
Meth4991 : Permutations , cycles 1%1
Reminders : . HW # 2 is due today
• Midterm 1 is posted , due in a week (11/13)

Today we'll discuss permutations in more detail .
We have so far considered a permutation
of 4) to be a word (or list ) pipe - -

- Pn

where pi E Cn] and each i C- ED is used once.

CI' 326541 is a perm. of [6]
( one - line notation)

But there's another way to think
of

permutations : as functions p : cuz → end

wherep-C.is
=
pi .

I 2 3 4 5 6
Cig .

L t t
t t t
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In fact
, permutations

on enz
= bijection

cuz → en]

Viewing permutations p and q as functions,
we can compose them to get another

permutation p . g : Lp . g) lit =p ( g Cill .

Ig . p -- 1%71 , g-- l
'M

, p.ge : = it :{ I
-

In this way ,permutations on Enif form
what is called a group in algebra .

Actually
,
the name of the group of perms

Isthesymmetric group , denoted Sn .

Let p E Sn . We can compose p with itself

to make p
. p = : p2 , and similarly

p . p . p . .
- p = : pm for MZ l .
-
in terms



What do these iterates p
"
look like ?

Prod' For
any
i Een]

,
there exists me I

so that pmCi) = i .

Pt: IigeoIe principled Since Eris is

finite
, there must be j> KZ I so that

p
"
Cil =p

"
Lil . Then apply inverse

of pk =p
- k
to both sides :

pi
-k
Ci ) = j . ✓

as

To if we keep applying P, from any initial
point we'll eventually get back where we started .

Easiestto understand via a picture :
cycles !

e.g ,
← t v

pzf
' 23456 ) ⇐ IT P g326 54 I 317.6

, functional digraph
)



We see that any permutation decomposes
into a - union of Eyeless .

This leads

to another notation for permutations
called cycle notation :

Kl 549 )⇐ p -- 113,611211451
think

I
→ 3 → 6
←

N'ote that there are multiple ways to
write a permutation in cycle notation :

( 1361621145 ) = ( 54 ) ( 613 ) (2) = . .
.

If we want to fix one particular choice,
we can use canonical cycle notation :
• greatest element of every cycle is 1st

,

• cycles written
in increasing order of

.

their greatest elements L -to - R
.

" J ' p = ( 21 154 ) (6131 ←
canonical

• •
so since 2<526



Dein Let hi Hi , . - - Hut be a partition of n .

We say
that permutation p ESn has

cycle type (or just type) X if
it has

(exactly) K cycles of sites k , Ha , . - i , X K .

CI
p = (2) 1541161311871 has type (3,2 Rill

-

we can count permutations by type
The Thenumber of p ES n of type X

=aia,
where

a i = H of i 's in X for i = I , - - - , h .

-

⇒. X = ( 3 ,2,2 , l )
,
a
,
= I

, 92=2
,
Az = I ,

a m = o m 23

So # perms 8 !

of type X
= Tizzy

-

- z?÷
.

- 4-76 's

= 840



Pfofthm-

.
We'll do a "proof by example" say

912 3 , Az?O , 93=2 , 94=1 , age ag =
- -
- 0

To have a Perm .

of this cycle type , start

with any permutation in one - line notation :

9 I 7 12 4 10 8 6 5 13 2 3 11

Then draw parentheses around a, groups of 1#,
Azgroups of 2

, az groups of 3 He 5 , etc . :

(9) 4117142 4 10118 6 5143 2 3 111

We'll make all perm .
's of type X this way , but

we'll over count .
'

3575dg ace 35,915GW
4 to cycle

(9) 4117142 4 10118 6 5/43 2 3 11)
at a T T

way, permute 2! Y5Dpemute

Dividing n! by a , ! la, az! 292 az! 393 - - -

exactly accounts for the overcounting. ID



What if we want to group, perm.
's in

a coarser way: by # of cycles .

