
Math 4707 : Pigeonhole Principle -I 11Et
Ch . 2principle of Inclusion - Exclusion
upv

Announcements : . Hw # 1 has been posted , is~-

due in a week ,
wed

. Feb
.
3rd

-

Pigeonhole Principle~ - - -

The pigeonhole principle is a simple
but very

powerful tool for understanding
discrete structures

,

like induction , which we already discussed ,
and

the principle of inclusion - exclusion ,which we'll discuss soon .

It's not very related to counting , so it's a
bit oftan aside from what we've been doing . - -

)

Thg (pigeonhole Principle If you put Mtl pigeons
into M holes

,
at least one hole has at least

two pigeons .

*o O



PI Suppose each hole has at most one pigeon .

Then # pigeons = # hot es that have a pigeon
I #holes .

But by assumption , # pigeons 7 #holes ,

contradiction
.

There is also avariant if we want to force more
than two pigeons in same hole :

thm Suppose thatyouhave r . met pigeons
and m holes , then there is a hole that

has at least rel pigeons in it .

Pf : Same! Di
-

pigeonhole principle seems completely trivial ,
but it's very useful! Trick is : choosing theholes !
Let 's show some example applications . -

-

-

egg Show that if you
21 numbers

between 1 and 100 , there are
two

of them whose differenceis ± 4 .



PI. Divide l - 100 into groups of Scouse c . #
'

e :

LI TH - -

- Katara ioo
These are our holes andthe #

'

save our pigs .

Since 20 holes t 21 pigeons ⇒ 2 numbers in same g p .
of 5
,

they have difference at most 4 .
✓ r

-

Ey . You pick 10 points in a 6 inx Gin Square.

Show then't there are 2pts within 3in of each other.

PI. Divide up 6×6 Sanae into 3×3 grid of 2×2 sa 's ;

I## hear.

9 272 sq's and to pts ⇒ One 2×2 Sa has

two pts in it . Max . distance in 2×2 sq . is

diagonal of ten .
252 5211 . 5) =3

.

V

Reina: P .
P . tells you there are some two pigeons

in some hole together ; but doesn'thelp you find
them!

"

Pure existence result "



Birthday
"

paradox
"

suppose we have a group
of k

people . Say two ofthem
are twins if they

share the same birthday (outof N --365 days)

E. Howbig does K need to betoguaranteetwins?
ANSWEI 366 (or 367 if we're worried abt . leap day . - - )

Let's see if we have any twins right now
!

"

Paradox" . At only k= 24 people, he 50% chance of twins.

To see this , note :

=
N CN -1) CN -21 - . . (N - Ck-n ) µ

WET?

Pr ( No twins) -
N
K

To understand this . . - take logs !

I n (Pr (no twins)) = In(
N CN-t)

-
- - IN - ca- it )

ne
l

using in
HK"
"
=

n (Nj) tn (a -b) --In Calthud

x
- l K

t.mx
. ↳ ' ¥. - i = =

W/ K-- 24 ,
N =365 ⇒ pr (no twins)

E e-"!s -e-""n 46%

w/ E-70 , N
-

- 365 ⇒ Pr (no twins) E I % ←wow!



Principle of Inclusion -Exclusion (P.IE . )
-
.
. --

Now lets get back to counting with a very
important tool called the Principleof Inclusion-Exclusion.

Eeppose that in a class , some students

like Az rt .
Some like B- i cycling, and some likebooking.

There are 21 students in the class ,

I 2 like Art
,

I 0 live Biking , I I like cooking , 7 like A T
B
,

G like At C ,
4 like Btc , and 2

like all 3 .

How many like none of A , B ,
or C ?

Ansi 3 .
The way to do this is via Venn diagrams :

me

3 B

start
here

But the P
.
I . E

. gives a somewhat
faster,

more compact answer .
-

.



Letting S be set of all students . .
.

←
students root in A ,

BTor C
-

#(S - AU BU C) = #s - #A - # B - # C
→ t

start w/ everything exclude setsdowney want
t # An B t # An C t # B n C
t we

" double- subtracted
'
AnB

,

so re
- include it!

- # An B n c ←we included An B
n c too much !

re - exclude it

= 21 - 12 - lo - l l + 7+6 + 4 - 2

= ( f t l t It 3 t 5+4 +2
t 2 )

-

-
-

z
- • B

- I bet It 4. + 31
- C 1.+ 5.TITI

- LEET?-121

+ ( ez * I t ( ITI
t 13+21 - I E- I

Thone abstractly - -
-

the P. I . E . is :

The Let U be a set and Ai , Az , . - - , AK EU

Then
, # ( U - ANAN .

. . U Ak )

=#U -#Ai -#Az- . . . - # Are t # A ,
n Art #Ain As

1- " '
- #A in Azn A 3 - -

- -

(I) # A , n Az n -
- - n Ak



We'll (probably) prove the P .
1.E

.
next dass

.

Hopefully it shouldbe somewhat intuitive .
Let's do some more examples . - -

Derangement
urn ur

A permutation w = w ,
we . . . W n of Los is called

a derangement if Wi # i t o .

Ef- 2 11 43 is a derangement

3 2X 4 l is not a derangement.

£ How many derangement
soffit acethere?

-

n = 2 21 /
h =3 3 I 2

,
23 I

n=4 . . . ? ? ?

Let's try to use P . I . E
.

to count derangement

by excluding bad permutations . . .



# derangement s ( wi # i ti )

= total # w
'

s - # w 's w/ W
,
= I - # w 's w/wz=2

-
. -
- # w 's w/ Wn --n t # W 's w/ W ,

=L AND wz=2

1- - .

- -
- -

- I - -
-

= n! - I, ¥4qq.HN#Permswlwi=is
= (n-K) !

,
since can

permute jets arbitrarily !

= n! - E c-y
"

. ( I) . (n - KI !
K = ' t #{Seen]:

#5-K}

= n: - Eat"i÷⇒ ' " em - E. in
" ÷,

=n÷ui: ' iii.answer.
Eg . n -- z ⇒ 2! (÷

.

- ÷ x 's
.

) = 2 I = I r

n-
-3 ⇒ 3!(to:

- Ht 's, - 's!) =3! (f
- I 1--3-1=2 ✓

n=4⇒4! Ho.
.

- ii.+ 'a
.

- h
.

-it !)
= 12 - 4+1 = 9 ✓



Hat - check problems
--

100 people attend a play and they all check

their hats at thelobby . The attendant forgets to
record names for hats , and so at the

end of the

night returns hats at random . what's the

probability no one gets their ownhat back?- - - - - -

ANI.This is just asking: what'sthe prob .
a

random permutation of En] is aderangement ?

SI # derangement k!

#
=

Eic- i , k
-

h!

= '¥÷. #
"II:

" "

s

x
KReed : ex = E T!

K=0

So * I e
- I

= te = 36.787 .
.
. %

(Note: doesn't really depend on what ntoo is ! )



Now let's talk a 5 minute break
.
.
.

and in any remaining time
we can work in breakout groups
on the worksheet for today
which has several more

problems about the P. I . E
.


