
Mathia : Binomial Theorem 9122

- .

and Pascal's Triangle (ch .4)

Reminder : HW #I due today .

Please let me know ASAP if you're

having any trouble uploading it , etc
.

y

'

test does , we introduced the
binomial coefficients

( Te) = = # K - element subsets

(n - K) ! K ! of (n] = {I , 2 , - - -

,
n}

.

But we didn't explain the name ,
which comes from this theorem in algebra :

Thy (Binomial Theorem)

(x t y )
"

= Eno ( E ) x" - " y k



Eg 's
( x type x't 3 x'y +3 x y't y

3

= (8) x'got (7) x' y + (3) x y't (3) xoy?
-

PI'. Think of expanding
s

(x-ly)! cxtykxtyl - - - ( x ty )

To write this as a sum of Xi yi 's ,
for

each City) we
'

pick
' either the x or y .

To get aterm
of x

""

yk , we must
choose the y

from exactly K of the

Cxtyl 's and the X from the others .

There are exactly ( E) ways to

choose which k out of the n CxtyIs

we select the y's from. pg



Some consequences of binomial theorem .
. .

n

Prof I { ( Y. ) = 2"
K = O

Pf : In binomial thin ,
-

city in
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(Il x
"
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y
"

,

set X := I and yi= I
.
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O C- WI ?
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"
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DH



These are algebraic proofs .

It's nice to also

try to find combinatorial / bijective proofs .

Combinatorial pf of 1 :

- - -

2h = # subsets of Eu]

E.
.

a

# ''
e
# '£795 . . .

. -i
# T.ae:5'

= # subsets of En]. he,

combinatorial pt of 2 : for n> o ,- -

Identity is equivalent to c-why?
# even sized y¥sot '
We can define abijection f: E -70 ,

by f G) = {Susu}
if I # S ,

si El }
'

tf IES
.

(why does this work? ) DH



Oh the worksheet for

today
,
you'll look at

more binomial coefficient
identities .

Fun to try to find both

algebraic and combinatorial

proofs of these identities .



The book also discusses 2 generalizations
of the binomial theorem .

. .

thus (multinomial Thur )

( x it Xzt - - ' Kk)
"
=

a

%
ii. late)

xinxiz. . .xi;
n n !Where
f ) : = -

a,,
-
-
-

i 9k a
, ! 92 ! - - ' 9k !
← Same as

are the multinomial coeff's
. anagram#

'

s

from last class .
-

-

For any real number m ,
can define

( Te) : =
mlm - t ) - -

- Cm - kill ) e.g ;
-

K! (I.kHh
w z

m mthmcttxl = [(a) x
"

for any
K=0

real number M
.

f- This is a
power series !

We'll discuss later . . .



Binomial thin suggests looking at # 's

( not til l 'd - . . cnn.it ( H

in arow . Actually
,
can fit all ( Te ) 's

nicely into an array called Pascal's triangle :
'

cool
(
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It's easy to fill out Pascal 's triangle
Thanks to the fundamental recurrence :

Prof - little 1%7

PI : ( Q ) = #K - subsets of Cny

(II, ) =
# K - subsets S of Eu]

with n Es ← why ?

(
n ) , # K- subsets

S of Cn]

with nets ← why?y I

-

Recurrence

ganof I says

Bo
' ① ① ← you fill

x k out
p.D"since I 2.

t
p. is

a 's . I ⑦ ) by add

fifth
"

I 4.
①
few 4 I this



Someother basic properties of

(Tel 's you can notice from P
. 's D :

Prof . lsymmehy) ( Yul = ( fu)

ft : iii. ÷n ✓ ⑤
s fury

⑧Bijective proof? ?,
in bin

thin .

-
NE

Prof (Uni modality )

For ka
"K- y l E ) L ( Eu )

.

(P. D gets bigger towards middle.)

PI n !inwt-I.vn?a7#EIEsi,
ni
- at

= chillin- ten"! .

= ( Enl . he



"
Cultural aside

"
( not in book . .

. )
-
-
-

Thinking about the rough shape of nth row

Of Pi 's D leads to important
probability
theory results

.

-

EI , he 10
250 a

""

an÷÷÷÷÷÷.
T l 2 3 4 5 67 8 9 10

Divide bars by 2
"
re lo o o :

←
Value here

= Prob . of getting
'"t

III's''
w
↳T¥o

n
-

- to coins

-
Discuss this ! Makes sense?



What does the histogram look like

14 as n → o ?

←¥. e-
'il I
'

w/ µ
= Vz

Te rn 12

Einion

C- ah be proved

flirting 's fermata
! n!nEnt

Tells us that when flip n >so coins :

• expect ratio of heads Law of

to be very close to 42,
Large # 's

• fluctuations of # heads Central

from Nz on order of Tn .

Limit
- Theorem



( (
7 1

The Law of Large #
'

s and

"

central Limit Theorem
"

apply

in a much broader context

than flipping coins
,

and

explain why science and

social science work !

Esg .

,
why

• If you average several

measurements with error,

you 'll get close to true value .

• If you poll a reasonable #

of people , can guess electron re.qu.lt .



Now let's

take a break .
.

.

And when we come back

we'll do worksheet

on binomial coeffs

at Pascal 's Triangle

in breakout groups .


