
Binomial coefficients and Pascal’s triangle,

Math 4707, Spring 2021

We proved the Binomial Theorem

(x + y)n =
n∑

k=0

(
n

k

)
xkyn−k

where
(
n
k

)
:= n!

k!(n−k)! are the binomial coefficients. The binomial coefficients fit into
Pascal’s Triangle:

1. Prove
∑n

k=0 k
(
n
k

)
= n ·2n−1 using the Binomial Theorem. (Hint: derivatives!)

2. Prove
∑n

k=0 k
(
n
k

)
= n · 2n−1 combinatorially.

3. Prove
(
n+m
k

)
=
∑k
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(
n
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)(
m
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)
combinatorially.

4. Deduce that
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(
n
k

)2
=
(
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n

)
from the previous item.

5. Prove that
(
k
k

)
+
(
k+1
k

)
+ · · · +

(
n
k

)
=
(
n+1
k+1

)
combinatorially.

6. Fill in the odd numbers in the above Pascal’s triangle. Do recognize the image?

7. What about coloring the binomial coefficients based on whether they are 0,
1, or 2 modulo 3? (You can look up Lucas’s Theorem to learn more about
arithmetic properties of binomial coefficients.)


