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Remotion is a cyclic action on the set of

standard Toying tableaux (Sitts )
of shape ✗ 1- n :

+ = ;¥¥→÷÷¥¥¥÷.KE

decrement 1¥41 f e 1¥41
EH t.IE my 4€ = Pro (T)

Introduced by Schiitzenberger, together w/
related operation of evac-ati.nl .

T=¥IEÉ;¥_
Proof

¥¥÷:*:L← freeze
in place

÷E÷i¥→"¥¥→¥¥-☒⑦ ☒⑦

→ ¥T¥⑥ñ①¥¥= Evan



Whilew-EvaiT=T for any T, the
behavior of Pro is in general hard to

predict
,
except for special shapes ✗ :

Thm_ (Schnitzerberger )
For ✗ =a☒# (the axb rectangle) ,
fight for all T .

mm

Want to study Pro (+ Evac) via models :

Thm_ (Rhoades)
"

long cycle
"

t

For X=a*bth
,
the action of c-11,2 , -

- -

,
n)

←Sym . gp.

oh Gn -irrep
St corresponds

* to Pro

in the KL cellular basis .
- -
-

"

longest
word

"

Th_m (Stembridge ) For az_ tn ,

the action of Wo =L ! I ,
- -

- 7)
'

on St

corresponds
*
to Evac in KL cell . basis .

mm



These algebraic models are nice ,
but what about combinatorial models?

Perp . (D.White)
Promotion of 2✗ n SYTS corresponds
to rotation of noncr-osingmal-oh.mgsoften]
Via standard bijection between

these Catalan objects :

t.EE#:-
In
A A B A B B A B
I 2 3 4 5 6 7 8

,

8
7

I:THE<→ -iii.•
Pro to µ Rot

,

8

EFFIE ←> a) *
3Ty 5



What about more than 2 rows -
- - ?

Define (Kuper berg )
An Csl , -1 Wets is a planar graph

drawn in

a disc w/ boundary vertices 1,2 , . .
-

,
m
,

and some internal vertices , such that
:

• tidy . vertices have degree one ,
• int . vertices are trivalent,

• vertices ( bdy .

+ int. ) are properly 2- colored
10 9 White + black

egg .
'
0 q••÷÷¥ÉÉ! ←

* irreducible
H••-0.7

internal §••g•g#•
internal

2- face 4-face

5 6

Web is called irreducible (
or non

- elliptic)

if it has in internal (i. e. , disjoint
from bdy . )

2- faces ••# and 4-faces \-6K¥-



thm (Khovanov - Kupperberg ,

Petersen - Pylyavskyy
-Rhoades

,
Tymoczko)

There is a bijection

{ 3in Suits }
→ {

imed .
webs w/

3h white bdy .

vert 's }

such that Pro of
T = Rot of W .

-

How does bij . work? Uses M_ -diagram :

t=F#&¥→i :* : :* :
of wise ✗ is

:
Ñx wnoncross .

match

n.mn
nocross . match ✗ ✗ Y

Y X Y
of X's + Y 's

"

-

super - impose

to get M
- diagram

: wÉÉ¥×É
(compare w/

' norcross ing
,
of pylyavskyy)

1 2 34 5 6 78 9

tableaux



Have to rescue crossings to get web :

my *if 6

✗ nd TF or

7-

a-
c-

→ ÷÷÷IEo%oñEEn
I 2 3 4 5 67 8 9 1 2 34 5 6 78 9

÷E:It¥←÷÷¥÷÷wTo ou

5

trot

↳

"

° 0^08

proa-r.TT#H-← :?⃝÷÷¥
O
06

5
= Rot/W)

run



Deth (Postnikov)

A Hubie graph
is a planar graph ,

drawn in a disc
,

w/ deg -1 bdy . Vert 's

1,2 , . . .

,
m
,
and some inti Vert 's , such that

int . Vert's are colored black * white .

T
not necessarily pr-ope.IT !

EI 's 7 6

'¥¥:
2

-

Observation : A web is (basically) a

special case of a plabic graph
!

Q
'

. What does this observation

buy us ?



D.es#lPostniKov)
The trip permutation

*
of a plabic graph

has ITC it = bdy . vertex you end
at if

you start a trip at i. and

follow the rules of

the Toad :

¥•¥ ¥1s
A

right at black left at white

Ig .

s trip starting attends
at 4

7

trip starting at 7- ends at 1

o
06 etc .

. .

5

IT= (
I 2 3 4 5 6 78 9)4 3 8 5 27 I 96



Deth (Post nikov) moves and reductions
are local transformations of plabic graphs :
Moves :

Too-0 load ¥←> f-of
,o¥%+

- ⇒ -0-

Reductions :
noo

-•
- → - ⇒→ → →

→

•→
→ ;

-

-
-

.

;
i.

.

.

-

-

G' can be obtained
from G

Write G ~ G
'

:= via a series of moves .

