
Math : Graph coloring
11/17

Half of
Ch . I 1

Reminders : . Hw#4 should be graded + returned
Soon

,
if not already .

• Midterm # 2 is due today .
-

Consider thefollowing "reatworld
problem

"

: there are a number of
-

radio towers in a region ,
and four

possible frequencies they could broadcast
at ; but towers that are close to one another

should not be given the same frequency b/c
they might interfere with each other ; how
can you find a valid assignment of frequencies ?
Can rephrase problem in graph theory

terminology . Lets draw a graph where
the vertices represent the towers , with

two vertices joined by an edge if the towers are close .



For example" egg-
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Then an assignment of frequencies to the

'

towers is the same as a coloring of the
vertices of the graph with four colors
sit . adjacentvertices have different colors :

Bo

Etty
-& id

'

d.It.ie
These are the kinds of problems
we will study today . (The

'

coloring
'

term .

Comes from maps , which we'll discuss later .
.

- )



Peth: A ( proper ) K
- coloring of a graph G

is an assignmentof K colors to its vertices so that

adjacent vertices are colored differently .

- (TODAY : ALL GRAPHS ARE SIMPLE]

Most basic question we can ask about

- graph coloring is : how few colors do we need ?

DefyThe chromatic number X(G) of a graph G
is the minimum K St . Ghas a K- coloring .

EI ' x (Edt ez since I
.-•

I
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can't z

- color!

X. ( 4¥) =3 since
,

•

l•
•
-
•
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Iet's think about graphs G w/ X (G)=k

for small values
of K.



XCGI = I ⇒ Ghas no

'

edges ✓

X(GI =L . .
- this is a Very interesting condition !

Petty . A graph Gw/ X (G) =L is called bipartite .

Why
"

bipartite
" ? B ¢ .

.

-

PIP . G is bipartite ① G can be partitioned
into 2 vertex subsets X , Y such that

no edges within X t 4 , only between :

EEO
PI think about X and Y as the

2 color classes ! he

Bipartite graphs are a very important
class of graphs in graph theory .



What's the most edges a bipartite
graph w/ n vertices can have?

pet The completebipartite graph Ka, b
has one part X of size a, one part Y of size

b
,

and AI edges between X and Y .

x
Y

ET ' k 2,3 = •¥-✓
e.

Prep . The most edges a bipartitegraph
on h Vertices can have is ⇐f Cn even)

or
"II . ht (n odd) .

PI Take some graph achieving max .

It looks live .
if missing some

edges btween x TY
,

could addthem .

So it must be complete . Then tf edges

of Ka
,

b maximized when a= b

(forfixed at b.) car as
b - l l

-

DE



Qi can we characterize bipartite graphs
in any useful way ?

We saw before why for a cycle graph
Cn = ing on n Vert ra s we have

Xccnl = {
t if u is even

3 if u is odd .

This basically determines bipartite
ness :

.

The A graph G is bipartite ⇐ it
has no odd cycles .

pt : If Ghas an odd cycle ,
then certainly

Tve cannot 2- color G , since we can't even

2 - color that cycle .
Now assume G has no odd cycles ,

we want to show we can 2-color it.

So . . . let 's just try . Start anywhere ,



and color that vertex red . Their color its

neighbors blue. Then color their neighbors red .

it
µ ← not reallyAnd so on .

.
. We make a the e :

a tree but
look s

start. •E!I•
.

-•T.IT
.

Agong titties
+his

-• way → )

can assume G is connected , and we'vecolored

it all this way . Why is coloring proper ?

Suppose not , e. y . F edge between Satcher vets :

÷÷:÷
1st note: can offpen b ween verts
at same level b. c . otherwise would 've

colored one earlier. Then , find paths
re

in thee back to common ancestor in thee.

together wi edge between them , this gives
a cycle of odd length ,

Contradiction . So

indeed the 2- coloring is proper.



Okay
,
so what about graphs w/ XCGI =3 ?

Or 4 ? Or more? Understanding adoring
for graphs wi X (G) 23 is much harder than
for bipartite graphs .
Basic issue: we saw in proof above

that a 2- coloring , when it exists , is ( basically)

Unique . But for K-colorings , K23 ,
this is

far fromtrue: there are many choices .

Of course
,

thereare still things we can

say about K
- colorings in general .

'

The complete K
-partite graph ka. .az, . . . , are

is graph
'

. ""eh inTai
.

⑦
all otehrdge, 1

It has X(ka. . . . .ae/--K ,
and it maximizes

# edges when the ai roughly equal .



propi If G contains a subgraph
re k

"Yarn

then X ( GI Z d .

PI Kd clearly hasX (Kd)
= d

. r

Rink
'

. Converse of this prop is not true !

We've already seen odd cycles .

AlsoX ( FIDE. ) = 4, but it has no Ky .
PT Let D (G) denote the maximum

degree of G. Then X (GK D ( GI t l .

Pt: By induction . Let v be any

vertex of G
,
and G

'

= G - V :
'

⇐④



By induction
,
we can color G w/

at most d =D(G) t t colors . Also ,

deg (VI E D CGI = d - I , so among
neighbors of u ,

at most d - t colors

Ie
used

,leaving at least oneforV. Da

Rizvi . Again ,
the bound inthis prop.

can be.far fromthetruth (seeworksheet
.

-

Rmh Deciding if a graph G has XH 3
is a hard problem ,

in the computer

science sense of hard , just like

some other problems we've seen:

existence of Hamilton. cycle ,
etc

.



Now let's take a break! .
. .

And when we come back

let's do some worksheet

problems about coloring
inbreakout groups .


