
Math 4990 : Catalan Numbers 1%7
- ch .

8
continued

Reminder :

¥#3 due today ( apologies again for the

-

Q's on exponential generating functions .
.
. I

Last class we introduced generatingfunctions .

There is so much more we can say
about them . . . for instance if an

, n z o

is some sequence of numbers , we defined

its ordinary generating function to be
A
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hTO

Its exponential generating function is
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Exponential g. f. 's are useful if your an 's
grow fast , e. g . faster than c

"

for any c ER,

b/c then Eanxn won't converge , but {ana
,

xn might.

Ey - the Bell numbers Bay = # setpartitions ED

has beautiful e.g. f . {B x
h
= ee
"
- t

.

As a rule of thumb
,
e -g if . 's are useful when i

•

dealing with labelled structures ,
•

moving between conned-ed structures and

all Structures (see the 'exponential formula' l .
You can read more about e. g.f. 's in the

book . .
. however

,
I decided that since today

is our last day of enumeration we

should do somethingmorefun : Catalan numbers !



First let's go over somethingfrom last class 's worksheet
Re call from calculus . .

.

Them (Taylor Series )
For a ' reasonable

' function f : IR→ TR
,
have

f- txt = ⇐ ft' ' lol .

K
k

w here f '" = v. the derivative of f .
-

Let 's take f (x) = ( I txt
"

,
where n EIR is any real number

c '9. ( ItXI
-3
= ¥×p , utxt! Fit , ( I txt

't
=
? ? ?

Remember from calculus that f ' Ck k n Atx)"" , and

f (x) = n.cn- t ) - . . In - Ck-il) ( I +x )
h
- k

,
so

Thin (Generalized binomial theorem)
For any HEIR ,

( I + X)
"
= { ( E ) x k

,

where

k= 0

(%) -= " ' t )

,

← generalized def.
-

of binomial Coe Ff . E .



NITE : tf nEIN is a nonnegative integer , then

(2) =o when K b n
,
so we get as usual

( It x) " = £5121 xk =
.

( I) x k
.

V

the worksheet
,
it asked you to consider taking

n to be a negative integer , e. g . l l txt
- 4 = City .

Let's think about when h is a rational number :
•
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so
.
- - a - 4×1

- ' h
-
- II.of It

" text - §!# lxk,
the 9. f . of central binomial coeff's !

,O
↳

a 3 ? I

( 2¥) = I , 2,6 ,
20 ,
70 , ' - -

i 4 '

:



Rink The g. f.
'

s we discussed earlier were
all

rational
,
i . e. , ratios Pa{¥ of polynos p

, q
.

( i -4×5
"
! ¥× is net rational Cit 's algebraic) .

-

Now let's consider a new country problem . . .

Cn := # triangulations of a Cn t 2) - gon .

C
,
= I 2%3

E- e : i i

I -- s
(
4
= 14

'
a- .

6

xin
. . × .

x .

3 4
-

C g = 42 .
- - no way l 'm drawing those !

ATso reasonable to define co = I
'
a-2



The Cn are called Catalan numbers .

This (Fundamental recurrence)
For NIL

, Cn = Ck ( in- it - K
.

PI : By picture 8 - gon
- CG

k=2 "un
- c.

~ (2

"base
"

edge triangle ' splits any
→Cn

triangulation of an Lutz) - goin into
tri

.

of ( KHL) -gon and ( ch - l - wilt 21 - gon
t t
Ck Ccn-i ) -K

All choices of k and of the two smaller

triangulations are possible ,
so

n-t

Cn = E Ck Cin-n- w
, as claimed

.
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Okay ,but what's the connection to g. fi 's? . . .

Remember that if AKI = EanxhandBut { thx"

then Atx) BCH = oar bn- x) x
"

.

So the fund - recurrence says something very

nice about the Catalan number g.f. :
co

(Cx) --[Cn x"
n'-o

namely ,

Ccxlccxl = €4:{Gen-u) x"
P n

b

(fund - rec .) = Eo ( net
X

= {( n X
""

h= h = I

= ÷ ( can - l)

i. e- , x Cat - (Cx) t 1=0

⇒ ccx , = I I

Tx by quad . form .



"T.IT; -ii. Evil x"

f Cl - 4×1
""

= const .tn?on+T(nh/x
""

II

- t ( i - 4×1
" ET const

.

=

- I

⇒ I - tf = ÷, Cmnlx
""

p

⇒
'

-

-
E KY x "
n=O

P
"

h ( since these coeff 's are 20,[ Cn X
shows we should take - int)

h= 0

⇒ lcn=÷I
e. g. Cy = ¥ (§) = Is .

70 = 14

= # tri ang . of hexagon
✓



So with generating functions

we were able easily to find
an explicit formula for Catalan numbers .

There are other ways to prove

the formula Cn ' II, (27 )

(can
you find a bijective proof ? ? ? )

but . . . this proof using g.f.
'
s

is probably the
" easiest . "

shows
power of generating functions !



Now let's take a break . . .

And when we come

back we can work

in breakout groups on

the worksheet ,

which shows many more

counting problems
where

the answer is the Catalan# ' s !


