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Meath 4-990 : Generating functions ch .
8

( 1st half)

Reminders: a HW # 3 posted , due 10/27

• Should have Midterm 't back soon
,
if not

already
-

WE 're almost come to the end ofour discussion of
enumeration of basic combinatorial structures .

We'll end by explaining one of the most
powerful techniques : generating functions .

G. f.
'

s can be mysterious . . . Let's start w/ an example .

'

- Fibonacci Numbers
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These Fibonacci #'s are the answer to many counting

problems : e.g. , you saw on HW
# 2 that

Fn = # set partitions of Intl] which have
no single ton blocks .

The recurrence At) makes it easy to compute
the Fn

,
but we could still ask for amore

explicit formula that tells us e. g. growth rate .

Det If an ,
nzo is a sequence of #

'
s
,
its

(ordinary ) generating function is
A CH '.= [ an x h

.

NZO

You can either think of this as a formal

expression (apower series) or a function of

the parameter X leg . , x EIR or x E ¢ ) .
-

So let 's form the g. f . of the Fibonacci #'s :

F-Cx) : = ⇐ Fn x ?



The recurrence # let's us write :

FLN = Iso Fn x" =Ot Xt Ia LE -it E-a) x
"

= x tfE. .x
"
t Emin-ax

"

= X t §,Fn x
" '

+ fzofn ×
"Z

t I

= x + x F Cx) t x
Z F Cx )

so
- X F Cx) - x E (x) t F (x) =

X

x

⇒

-0K
. .

-but so what ? We found a closed

expression for Fad ,
but what does

that tell us about the #
'

s Fn ?

Actually, -
.
- it tells us a lot !



Remember from basic calculus the

geometric series #= It rt rt rt .
-
n

,

so ¥ = I text ex't - . . = € c
"

x
n

,

i.e.
, #× is the generating fu . for powers of c .

But how is that
'

useful for the Fib #
'
s

w/ Fcxl = ,¥xz ?

Well first , let's observe

I - x - it = Cl - II xlll -
'I x)
t

ol 4
→

,How did I find this - -

.

.

×
So FCX) =~,but still

( l - d x) l l -y x )

don't see the connection to geometric
series until we remember partial fractions :



x

Tioxxy
= Ipx t FYI

⇒ X = ( I -Xx) A t ( I
- ol x ) B

= (At B) I t f-4A
- 913) x

⇒ At 13=0 ,
-4A - OB = I

.
.
. ⇒ A = tr ,

B =
-

Fs
.

So finally ,

E Enxn = Fox) = TBT -YBNZO10X I - 4 X

= Is Ed
"
xn - tr E thx

"

h2o h2o

So extracting coefficient
of x;

*ion
Fn -- Irs. ( HII

"

- Irs ( ' II )
"

formula!
-

s
1. 5618 - -

-

f. 618
-
-

-

in particular, En ~ Irs ( HII )
"

as n-so



This same basic technique will work to

give exact formula for any linear recurrence
e. g. , An = 2an- i t an-z -3 an -z t 5

(will practice onworksheet-
- - )

ttopefulln starting to see power of generating functions !
What if we have multiple generating functions ?
How can they interact ?
ACH = ⇐ an xh ,

But = ⇐bnxh

A HIT BCH = §
.

Can tbh x
h
← meaning is

pretty clear !

what about Atx) B Cx)?

ACx)BCX) = (dot a,x + azxzt . - - ) ( bo t b ,X t be x4 . - y

= (aotb o) I t (Ao b , t a, bo) x t kobet aibit Clabo)x?.
.

= §
.

I E.a ibn - it x h .

←TITLE



Let's see an example of using products of g.fi's :

Let peach) : = # Partitions
of n w/

largest part E K

Prof ⇐ paint xn -- II
PI

. ¥ . ¥. .
-

i ,¥ -

(I -④t X't . . . ) ( It x't -
-
- I lit xbt .

. . ) . . . ④txt. . .)

¢ D A Ff ol D Dt Df 0 A ft 0

↳ D&D every choice of a term from eachfactor creates a unique partition,
w/ exponent of n = size .

Ink.
.
Penny also = # partitions of n into Ek parts

ns.opgmxh -- II
.

* use# part . of n



Generating functions are also useful for
proving partition identities .

Ex. Let on = # partitions of n into
odd parts

d
n
= # partitions on n into

distinct parts

OCx) : -- fgoonxh = ¥ . ¥ - ¥ .
- -
i

T
why?

DM ⇐dn X" = ( I t x tht x'll It x31
- -

- r

0 D
O H O la etc .

Then ,

Dan .

' i i -

"III , -

' III's .

"
i

-
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= atxt 1 It x'll Itx' ) - - - Yy ,
"

, 477,7 , . . .

i" "FEIT
recall (I- ay , +at L l - a

' )

-
- - = Ex . ¥, .¥ .

. -

= OCH .

So dn = on fu .⇒

(we saw this beforeI



What about if ACx.tn?oanxhisag.f.
and we look at FACT?

¥n= It AGH Acxpt ACHE . . .

.

EE Let Cn # compositions of n .

Form g. f .
CCH : = Ecu x ?

hz 0

Then C ( x ) = 1- , since
I - I

I - X

¥ = x-1×2-1×3 + .
.
.

So
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Rewriting ,
i - x

-
w
-

(Cx) = I - E
l -x

I-X

l -X l - X
=
- = -

I-X - X l - 2x

= #x - ¥z× = fzoznxn - Foix
" '

= ⇐2
"

x
"
- Eng,I

"

x
"

.

Extracting coeff . of x
"

I if h
=O

⇒ en = {zu-zu - I if n Z '
Tzu- i ✓

We saw this before too !

Fun to see what other results we proved
earlier can be proved with g . f.

'
s

.



Now let 's tale a break
.
.

.

And when we come back

we can practice using
generating functions in

breakout groups with

today 's work sheet .