Say G is reduced
if there is no G' ~ G

Sit . can apply a reduction to G
'

.

Thm_ (Postnikov) G ,
G ' reduced plabic

graphs

have sage trippers . ⇒ G ~ G '
.



COI Two irreducible webs W ,
W' have

safe trip Perm . W = W
'

.

p§ . Only moves /reductions we can

do are trivial : - ⇒ -0-

☒
~

For 3✗ n SYT T ,
let Tltrip be

the trip perm .

of associated web W .

So T is determined by Itr:p .

Q Anotherway to
find Atrip ?

1- : YES! Using promotion :

the # that moves up

Ttx C) = from 2nd row when + ( i - 1) mod 3h

applying Pro to

Pro
" -1
(T )

TIY = Same but w/ 3rd row instead of
2nd



÷.AE#-.:* .÷¥i¥÷=w4

go
06

H+rip=(¥¥F% )

i÷¥÷÷:÷÷¥÷¥:÷÷ii÷:÷÷÷!i÷¥⇒:÷:÷¥÷÷÷÷:÷¥¥¥:÷÷÷::71-3=1

680-9 ⑤← 7-← 6 890

4-16=1
2+7=9 7+8=6

8+6=5 51-7=3 9+8=8

117--438527196--117 :p Hy= 752149538=11-+5
. 'p



THI For any 3.✗ n SYT T ,

(a) IT✗ = ITtrip ,

(b) ITY = tttrip .

PI For (a)
,

first note that lttrip
,
Tx

both rotatéwwhteniiie apply Pro to T .

So suffices to prove IT+rip (1) = ITX (1) .

But it's easy to see both
= what I is matched with in M - diagram .

f
180° rot

.

For Ib)
, follows by considering dual SYT.

☒x
-

Rink : Representing T via a chain of

partitions E.×
' II

.
. .

"

in usual way ,

can read off lT×
, Ty in a beautiful way

from the grow_th diagram of T.



Rule far growth diagram :(see Fomin , Roby,
-

Stanley - - - )

caibidtei-ycaibiclt.ci
+ ej

l
Cais ,c) •→{

Chibi C)+ ej if
this is a partition

calls, c)
1- e ;

otherwise

↳ in this 2ndcase mark box w/
✗ if j=Z
Y if j =3

Growth diagram for full promotion
orbit of T :

I 2 3 4 5 67 8 9 10 11 12 13 14 15 161718

000 100 200 210 220 221 321
322 332 333

•→→→-o→→--Y
•£iÉo☒Éf.Ya€•%⇒33
t.E.LI#:o-E.teEik.E"
t.e.EE#EkYE"
tEEE.E.EE#er-Eo"

t.IE#Hn-,j.tEL.EYkoi"fÉ!÷EE÷E¥o¥±"
t.EE/#f-fo-f-t-HYEEs3
t.EE#--tooY-tH:-H-HH."

t.EE#o-f-I:X-.ks.tzY-kE.*1Tx--4,3 , 8,5 , 11,7 , 10,9 , 15=4,3 ,8,5 , 2,7 , 1.9,6

1Ty=7,5 , 11,10 , 13,9 , 15 , 12,17=715,2 ,1,4 , 9,613,8



mm

so . . .

what? What can we do w/ this ?

Well d love yod to t.tl me !

But here is one thing I know we can do :

cor-k.fi Patrias - Pechenikl Eva <(T) {→ Flip (W ),
where Flip (w) = reft - of W across a diam .

÷÷→
⇒

?⃝¥→ "i•¥¥• a

40-9.

§
06

← .

-

"

ii.÷÷÷40

,

0^06
WHWow

-'

Wo

p±t
to

hence ,FÉ¥→FÉ Iigrowth
?

diag . EvaCCTI inverse rev. comp.

But since trip perm . of Flip (W/ = inv. r. c. of trip perm .

of W
,

Flip /W/ is only possibility for EvaECT ) . ☒



But
.

.
.

what else ? :

• do this in other similar contexts :

e.g- , send standard 3.x n tableaux (Russell)
or linear extensions of Vxen] (H .

-

Rubey)
or axb SYT w/ a >3 (ambitious ! I

• can we classify Perm 's of form ITtrip,
say for 3in SY -1s ?

•
well -known that we can either make a

cred .) plabic graph trivalent or bipartite
via moves

.
Webs are when we can do both .

Any significance to that ?
• Plabic graphs + Webs both related to the

Grassmann: an Gc (Kint :

it Plabic graphs parameterize cells
in the

totally non negative Grass . Grzo LK ,
n)
,

ii) Webs yield tensor invariants , which can
be viewed as elements of ①[Gr LK , n)]

.

Is there a direct connection (c.t . Fraser -Lam-Le)?
Where does promotion fit in?



Thank you !
-

-

(+ hope to see you all in person
sometime so on .

- .

maybe in DC? I

ÉÉ→Éoa÷÷
"

"¥4m HEE


