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M¥99,0 : planargraphs ch
. Kot Bona

Reminder : HW # 5 is due today .
-

When we've been drawing graphs on paper, we
haven't cared whether the edges cross :

es . Ky =

Today we'll think about disallowing crossings .

Dein A graph that canbe drawn in the plane w/out
edges crossing

(except at vertices) is called a planar graph .

Such a drawing is called a planar embedding .

Note: Even if some drawing of G might have a crossing,another might not :
e. g . Ky = :f¥ =

← P "IIbedding

Remember: The edges don't have to be straight,
they can be curves.



Qtotodoy : what graphs are planar ? What
properties do planar graphs have?

Note: multiple edges and loops don't
- ⇒ o . ⇐

D

affect planarity , so we'll implicitly only discuss simple graphs.
-

faced
A planar embedding divides the plane into
certain regions , which we call faces :

.. .

In the above example, there are
6 Fras . Notice

that there is always anunbounded face calledthe o

Them (Ehler's formula) For G connected + planar,
V t F = Et2 ,

There V = # vertices , E =# edges , F = #
faces

.

EI, above -
i -

8 t 6 = 12 t 2 ✓



PI The proof is by induction on # edges of G .

Suppose there's an edge e of G whio se removal
does not disconnect G .

Then e belongs to a cycle of G ,

so it separates two faces :

GEE → a

Let G
' f-e .

Then G'has one less edge , oneless

face ,
and same number of vertices as G ,

So if

VtF -

- Et2

holds for G'
,
it holds for G .

Now supposethere is no edge ewhose
removal disconnects G . Then G is a

tree! A tree has one face , and we

know that if it has n vertices then

it has n - l edges . So Euler's formula:

h t I = Ln - H t2 . ✓



Euler 's formula is very powerful , andfor instance
restricts # of edges planar graph

can have
.

Core LetG be a (simple) planar graph . Then
,

#ECG) E 3 . #V CGI - G .

±

PI Each edge is inexactly 2 faces , and
each face has z 3 edges ( od or TL or . .

- j

so # E CH t I # ECG) (* I

2

Euler⇒ #Flat #V (G) = # ECH t 2 HH

AHHHH ⇒ Z
,
#EfGI + #WH Z

# E (H +2

#V (G) - 2 I }# ECG)

3 #VIGl
- 62 # ECG) .

V

CI kg not"
s

'

Ii:*
to 4 3 . 5 - G = 15 - 6=9

.

x



Ey . Complete bipartite graph K 3.3 is
o .

. not planar

IXIXX It has 6 vertices
,
9 edges

•
or 0

9 E 3 - G - G -
- - so?

Bustin bipartite graph, min. cycle size is 4 !

So planarbipartite graph # ECG) E 2#VCH
- 4 .

and 94 2.6 -4=8 , a

Deth A subdivision of G is graph obtained

by doing o_0 →
ooo repeatedly

,

⇒ '

ftp. is a subdivision of K4 .

Easterp: G is planar ⇒ subdivision of
G is planar .

Atsoeasy : Gis planar⇒ any subgraph
of Gis planar .



Thin (Kuratowski 's Thur)

G is planar⇒
no subgraph of G is

a subdivision of Ks or K 3,3 .

Pf : Beyond this class . .

.

-

=pdyhed-a
Deth A convex polyhedron is a 3D shape
made up of flat things forties , edges ,faces)
that doesn't

"

go in
"

anywhere .

You've probably seen the Platonic solids :

i ::÷÷÷÷
.

Compare to convex polygons :

D II .
.
.



Convex polyhedra -7 planar graphs

" ÷?÷÷
.
....

CI For a convex polyhedron P
,

# V ( P) t # FCP) = #ECP) t2. ✓
-

Deal grapes
To any planar graph G , can associatea

dual graph G* where
vertices Cat ) -- faces (G)
faces (GH - vert 's (G)

by drawing
"

crossing edges !
'

edges (ft ) - edges (G)

⇒
a



Note that inthis example, G = Ky = Gt ,
so Ky is self -dual .

÷÷e=FE -

- women.
duality of polyhedra! (known to ancientGreeks)
e-

Coloring planar graphs is a big topic .

Goes back to map coloring :

E¥⇒EFsi÷÷:÷÷÷÷÷÷::*.
So stick to vertex coloring.

. .

Them E'very planar graph G has
chromatic # E G .



PI. First we need a lemma:

Lenya Every planar graph G has avertex
of degree E 5 .

PI: Assume all day 's I 6 . Then

2 . E = E deg Z G - V ⇒ E Z 3.V ,

but we know that E E 3 V - 6 . FB

so let u be vertex of Gw/ dey cud E 5 .
Let G' : = G -V .

G' is still planar, so by

induction can G - color G'
.

And can extend

to 6 coloring of G since u has at most Sixighbws

So there's at leastone color left for it
. pj

Little bit more work :

The X (G) 15 tf planar graphs G.

Lots a lotsa lots a more work ! :

Thy (4 color Theorem)
X (G) I 4 ht planar graphs G.

oh known proof uses huge computer check !



Now let's takeabreak. - -

and whenwe come

back
,
work on

planar graph stuff
on the worksheet

in breakout groups !