DEIN C Chik ) :c # PE Sn w/ K cycles
-

CI . n=3
C) (21 (31/112113) a3) 121 41123) / ( 123) ( I 32)

43,31 = I c 13,21 = 3 chill = 2

-

(Chik ) are called (sign
less) Stirling# 's of 1stkind .

They satisfy similar recurrence toSkirt :

Pip . Ccn ,Kl = Cfn - I , K - t ) t (n -t ) . Ccn-I
, K)

PI. To make a pEsu w/ k cycles from
a
p
' C- Sny either we add n as a

fixed point Rn l so P
' had k-l cycles ) ,

or

we stick n into a cycle i n p
'
c so p

' had

K cycles) .



There are (n-i ) ways to stick n into a cycle:

.
?

+ Similar algebraic formula for ccnikl :

THI ¥2
,

cChik) xk = x Atl ) . . . (Xt Ch -it )

PI : be'll prove by induction , using kecurrewce.
Let fncx) : ' XCX -11 ) - "Htm-"life

,

annex!

Then f.next = fun CX) . (Xt In -it )

⇒ Ean
,
k x
"
= ( Ean.. . v. Xk) . ( x t Cn-t ) )

= { an-i , u x
""

t (n
- l) . { an-i

,
K X
"

= { an- i , K - l X
"
t { (n - t ) 'an-i

,
K x
"

= { ( an - i , K - i t Cn-1) an-i ,K) XK



Extract coefficient of x " in this equality :
A n , K = An-i , K

-i t ( h-t ) A n-i
, K

⇒ an. K satisfy the same recurrence as Ccn , Kl .

Easy to check base cases agree too .

✓ Dk
- f
On worksheet you'll give a combinatorial pt of thin .
Fe call Hut

,

Scn , k) ④a = x
"

,
where

(x) K := x (x - il ( x -27 - -
- Cx- CK-i ) )

.

✓
"falling factorial

"

In §
,

Ccn
,
H x
k
= X (Xt II . . - (xx Ch - it )

if wen
substitute X.'= - X then we get

(xx
) E Scn ,K) x

k
= (x)

n
,

where S on , k) is f- IT (n , KJ

K = I

are the signed Stirling ¥ 's of 1st kind.

Egn 's htt and ht *I say Shik) and Sonik) are
between

inverse
"

change of basis
"

coefficients . ( xn and ah)



Another very powerful tool for understanding
the cycle structure of permutations is theCfoata)
so - called "fundamental bijection .

" I t 's

a bijection Sn, -7 Sh that goes as follows:
P H f

• write p C- Sn in canonical cycle notation

Ierase the parentheses t i interpret in 1- line notation .

EI
p
-
- 121154116131 → p = 254613
→
* - -

1=425) (346) )canonical !

Tony is p → F a bijection?
Given f look for left

- to - right maxima :

#'s > all #
'

s to their left .

' f = 23 4 61 3 ←
'r Led

Se Ta Ss

these tell
you

where to place l
'
s

.

p = 4.)K. 4) 6.1 31 A



Pip lets us understand typical cycle structure .

Prep ' For any ie en] , prob . that
i is in a

K- cycle fluent in a random p
ESn is In

.

PI. Since all i een]
'

look-tka.me
'

up to relabeling,
can prove this for i = n .

Then n is in a

K- cycle in p iff h is the Kth to last letter in ph :

e. g . p = 121C 5411,613) → f = 2544133Yet ?

G i t i n 3-cycle

But clearly n is kth to last letter In of the time !

Core Aug . # of K -cycles in random p Esu = te

PI # of K -cycles in pfsn = th . # ie eng in a K
- cycle

by Prev. prop.
in p

so avg #
of k cycles = In . n? ta = In

.

V DH

GI Avg . # of cycles in a random p C- Sb

= I t 'z t
'

g t
-
-
-

t th n I og Ch) .

t



Now let's take a break . .
.

And when we come back , let 's

work in breakout groups o is

the worksheet
,
where you'll

use the fund. bij . p → f

to give a
combinatorial proof

Of §
,

Ccn , K ) x
"

= x (xxH
- - - (x th-ill


