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of LPV

Reminder: - HW#I due wed
. 213 - upload to Canvas

-

Last class we learned about
'

the principle of inclusion-
exclusion (P . K . E .) : for A , ,

Az
,
.
. . .
Am E U

,

#(U - A.U . -
- VA m) = # U - HA , - #Az - . . . - #Am

t#AinAzt# ANAzt . - - - - - - t L- 1)
m

# Arnazn -
- in Am

.

Before we prove the P. I .E
,
let's go over one more

Ii Ce application of it .

Setpartitions A (sets partition of Ef - Eliz . .- - in}

is a set {B, ,Bz , - - - , Bm} of subsets B.
,

Bri . ;BmE En] Sit.
• Bi ¥0 Hi (nonempty)

• B i nBj = 0 Hi Ej ( pairwise disjoint )
• B ,U Bu .

.
.
U Bm -
-

Ew] Coverall of 2h11

The B; are called the blocks (or parts) of the partition .

e -g ' , { 243,43 ,
22,63 ,
{ 53} = 134 - 26 - S

is a partition of 263 into 3 blocks
.



DEI S Cn ,k) := # partitions of Enid into K blocks

ET 'S (3,2) =3 Since partitions are 12 - 3
,
I 3-2

,
I - 23

.

Shik) called Stirling #'s of the 2nd kind .

For Sch ,KD, the order of the blocks does not matter.
- -
-

§(n,K) :=#ordered partitions of ENT into Kblocks

EI 50,21=6 since ordered paris :
'EL;

'II}
,

' 7
-

Now let's do a worksheet in breakout

groups where we find formula for Tcu , K)
t S (n ie) using P . I . E .

Note: Skip #3 ,
4
,
t 5 on worksheet .

-

worksheet # ways to put a distinct balls in K distinct
⇒ In

,
w) = bins sit. every bin has 21 ball

=

.

c- if (Y ) (K - j )
"

(P. I . E . )

-

shik) = IT
.

Son.H = ¥, Eight ( Y ) (K
- ith



Now let's prove the P . I . E .

Thin For Ai , Az, - - . .
Am E U

,

# ( M -
.

Ai) = #U - {C- H
"
He Ai

,
n Airn - - - nAire

.

07 Ei , in . . . - i KK Cnn]

PI Take any xEU . How much does x contribute

to RHS of formula?

" F±÷÷÷÷÷÷::
O to

If × belongs to extb l of the Ai , Az . . - - , Am

then x contributes EtoC-it
" ( j ) to the R.tt.S .

ET' tf e = 2 , contr . = + (z)- l?It (3) = +I -2 1- I = of

claim
.

up LfI = {
0 if l > o ,

1 if l= O .

Claim proves thm.

,
since this is how much

x contributes to Litt .S .
(only want to count the x w/

f-o , i . e.,belonging to note of Ai ) . Dk



But how to provem?

Let's finally explain the name binomial coefficients.

Them (Binomial Theorem) for n EIN,
Cxty)

"

=

.

(g) xd y
h - J

.

19 '
, Cxtyj = y3+35×+3×2 -1×3

= 187×93+131×1 y't B) x'y ' t (3) x'yo .

PI. Do the expansion , n copies of cxty)

City ) Cxey ) .
-
-

- cxty )

To get a term of X
"

y
" -K

,

need to pick

X from K of the CX ty) 's and y from

the remaining n - K Cx Ty ) 's . The # of

ways to
do this is of course ( Q)

.
ED

Reme : Multinomial co eff 's (K . Tea
. .
. ,
kn
)

similarly come from (X
, that .

- - t Xm)
"

.



Now let's get back to the claim :

er . mum -- { ± ::: :

PI tf
,

t l l! th
" (Tel by binomial th .

on
= { ,

since ootii
"

rn

Thebinomialthin suggests we study
( not

,
til , - . .

.
(E. ) ,
l L l

in a row line that .

e
'9 '
( y )

,

( Y )
,
141

,

14,1
,
Hy ) = I , 4 ,

6
,
4

,
I

Actually there's a way to fit all of
the (2) into avery pretty / useful

array called Pascal 's triangle :



(8)
c'ol l :)

(

(81 lil El
81 171 131 13 )

181 141 144 141 kit

is , 15,1 (El
.

.

13) (El Ksl

i,

l
l l

l 2 I

I 3 3 I

I 4 6 4 I

I 5 10 10 5 I
-

L
,

There are many patterns in Pascal's

triangle . Do you notice any patterns?



Symmetry !

Them (2) = (Eu)

PI. Follows from (E) = us!
,

but can youthink of a bijective proof?

We saw that alternating sum of
nth row of Pascal 's D is

to) - l try - - - - ± inn ) = { 9-
"n'

What about just normal sum of

nth row ?
-

thin (8) t tilt .
-
- t H ,) -1111=2

"

Do you see a proof? -
- - xD

Other patterns abound , like

(not 't l'll't 1214 . - - t ( H
-

= (T )
.

See the book for this throne . - -



Most important pattern in Pascal 's D
is Pascal 's identity :

the (E) = (
"

I
'

) t l
'

i )

Eg .

i
' I ' i

i it ,
HII I
+ Wt r

Note: Let 's you easily fill in Pascal! D !
If : Let's define a bijection

f:{k¥4173 → I ¥534
"

by FCA) = {
A if n # A ca k Yet, I

Ayn} it n EA ( a K
- i - subset

of cu-is
/

This exactly corresponds to Pascal 's identity .

Rink : we have a similar identity
Sch , K) = S (n - I , K - i ) t k . S Ch-I

,
K)

for Stirling #
'

s of2nd wind, w/ a

very similar bijective proof. a


