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Fibonacci # 's 218

-
- and generating functions ch . 4

of L PV

Reminder : o HW#2 will be posted by Wednesday ,we

due next Wed .

. 2117

• Working on grading HW # 1
.

run

Fibonacci numbers- -
We've already seen several famous sequences of
combinatorial numbers leg . the binomial coefficients

and the Stirling#
'
s ) . Today and nextclass we will

study some more famous numbers .

Leonardo Fibonacci
,
nth century Italian mathematician,

posed thefollowing problem .

.

• Rabbits reproduce in their 2nd month
of life

,
and every month thereafter. If

a farmer starts with anewborn rabbit
in the 1st month

,
how many rabbits

will he have inthe bothmouth?



Let Fn =#rabbits on
nth month

F- = I
= St = 8

f- 2=1
= 8+5=13¥÷÷¥÷÷t¥÷÷i¥÷.

Fro = 34-121=35

Fn = Fn-i t Fn -z (H
n ? 3

T
F newborn rabbit

for each
rabbit at least

2 no , old
rabbits alive
last month

The Fibonacci numbers Fn are uniquely determined

by this recurrence relation htt together with the
initial conditions F ,

=L and E=L .

How many ways
are there to write n

as a sum of l's and 2's ?
Corder matters!)

Eg. n I 1=1 ( way

h=2 2=2
,
2 = I ¥1 2 ways

n=3 3 = It Hl
, 3=1-12,3--2-11 3 ways

A- 4 It I -11+1 ,
Itt -12

,
It 2+1,2+1-11 , 2-12 5 ways



Cjng . # ways = Ex
to write n

PI. Have recurrence
#ways to write h = A- ways

to write a
-I + #ways

to

as sumof l's and 2 's write n- 2

which can be proven bijectively o

gy

b

n- I = a, t - - - t are- , if ace =L ,N = a , t act . - - tak 1-7 {n -z = a , + . . . tak- I if an .

Then heed to check initial conditions . ME.
~ Fz=L = #ways n't Es 2 = # ways n V

Aside : In Sanskrit poetry , there are 2 kinds
of syllables : short f- I measure)

, long f-2 measures)
Q How many syllabic patterns are there
when we have n measures ?

Ai Fn- i ( same as l 's and 2's problem )

Ancient Indian mathematicians leg . Pingata c.300 BCE)
studied this problem .

Fibonacci #'s are an

example of
"

Stigler 's law of epohomy
"

.



Patterns in Fibonacci #'s
nm-

Just as w/ Pascal 's Dot tie) , there are many patterns
involving Fibonacci # ' s . For example
Prod . Fo +Fit Fzt . . - t Fn = Fritz - l

(Here Fo = 0
,
a useful convention . I

PI By induction, using the recurrence .

Base cases : EE O = I - I V

n Otl =
2-I /

Induction
step

: (Fox E t - - -
t E- il t Fn =

( Fnti - l l t Fn = ( by induction)

Fml t Fn - I = Faz - I ( by re ¥IeF⇒

Many other patterns ,
e. g .

Fn' t Fn-7 = En - I

can be phoned similarly , using induction .

See the textbook and/or HW #2 .
. -



Another interesting fact about Fib . #'s is
theorem fteckndorf)

Every positive integer can bewritten uniquely
as a sum of ng- consecutive Fibonacci #

'

s

( w/out Fo t Fi )

Eg . , G- 4 = 5? t 8 t l
Fo ¥

.
Is

but not 64=34 -121 t 84 I

Ea '

E's ¥
.
i's

compare this to -
-
-

theorem (Binary representation)
Every positive number can be written uniquely
as a sum of powers of 2 .

EI ' , l l = 8 t 2 t I = 2
'
t z

'

+ I
-

Leads us to wonder . . .

How fast do the Fib
.
#
'

s grow ?



Generatingfunctions !
--
-

To answer the Q of how fast Fn ,
we will use

a very powerful tool called generating functions .
(Note : the book doesn't do this . . .)

Deth If an ,
nzo is a sequence of #

'
s
,

its generating function is
A CH '.= [ an x h

.

NZO

You can either think of this as a formal

expression (apower series) or a function of

the parameter X leg
.

,
x EIR or x E ¢ ) .

Ey . If an = 2
" th

, then setting

A- Cx ⇐anx" = ¥
"

x
h
= I t 2x +4×48×4 .

-

-

we have A c-x ) =
,

because in general

for a geometric series we
know :

l-r-r2-ir3-i.n-f.TT r4



Iet 's now form the gen.tn .
for Fib . # 's :

FCK) = €
,

Fn x h
.

= Ot txttxt 2×3
+ 3×4+5×5

+ . . .

The recurrence htt let's us write :

FLN = Iso Fn x" =Ot Xt Ia LE -it x
"

= xtfzE.ixh-E.in-uh

= X t §,Fn x
" '

+ fzofn ×
"Z

t I

= x + x F Cx) t x
' F Cx )

so
- X F Cx) - x E (x) t F (x) =

X

x

⇒

-0K
. .

-but so what ? We found a closed

expression for Fad ,
but what does

that tell us about the #
'

s Fn ?



Actually, -
.
- it tells us a lot !

Recall that the geometric series formula

says that feocnxh = .

But how is that useful for the Fib # 's

w/ Fcxl = ,¥xz ?

Well first , let's observe

I - x - it = Cl - II xlll -
'Ix)
t

ol 4
→

,How did I find this - -

.

.

×
So FIX) = ¥yµy×T , but still

don't see the connection to geometric
series until we remember partial fractions .

x

Txt)
= Ipx t FYI



l l l

⇒ X = ( I -XX) A t ( I
- ol x ) B

= (At B) I t f-4A
- 913) x

⇒ At 13=0 ,
-4A - OB = I

.
.
. ⇒ A = tr ,

B =
-

Fs
.

So finally ,

E Enxn = Fox) = ,YBy -YBNZO10X I - Y X

= Is Ed
"
xn - tr E thx

"

h2o h2o

So extracting coefficient
of x;

oxide Fn
-

- Irs. (
'TI )

"

- Irs ( ' II )
"

formula!
-

s
1. 5618 - -

-

f. 618
-
-

-

in particular, Fn ~ Irs ( HII )
"

as n-so

Ftopefully starting to see power of gen .
fu's !



Now let 's fave a 5 min.

break ,

and when we're done we

will practice using generating
functions on today 's
worksheet in breakout groups !


