Buf Somefmes we just want +o Chew kj— lenst one
exists. The Pryesn hele Prmdpl ?g“g‘mww these

M (f Y ou toud- n Pigg‘mg nte K holes)
and K<wn, Hen at least one hole has at (e~sf 2 pigesns.

E‘fﬂ_‘. ] D _ZO O@l }ﬁQ 97 & & pigeons in 4 heles

=) at leasSt ore hole
hat at least +we P?gcmg

The 4vick when Ush mpiﬁanh‘l& (Df;’;\(,?yolL s B -(-}'*jtu\L !
o ut what Chould he -H’\Q“p?au)ns“ and whal the “heles.”

Eog. |f thent ave at lenst 3G pecple in a room,
- heu Hure must Joe ot (east Twe pegole
tvho share o b:?‘-r‘hdug— (“fwnagh) |

(Here o “holes” ah'e Hio Calender A"‘\(-LS)
dibvo- tHhe %(-"jm.?“ ane e F—eopl&_.

Theire arR only 366 4iF farent dates (renember | Fel. 29)
So wH 36V pegole thove wu(t be a “collision” of birthdays.

Nots The P(y&)nhol—e cpf‘rhc?pl,c s 'nen ~constrachve '
[+ oAoesn + 4el( us whih peopk shart a birthday
O whlch ot date 8 Shared ---
Ao, dsesnt pecescardy refleck +yplcal kahasian.:

€9 with only 23 pesple, >507% thance of shored bithday
and wetn 50 ,ce_o‘o,u’-/ > 772% chiance \ Jf




(
b/ﬁ_‘ Chow Hak 7§ you put B dets ona HemxHem Sy

T ok least fmo”dods are within Bam of cach sthar,
(Jeﬂ‘, ' « Brealk Y em x-(-(cm Square mfo
SLour 2 carx2Chh Sub~ SGUares,
pXa -_

'ﬂ'\eu\ "bb) PfNatbh"\O\L thcf,o(z/ at leas+
troe of e © Adots ave M Same 5%‘0’57%4ac'
AL e warum Aitance of dno peintr h
a Zemx Lo Squake 7S fhe leng tn of Hhae
diagonal = 2T em & 2-1.4em < 3 am, v~

2.cv

—

B olwrsf\o}lf}‘? o MtegerS: v
Two 7,7-(-'%/3‘ are Coprome i -#07 h;we_ no
" tovmmaoy Facfor (#that pividey them) bleger fhen I

f‘ﬁ_‘ 2 and (o are nst Co}ow\mtz/ st losth drutside \97 2.
A rd IS are v'__oi- Co[)rﬂ\u_, St ot oh\h's‘\ok byg‘
But Y and 15 are coprire sine thy hawe no @mmun fuckar

Do (£ S i5 a subsef of £02,3,...,203 of
- S‘F-Z:e?_(l,-}*\m#wqwe_mh nuw ot g
a and o in S guch Fhat & and b are Coprie..

Noke' Nor true for S of size=(0 St

szq(@fg,‘of IZ,IL{‘([OIIB{ZOF {

has all #S wdh o as afactor (eenik's)
So no two HS ;. § ane Co@rme,

7

T € 6 6t 6 € © o

f € © °r

0 ¢

o

T It € T

AR T T T CT Y TYLTTY
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Prost: We forsé need He ,Coum\«j lermma

L_e,l'Vl!V\q For any péS('?-,Ve, r‘ﬂ#éy,o.«r N, e nambaeyy
N and ne( anre coPgrine.
Press Suppese 31 is a Facfar (Aiviser) of

Then 0+l = [ med ", W\M.nbl.g. fhe remeathdenr
when o\Mder\a. n+( &:-7.1‘ is 4. So ne( s
nof elivisdole ‘Dj . Thu$ nand nel Maw no Cosuiion

SFectorr. g
7\’@’(’9; We uge e pligeenhole prinedo.
Let He "holes" ke pairs of (onsecutma ‘s
32, §3fq3l 25«@;, L., 31q, 208
These are [O oles. Soof e Swhbogel S has
Site af [ea st [() i has Froo HY N FRe Sune hole,
By the previoss [emma, Yoe %5 are coprime. iy

e

AS You tan Jee Fom Hase M,’Ql, eve,
g He Sffemond ©F the pigeonhisle

/ar_ﬁt(/t‘/o_a_ 5 Veery Sr)'h_lo(e) j(fjwr)\j oY
how o apply + 2 a gruey probloe
Cun reguind o (o) oF C)»’z:,fn“l"«9":)3

F Can Lead Hp um)C/-CC,‘kd /\e]\wl'{‘S‘(

%




-,

Ll-/Z(O ~ #\MTO(OFCg f‘/\ Dicorede Matn

W2 Fnt Shod Be madeyial Seom H Jexcthoosic, 1§ You [Nced Hais
Alass, hent are Jurdh Jopics you could le-.m absuwtt

DIsarete provedoittty Theory: We falied « | ithe alosut

Erooulal\ (es with Pster handls. One of Hhe Mact Wpertmut
resuths T Probabiihy & vistde M Rscalls +rianyfe

Considsr p'oﬂw.j nt vow as a histograns:

g nts | B Cln,k) v K=0 fo "
o ' ( t, b, 13, 20,15, ¢,
s _
- “ - Hor g_fy ut:.tues o n

ol 23 %56

“he V\L‘-"-O%rc\.w; Lo T\ ’
— CAppreach 4 Swosdh Chape (

ca‘('b& %Q “&k‘ C‘Am o
[ 100 ‘G-owssmn Curve"”
7hz$ Shupe S yon how many reads gou can expect
—/—o See F you o «:Fwy COM n el (F 7S =

unonersal Shape” on /9/’6&&17/\7-‘7 rf.ﬁ%w and 30 Selences,

—_—

—

G‘e"el/‘d-\ﬁ f’w\d’m“g “ Ror a Seuena st combivetorie|
- numbars, s W~LD~7 t;cund'l‘oh 'S a wWay of YQbe&\A}
He Sequencte ™ 4 /)_ziyrtomz“q! Or (FowRy” $ois:

We W1ave allr‘e.cscﬂtj Seen a vy Owportant LIl

of o Grere tiny - Juncten wih e Beisnida( reorem:

(l+x )" = S”Clu k) X< (

k=0
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